Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


TRU’d’NG THPT CHUYEN LY TIP TRONG 
T6 TOAN - TIN HOC 


Chuyen de www.toanmath.com 

bAtdAng THIPC 


Thuc hien: Vo Quoc Ba Can 
Hoc sinh chuyen Toan, nien khoa 2004 ~ 2006 


Tai them tai lieu mon Toan THPT tai: 

+ Trang web: www.toanmath.com 

+ Fanpage: www.facebook.com/toanmath 

+ Groups: https://www.facebook.com/groups/toanmath 


TPCT - 2006 





Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Ldi noi dau 

—0O0— 

Bat dang thuc la mot trong nhung van de hay va kho nhat cua chirong trinh toan 
pho thong bcri no co mat tren hau khap cac linh vuc cua toan hoc va no doi hoi 
chung ta phai co mot von kien thuc tuong doi vung vang tren tat ca cac linh vyc. 
Moi ngudi chung ta, dac biet la cac ban yeu toan, du ft du nhieu thi cung da tung 
dau dau trade mot bat dang thuc kho va cung da tung co duoc mot cam giac tu hao 
khi ma minh chung minh duoc bat dang thuc do. Nham “kfch hoat” niem say me 
bat dang thuc trong cac ban, toi xin gidi thieu vdi vdi cac ban cuon sach “chuyen de 
bat dang thuc”. 

Sach gom cac phuong phap chung minh bat dang thuc mdi ma hien nay chua duoc 
pho bien cho 1dm. Ngoai ra, trong sach gom mot sd luong ldn bat ddng thuc do toi 
tu sang tac, con lai la do toi lay de toan tren internet nhung chua co ldi giai hoac co 
ldi giai nhung la ldi giai hay, la, dep mat. Phan ldn cac bai tap trong sach deu do toi 
tu giai nen khong the nao tranh khoi nhung ngo nhan, sai lam, mong cac ban thong 
cam. 

Hy vong rang cuon sach se giup cho cac ban mot cai nhin khac ve bat dang thuc va 
mong rang qua viec giai cac bai toan trong sach se giup cac ban co the tim ra 
phuong phap cua rieng minh, nang cao duoc tu duy sang tao. Toi khong biet cac 
ban nghi sao nhung theo quan diem cua ban than toi thi neu ta hoc tot ve bat dang 
thuc thi cung co the hoc tot cac linh vuc khac cua toan hoc vi nhu da noi d tren bat 
dang thuc doi hoi chung ta phai co mot kien thuc tong hop tuong doi vung vang. 
Toi khong noi suong dau, chac han ban cung biet den anh Pham Kim Hung, sinh 
vien he CNTN khoa toan, tradng DHKHTN, DHQG Ha Noi, ngudi da duoc tham 
dir hai ky thi IMO va deu doat ket qua cao nhat trong doi tuyen VN. Ban biet 
khong? Trong thdi hoc pho thong, anh ay chi chuyen tarn ren luyen bat dang thuc 
thoi. (Cac ban luu y la toi khong khuyen khfch ban lam nhu toi va anh ay dau nhe!) 
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Mac du da co gang bien soan mot each that can than, nhung do trinh do co han nen 
khong the tranh khoi nhung sai sot, mong cac ban thong cam va gop y cho toi de 
cuon sach ngay cang dirge hoan thien hon. Chan thanh cam on. 

Moi dong gop xin gu'i ve mot trong cac dia chi sau: 

+ Vo Quoc Ba Can, C65 khu dan cir Phu An, phirong Phu Thu 1 , quan 
Cai Rang, thanh pho Can Tho. 


( 071.916044 


+ Email, babylearnmath@yahoo.com 

Kmh tang cac thay Dang Bao Hoa, Phan Dai Nhon, Tran Dieu Minh, Huynh Biiu 
Tfnh, co Ta Thanh Thuy Tien va toan the cac thay co giao trong to Toan Tin, than 
tang cac ban cung lop. 
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M0T so bat dang thug thong dung 


1. Bat dang thirc AM-GM. 

Neu a x ,a 2 ,...,a n la cac so thyc khong am thi 

— V a > nja,a 2 ...a n 

n m 

Dang thuc xay ra khi va chi khi a ] =a 2 -... = a n . 

2. Bat ding thirc AM-HM. 

Neu a x ,a 2 ,...,a n la cac so thyc duong thi 



Dang thuc xay ra khi va chi khi a } -a 2 -... = a n . 

3. Bat dang thuc Bunhiacopxki. 

Cho 2 n so thyc a l ,a 2 ,...,a n va b v b 2 ,...,b n . Khi do, ta co 

(of + a 2 +... + a 2 n )(}\ +b 2 + ... + b 2 ) > (a x b x + a 2 b 2 + ... + a n b n ) 2 

Dang thuc xay ra khi va chi khi — = — = 

b } b 2 b n 

4. Bat dang thirc Minkowski. 

Cho 2 n so thyc duong a l ,a 2 ,...,a n va b v b 2 ,...,b n . Khi do voi moi r> 1, taco 

5. Bat dang thirc AM-GM mu rong. 

Neu a x ,a 2 ,...,a n la cac so thyc khong am va Pj,P 2 ,la cac so thyc khong am 
co tong bang 1 thi 

(3^ + P 2 a 2 + ...+ $ n a n > af'a 2 2 ..a^ n 

6. Bat dang thirc Chebyshev. 

Cho 2 n so thyc a x < a 2 <... < a n va b v b 2 ,...,b n . Khi do 
a) Neu b x <b 2 <... < b n thi 

a) Neu b x > b 2 >... > b n thi 

’PHP'lP 1 ) 
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7 *1 - U 2 - * * * - 

Dang thuc xay ra khi va chi khi 

\_b l -b 2 = ...~b n 

7. Bat dang thuc Holder. 

Cho 2 n so thuc khong am a 1 ,a 2 ,...,a n va b l ,b 2 ,...,b n . Khi do vdi moi p,q >1 thoa 

11 , 

—+ —= 1, taco 

p q 

8. Bat dang thuc Schur. 

Voi moi bo ba so khong am a,b,c va r > 0, ta luon co bat dang thuc 
a r (a - b)(a -c) + b r (b- c)(b - a) + c r (c - a)(c -b) > 0 
Dang thuc xay ra khi va chi khi a = b = c hoac a=b,c = 0 va cac hoan vi. 

9. Bat dang thiic Jensen. 

Gia su f(x ) la mot ham loi tren [ a,b ]. Khi do, vdi moi x l ,x 2 ,...,x n e [a,b] va 
a 1? a 2 ,...,a n > 0 thoa a, +a 2 +...+a n =1 ta co bat dang thuc 

10. Bat dang thuc sap xep lai. 

Cho 2 day don dieu cung tang a x < a 2 <... < a n va b x < b 2 <... < b n . Khi do, vdi 
\,i 2 ,...,i n la mot hoan vi bat ki cua l,2,...,n taco 

a,/?, + a 2 b 2 +... + a n b n > a L b h + a t b h +... + > a x b n + a 2 b n _ x +... + a n b ] 

11. Bat dang thuc Bernulli. 

Vdi x > -1, ta co 

+Neu r > 1 v r < 0 thi (1 + x) r > 1 + rx 
+Neu 1 > r > 0 thi (1 + *) r < 1 + rx 
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BAT DANG THtfC THU AN NHAT 


1. Mb’ dau. 

Hau het cac bat dang thuc co dien (AM-GM, Bunhiacopxki, Holder, Minkowsky, 
Chebyshev ...) deu la cac bat dang thuc thuan nhat. Bieu nay hoan toan khong ngau 
nhien. Ve logic, co the noi rang, chi co cac dai lirong cung bac mdi co the so sanh 
vdi nhau mot each toan cue duoc. 

Chmh vi the, bat dang thuc thuan nhat chiem mot ty le rat cao trong cac bai toan bat 
dang thuc, dac biet la bat dang thuc dai so (khi cac ham so la ham dai so, co bac 
huu han). Doi voi cac ham giai tfch (mu, luong giac, logarith), cac bat dang thuc 
cung duoc coi la thuan nhat vi cac ham so co bac °o (theo cong thuc Taylor). 

Trong bai nay, chung ta se de cap tbi cac phuong phap co ban de chung minh bat 
dang thuc thuan nhat, cung nhu each chuyen tu mot bat dang thuc khong thuan nhat 
ve mot bat dang thuc thuan nhat. Nam vung va van dung nhuan nhuyen cac phuong 
phap nay, chung ta co the chung minh duoc hau het cac bat ddng thuc so cap. 

2. Bat dang thuc thuan nhat. 

Ham so f(x l ,x 2 ,...,x n ) cua cac bien so thuc x v x 2 ,...,x n duoc la ham thuan nhat bac 
a neu voi moi so thuc t ta co 

f(tx l ,tx 2 ,...,tx n )=t a f(x 1 ,x 2 ,...,x n ) 

Bat dang thuc dang 

f(x x ,x 2 ,...,x n )> 0 

voi / la mot ham thuan nhat duoc goi la bat dang thuc thuan nhat (bac a). 

Vf du cac bat ddng thuc AM-GM, bat ddng thuc Bunhiacopxki, bat ddng thuc 
Chebyshev la cac bat dang thuc thuan nhat. Bat dang thuc Bernoulli, bat dang thuc 
sin x < x voi x > 0 la cac bat dang thuc khong thuan nhat. 
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3. Chung minh bat dang thuc thuan nhat. 

3.1. Phuong phap don bien. 

Dac diem cua nhieu bat dang thuc, dac biet la cac bat dSng thuc dai so la dau bdng 
xay ra khi tat ca hoac mot vai bien so bang nhau (xuat phat tu bat dang thuc co ban 
x 2 > 0!). Phuong phap don bien du'a vao dac diem nay de lam giam so bien so cua 
bat dang thuc, dua bat dang thuc ve dang don gian hon co the chung minh true tiep 
bang each khao sat ham mot bien hoac chung minh bang quy nap. 

Be chung minh bat dang thuc 


f(x 1 ,x 2 ,“ 

:,X n ) > 0 

(1) 

Ta co the thu chung minh 


fix v x 2 ,.. 

v ^ r (*1 + *2 *1 + *2 ^ 

~>X n )>f\ \ > 2 >-’ X n\ 

(2) 

hoac 



fix v x 2 ,.. 

-,X n )>f(y[xfr,Jxfr,...,X n ) 

(3) 


Sau do chuyen viec chung minh (1) ve viec chung minh bat dang thuc 

f(x 1 ,x l ,x 3 ,...,x n ) = g(x l ,x 3 ,...,x n ) > 0 (4) 

tuc la mot bat dang thuc co so bien ft hon. Di nhien, cac bat dang thuc (2), (3) co 
the khong dung hoac chi dung trong mot so dieu kien nao do. Vi ta chi thay doi 2 
bien so nen thong thuong thi tfnh dung dan cua bat dang thuc nay co the kiem tra 
dugc de dang. 

Vf du 1. 

Cho a,b,c > 0. Chung minh bat dang thuc 

a 3 +b 3 +c 3 + 2>abc > a 2 b + b 2 c + c 2 a + ab 2 + be 2 + ca 2 

Chung minh. 

Xet ham so f(a,b, c)-a 3 +b 3 +c 3 + 3 abc - ( a 2 b +b 2 c + c 2 a + ab 2 + be 2 + ca 2 ) 

Ta co 

f(a,b,c)-fU^,^]Jb + c-^Y-c) 2 
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Do do, neu a = min {a,b,c} (dieu nay luon co the gia sir) thi ta co 

Nhir vay, de chiing minh bat dang thiic dau bai, ta chi can chirng minh 
/ (a,b,b) > 0 

Nhu'ng bat ddng thiic nay tirong du'ong vdi 

a 3 + 2b 3 + 3 ab 2 ~(a 2 b + a 2 b + b 2 a + b 3 + b 2 a + b 3 ) > 0 
<=> a 3 + ab 2 - la 2 b > 0 
<=> a(a-b) 2 > 0 
Vi du 2. (Vietnam TST 1996) 

Cho a,b,c la cac so thyc bat ky. Chiing minh rang 

Fta M ^ a+b ?H b+ cfHc + af-*-W^^ 0 


Led gidi. 

Ta co 


F(a,b,c)~F\ a. 


= (a + br + (b + cy + (c + ay--.(a 4 + b 4 +c 4 )- 
7 


2 a + 


b + c 


— (Z? + c) +—.| ci + 2| 


b + c 

~Y~ 


- (a + b ) 4 + (c + a) 4 — 2 a + 


+ 4 [ (b + c) 4 4 


= a(4b 3 + 4c 3 ~(b + c) 3 ) + 3a 2 (2b 2 + 2c 2 ~(b + c) 2 ) + ||fc 4 + c 4 

= 3a(b+ c)(b - c) 2 + 3a 2 (b - c) 2 + — (b - cf (lb 2 + lc 2 +1 Obc) 
56 

= 3a(a + b + c)(b -c) 2 + —(b- c) 2 {lb 2 + lc 2 + 10 be) 


(b + c) 4 "I 

8 J 
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So hang —(b~c) 2 (lb 2 +lc 2 + l0bc) luon khong am. Neu a,b,c ciing dau thi bat 
56 

dang thuc can chung minh la hien nhien. Neu a,b,c khong cung dau thi phai co ft 
nhat 1 trong ba so a,b,c cung dau voi a + b + c. Khong mat tfnh tong quat, gia sir 
do la a. 


Tu dang thuc tren suy ra F(a,b,c)> F\ a, 


b + c b + c 


Nhu vay ta chi con can 


chung minh 

F(a,b,b )>0 Va,beR 

a 2(a + bf + (2b) 4 - y .(a 4 + 2b 4 ) >0 \/a,b& R 
Neu b = 0 thi bat dang thuc la hien nhien. Neu b^ 0, chia hai ve cua bat dang thuc 


cho b roi dat x = — thi ta duoc bat dang thuc tuong duong 
b 


2(x +1) 4 +16 - ^j.(x 4 + 2) > 0 
Bat dang thuc cuoi cung co the chung minh nhu sau 
Xet f(x) = 2(x + 1) 4 +16 - y .(x 4 + 2) 

Ta co 

f'(x)=S(x + l) 3 -y.X 3 

f'(x) = 0 <=> x +1 = 3^.x <^>x = -2.9294 
/min ~ f (-2.9294) = 0.4924 > 0 

(Cac phan tfnh toan cuoi duqc tfnh voi do chfnh xac toi 4 chu so sau dau phay. Do 
f mm tfnh duoc la 0.4924 nen neu tfnh ca sai so tuyet doi thi gia tri chfnh xac cua 
/ min van la mot so duong. Vi day la mot bat dang thuc rat chat nen khong the tranh 
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4 , 16 

duo'c cac tmh toan voi so le tren day. Chang han neu thay — bang — de v min = -3 


thi /^ in co gia tri am! 6 day f*(x) = 2{x + \) A + 16-y.(x 4 + 2) .) 

3.2. Phuong phap chuan hoa. 

Dang thuan g gap cua bat dang thiic thuan nhat la 
f(x l ,x 2 ,...,x n )>g(x l ,x 2 ,...,x n ) 
trong do / va g la hai ham thuan nhat cung bac. 

Do tmh chat cua ham thuan nhat, ta co the chuyen viec chung minh bat dang thuc 
tren ve viec chiing minh bat dang thuc f(x l ,x 2 ,...,x n ) > A voi moi x l ,x 2 ,...,x n thoa 
man dieu kien g(x 1 ,x 2 ,...,x n ) = A. Chuan hoa mot each thfch hop, ta co the lam don 
gian cac bieu thuc cua bat dang thuc can chung minh, tan dung dupe mot so tmh 
chat dac biet cua cac Mng so. 

Vi du 3. (Bat dang thirc ve trung binh luy thira) 

Cho bo n so thuc duong (x) = ( x x ,x 1 ,...,x n ). Voi moi so thuc r ta dat 


M r (x) = 


X| + Vt + ... + x n 


Chung minh rang voi moi r > s > 0 ta co M r (x) > M s (x). 


Loi gidi. 

Vi M r (tx ) = tM r (x ) voi moi t > 0 nen ta chi can chung minh bat dang thuc dung 
cho cac so thuc duong x l ,x 2 ,...,x n thoa man dieu kien M s (x) = 1, tuc la can chung 
mi nh M r (x ) > 1 voi moi x l ,x 2 ,...,x n thoa man dieu kien M s (x) = 1. Dieu nay co the 
viet don gian lai la 

Chung minh x[ + x 2 +... + x n >n voi x[+x s 2 +... + x s n =n. 

De chung minh bat ding thuc cuoi cung, ta ap dung bat ding thuc Bernoulli 

xf -(x-) s - (l + (x- -l)) s >1 + — .(xf-1) Vi = l,n 
s 

Cong cac bat dang thuc tren lai, ta dupe dieu phai chung minh. 
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Vidu 4. (VMO 2002) 

Chung minh rang voi x,y,z la cac so thyc bat ky ta co bat dang thuc 

3 

60+ y + z) O 2 + y 2 + z 2 ) < Hxyz + 10O 2 + y 2 + z 2 ) 2 

Lai giai. 

Bat dang three nay rat cong kenh. Neu thuc hien phep bien doi true tiep se rat kho 
khan (vf du thir binh phuong de khir can). Ta thirc hien phep chuan hoa de don gian 
hoa bat dang thuc da cho. Neu x 2 + y 2 + z - 0, thi = y = z = 0, bat dang thuc trd 
thanh dang thuc. Neu x 2 + y 2 + z 2 > 0, do bat dang thuc da cho la thuan nhat, ta co 
the gia su x 2 + y 2 + z 2 = 9. Ta can chung minh 2(x + y + z) < xyz + 10 voi dieu kien 
x 2 + y 2 + z 2 - 9. Be chung minh dieu nay, ta chi can chung minh 
[20 + y + z) - xyzf <100 

Khong mat tmh tong quat, co the gia su |jc| < |y| < |z|. Ap dung bat dang thuc 
Bunhiacopxky, ta co 

[2(x+y+z)-xyzf = [2(x + y) +z(2-xy)f 

<[(x+y) 2 + z 2 ][ 4+(2-xy) 2 ] 

= (9 + 2xy)(8 - 4xy + x 2 y 2 ) 

= 72-20xy +x 2 y 2 +2x 3 y 3 
= 100 + (xy + 2) 2 (2xy-7) 


Tir \x\ < |y| < |z| => z 2 > 3 => 2xy < x 2 +y 2 < 6, tuc la (xy + 2) 2 (2xy-7) <0. Tu day, 
ket hop vdi danh gia tren day ta dugc dieu can chung minh. 

x+y _ z 


Dau bang xay ra khi va chi khi ■ 2 


2-xy . 


xy + 2 = 0 


Tir day giai ra dugc x = -1, y = 2, z = 2. 

KI thuat chuan hoa cho phep chung ta bien mot bat dang thuc phuc tap thanh mot 
bat dang thuc co dang don gian hon. Dieu nay giup ta co the ap dung cac bien doi 
dai so mot each de dang hon, thay vi phai lam viec voi cac bieu thuc cong kenh ban 
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dau. Bac biet, sau khi chuan hoa xong, ta van co the ap dung phuang phap don bien 
de giai. Ta dua ra loi giai thir hai cho bai toan tren 
Bat f{x,y,z)-2{x+y + z)-xyz. 

Ta can chung minh f(x,y,z ) < 10 voi x 2 + y 2 + z 2 - 9. 

Xet 



4y-z) 2 

2 


= (y-z) 7 


^2 (y 2 + z 2 ) + y + z 2 


+ Neu x,y,z> 0, ta xet hai truong hop 

* l< x< y < z. Khi do 

2(x + y + z) - xyz < 2yj3(x 2 + y 2 + z 2 ) -1 = 6^3 -1 < 10 

* 0 < x < 1. Khi do 

2(x + y + z)~xyz<2x + 2^2(y 2 + z 2 ) = 2x + 2^2(9 -x 2 ) = g(x) 
2U9-x 2 -xyl2) 

Ta co g^x) =- , - - > 0, suy ra g(x) < g(l) = 10. 

V9-x 2 

+ Neu trong 3 so x,y,z co mot so am, khong mat tmh tong quat, ta co the gia sir la 



^ 2x + 2^2(9-x 2 )- x(9 X) <10 
2 

<^> h{x) = x 3 - 5x + 4^2(9-x 2 ) < 20 


Ta co h'(x ) = 3x 2 - 5 - . 

V9-x 2 
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Giai phirong trinh h'(x) = 0 (voi x < 0), ta duyc x --l. Day la diem eye dai cua 
h,do&6 h(x) < h(-l) = 20. 

Bang each chuan hoa, ta co the dua mot bai toan bat dang thuc ve bai toan tim gia 
tri Ion nhat hay nho nhat cua mot ham so tren mot mien (chang han tren hinh cau 
x 2 + y 2 + z 2 -9 nhu o vf du 4). Dieu nay cho phep chung ta van dung duoc mot so 
ky thuat tim gia tri Ion nhat, gia tri nho nhat (vf du nhu bat dang thuc Jensen, ham 
loi,...). 

Vf du 5. 

Cho a,b,c la cac so thuc duong. Chung minh rang 

(, b + c-o ) 2 ( c + a-b) 2 (a + b-c) 2 > 3 

a 2 + (b + c) 2 b 2 + (c + a) 2 c 2 + (a + b) 2 ~ 5 


Loi giai. 

Ta chi can chung minh bat d&ng thuc cho cac so duong a,b,c thoa a +b + c = 1. 
Khi do bat dang thuc co the viet lai thanh 

(1-2 a) 2 | (1-2 b) 2 | (1-2 c) 2 ^3 
2a 2 -2a + l 2b 2 -2b + \ 2c 2 -2c + l~5 

1 1 1 < 27 

^ 2a 2 -2a + l 2b 2 -2b + \ 2c 2 -2c + \~ 5 


^f(a) + f(b) + f(c)< y 


(5.1) 


Trongdo f(x) - 


27 


2jC-2jc + 1 


De y rang — = 3/^ — J, ta thay (5.1) co dang bat dang thuc Jensen. Tuy nhien, tfnh 

dao ham cap hai cua f(x ), ta co 
4(6.x 2 -6^ + 1) 


f\x) = 


(2x 2 -2x + 1) 3 
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ham chi loi tren khoang 


3-V3 3 + V3 


nen khong the ap dung bat d&ng thuc 


27 * 

Jensen mot each true tiep. Ta chung minh f(a) + f(b) + f(c)<— bang cac nhan 
xet bo sung sau 

/m,x = /ff)=2 


f(x ) tang tren 0,— vagiamtren — ,1 


3-V3 

6 


= / 


3 + V3^1 12 


Neu co ft nhat 2 trong 3 so a,b,c nam trong khoang 


3-V3 3 + V3 


, chang han la 


a, b thi ap dung bat dang thuc Jensen ta co 


f(a) + f(b)<2f 


a + b 
2 


= 2 / 


1-c 

~Y~ 


4 

' c 2 +1 


Nhu vay trong trudng hop nay, ta chi can chung minh 

, 1 

2c 2 - 2c +1 c 2 + l 5 

Quy dong mau so va rut gon ta duoc bat dang thuc tuong duong 
27 c 4 -27 c 3 + 18c 2 - 7c + l > 0 
«=> (3c-l) 2 (3c 2 - c + 1) > 0 (nuhg) 

Nhu vay, ta chi con can xet trudng hop co ft nhat hai so nam ngoai khoang 


3-V3 3 + V3 


Neu chang han a > ^ + thi ro rang b,c< ——— va nhu vay, 
6 6 


do nhan xet tren /(a) + f(b) + /(c) < ^ < ^. 


Ta chi con duy nhat mot trudng hop can xet la co hai so, chang han a,b < 


3 —\/3 
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Luc nay, do a + b < 1- 


A . 

— nen 
3 


£>i. 

3 2 


Theo cac nhan xet tren, ta co 


f(a) + f(b) + f(c)<2f 





24 15 + 6V3 27 

7 13 5 ' 


Ghi chu. 

Bai toan tren co mot each giai ngan gon va doc dao hon nhu sau 
Bat dang there co the viet lai thanh 

a(b + c ) b(c + a) c(a + b ) < 6 

a 2 + (b + c) 2 b 2 +(c + a) 2 c 2 + (a+b) 2 ~ 5 

Khong mat tmh tong quat, co the gia su a + b + c = \. Khi do, bat dang there viet lai 
thanh 


q(l-q) | b(l-b) | c(l-c) ^6 
2q 2 - 2q +1 2b 2 -2b + l 2c 2 -2c + l 5 


Ta co 2q(l-q) < 


(q+i) 


. Do do l-2q + 2q“ >1 


(fl + lr 

4 


. (l-q)(3 + q) 


Ter do 


q(l-q) q(l-q) _ 4q 

2q 2 -2q + l ~ (l-q)(3 + q) ~3 + q 
4 

Terong ter 

b(l-b) < 4b 
2b 2 -2b + l~ 3 + b 
c(l-c) < 4c 
2c 2 -2c + 1 _ 3 + c‘ 

Va de cherng minh bat dang there dau bai, ta chi can cherng minh 
4q + 4^ + 4c < 6 
3 + q 3 + b 3 + c 5 

1119 

Bat dang there cuoi cung nay tuong duong voi -+-+->— la hien 

3 + q 3 + b 3 + c 10 

nhien (Ap dung BDT AM-GM). 
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Chuan hoa la mot ky thuat co ban. Tuy nhien, ky thuat do cung doi hoi nhung kinh 
nghiem va do tinh te nhat dinh. Trong vf du tren, tai sao ta lai chuan hoa 
x 2 + y 2 + z - 9 ma khong phai la x 2 + y 2 + z 2 = 1 (tir nhien hon)? Va ta co dat 
dupe nhung hieu qua mong muon khong neu nhu chuan hoa x + y + z = 1 ? Do la 
nhung van de ma chung ta phai suy nghT truoc khi thirc hien buoc chuan hoa. 

3.3. Phirong phap trong so. 

Bat dang thuc AM-GM va bat dang thuc Bunhiacopxki la nhung bat dang thuc 
thuan nhat. Vi the, chung rat huu hieu trong viec chung minh cac bat dang thuc 
thuan nhat. Tuy nhien, do dieu kien xay ra dau bang ciia cac bat dang thuc nay rat 
nghiem ngat nen viec ap dung mot each true tiep va may moc doi khi kho dem lai 
ket qua. De ap dung tot cac bat dang thuc nay, chung ta phai nghien cuu ky dieu 
kien xay ra dau bang va ap dung phuong phap trong so. 

Vf du 6. 

Chung minh rang neu x,y, z la cac so thuc khong am thi 

3 

6(-x + y + z)(x 2 + y 2 + z 2 ) + 21xyz < 10(x 2 + y 2 + z 2 ) 2 

Loi giai. 

Su dung nguyen ly co ban (< dau bang xay ra khi mot cap bien so nao do bang nhau*, 
ta co the tim ta duqc dau bang ciia bat dang thuc tren xay ra khi y = z = 2x. Dieu 
nay cho phep chung ta manh dan danh gia nhu sau 

3 

10(x 2 + y 2 + z) 2 -6(-x + y+ z)(x 2 + y 2 + z) = 

= O 2 + y 2 + z 2 )^10(x 2 + y 2 + z) 2 -6(-x + y + z) j 

= (x 2 + y 2 + z 2 )^y.(x 2 + y 2 + z 2 ) 2 (l 2 + 2 2 + 2 2 ) 2 - 6(-x+y + z) j 

>(x 2 + y 2 + z 2 )^^.(x + 2y + 2z)-6(-v+ y+z) j 
(x 2 + y 2 + z 2 )(28x + 2y + 2z) 
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Ap dung bat dang thuc AM-GM, ta co 


( 2\ f 2\ 1 f 2^ 

V 2 > 

4 r 

** + 4 U- +4 U- >9 ? V \ y - 

- 

= 9P- 

4 4 V 4 , 

4 , 

V 

\ J \ J v V J 

V J 



2Sx + 2y + 2z = 1 Ax + 2y + 2 z > 9^/(4jc) 7 (2y)(2z) = 9^4 Vyz 
Nhan hai bat dang thuc tren ve theo ve, ta dugc 


^^-.9^4 % x 7 yz=Slxyz (6.2) 


(x 2 + y 2 + z 2 )(2Sx + 2y + 2z) > 9^ 

Tu (6.1) va (6.2) ta suy ra bat dang thuc can chung minh. 

Trong vf du tren, chung ta da su dung ca bat dang thuc Bunhiacopxki va bat dang 
thuc AM-GM co trong so. Ldi giai rat hieu qua va an tuong. Tuy nhien, su thanh 
cong cua ldi giai tren nSm d hai dong ngSn ngui d dau. Khong co dugc "du doan* 
do, kho co the thu dugc ket qua mong muon. Dudi day ta se xet mot vf du ve viec 
chgn cac trgng so thfch hgp bang phuong phap he so bat dinh de cac dieu kien xay 
ra dau bang dugc thoa man. 

Vf du 7. 

Chung minh rang neu 0 < x < y thi ta co bat dang thuc 


i i 

I3x(y 2 -x 2 ) 2 +9x(y 2 +x 2 ) 2 <l6y 2 


Ldi giai. 

Ta se ap dung bat dang thuc AM-GM cho cac tfch d ve trai. Tuy nhien, neu ap dung 
mot each true tiep thi ta dugc 


VT< 


13 (x 2 +y 2 -x 2 ) 
2 


9(x 2 + y 2 +x 2 ) 
2 


= 9x 2 +lly 2 


(7.1) 


Day khong phai la dieu ma ta can (Tu day chi co the suy ra VT < 20 y 2 ). Sd di ta 
khong thu dugc danh gia can thiet la vi dau bang khong the dong thdi xay ra d hai 
lan ap dung bat dang thuc AM-GM. Be dieu chinh, ta dua vao cac he so duong a,b 
nhu sau 
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, T 13(aiXr-* 2 ) j , 9(fry)(y 2 + x¥ 

a b 

< 13 (aV + y 2 -x 2 ) 9(frV+y 2 +;r 2 ) 
2a 26 


(7.2) 


Banh gia tren dung voi moi a,6 >0 (chang han voi a=b = 1 ta dugc (7.1)) va ta se 
phai chon a,b sao cho 

a) Ve phai khong phu thuoc vao x 

b) Dau bang co the dong thoi xay ra o hai bat dang thuc 
Yeu cau nay tuong duong voi he 

13(a 2 -1) %b 2 + \) 


2 a 
3x, y: ■ 


2b 


= 0 


f l3(a 2 -1) %b 2 + l) 

Tuc la co he \ 2 a 2b 

[a 2 +\-b 2 


Giai he ra, ta dugc 



. Thay hai gia tri nay 


vao (7.2) ta dugc 


2 + v 2 J= 16y 2 

Ghi chu. 

Trong vf du tren, thuc chat ta da co dinh y va tim gia tri ldn nhat cua ve trai khi x 
thay doi trong doan [0, y]. 

4. Bat dang thuc thuan nhat doi xung. 

Khi gap cac bat dang thuc dang da thuc thuan nhat doi xung, ngoai cac phuong 
phap tren, ta con co the su dung phuong phap khai trien true tiep va dung dinh ly ve 
nhom cac so hang. Phuong phap nay cong kenh, khong that dep nhung doi luc to ra 


VT<13| —+y 2 -x 2 |+3| — + y 
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kha hieu qua. Khi sir dung bang phuong phap nay, chung ta thubng dung cac ky 
hieu quy udc sau de dan gian hoa each viet 

52 Q(X\> X 2’-—> X n ) ~ YjQ( X oa)’ X o(2)’"-’ X o(n)) 

trong do, a chay qua tat ca cac hoan vi cua {1,2,..., n}. 

Vf du vdi n - 3 va ba bien so x, y , z thi 
£x 3 =2x 3 +2y 3 +2 z 3 

52 + y 2 z + z 2 x+x 2 z + z 2 y + y 2 x 

Y^xyz = 6xyz 

Boi vdi cac bieu thuc khong hoan toan doi xung, ta co the su - dung ky hieu hoan vi 
vong quanh nhu sau 

52 x 2 y=x 2 y + y 2 z + Z 2 x 

Phuong phap nay duoc xay dung dira tren tmh so sanh duoc cua mot so tong doi 
xung ciing bac - dinh ly ve nhom cac so hang (he qua cua bat dang thuc Karamata) 
ma chung ta se phat bieu va chung minh dudi day. Trong trudng hop 3 bien, ta con 
co dang thuc Schur. 

Neu s = (s l ,s 2 ,...,s n ) va t - (t v t 2 ,...,t n ) la hai day so khong tang. Ta noi rang s la 

, \s l + s 1 +... + s n = t l + t 2 + ...+t n 

troi cua t neu { - 

[s 1 + s 2 + ... + s i >t A +t 2 +... + t t Vi =1 ,n 

Dinh ly Muirhead. (' Nhom') 

Neu s va t la cac day so thuc khong am sao cho 5 la troi cua t thi 

52 ^> 524^2 - x n 

sym sym 

Chung minh. 
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Bau tien ta chung minh rang neu s la troi cua t thi ton tai cac hang so khong am 
k a , voi a chay qua tap hop tat ca cac hoan vi cua {1,2,..., n ], c6 tong bang 1 sao 
cho 

T.K ( 5 a(l)’ S o(2)’-"’ S o(n)) = Ol’h »"*>0 

Sau do, ap dung bat dang thuc AM-GM nhu sau 



Vi du, voi s = (5,2,1) va t = (3,3,2), ta co 


(3,3,2) = f.(5,2,l) + f. + i.(2,l,5) + i.(l,2,5) 

o o o o 

Va ta co danh gia 

3x 5 y 2 z + 3x 2 y 5 z + x 2 yz 5 +xy 2 z 5 ^ 3 3 2 

8 

Cong bat dang thuc tren va cac bat dang thuc tuong tir, ta thu duqc bat dang thuc 

|>yz>2>yz 2 

Vi'dv 8. 

Chung minh rang voi moi so thuc duong a,b,c ta co 


a 3 +b 3 + abc b 3 + c 3 + abc c 3 +a 3 +abc abc 

Loi gidi. 

Quy dong mau so va nhan hai ve cho 2, ta co 
Y (a 3 + b 3 + abc)(b 3 + c 3 + abc)abc < 

< 2(a 3 +b 3 + abc)(b 3 + c 3 + abc)(c 3 +a 3 + abc ) 
<=> Y + 3a Vc + 4 a 5 b 2 c 2 + a 3 b 3 c 3 ) < 

< Y (« 3 ^ 3 + 2 « 6 ^ 3 + 3a Vc + 2 5 b 2 c 2 + a 7 be) 

a £(2aV-2aVc 2 )>0 

Bat dang thuc nay dung theo dinh ly nhom. 
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Trong vf du tren, chung ta da gap may vi sau khi thirc hien cac phep bien doi dai so, 
ta thu dirge mot bat dang thuc tirong doi don gian, co the ap dung true tiep dinh ly 
nhom. Tuy nhien, khong phai trudng hop nao dinh ly nay cung du de giai quyet van 
de. Trong trudng hop 3 bien sd, ta co mot ket qua rat dep khac la dinh ly Schur. 

Dinh ly. (Schur) 

Cho x,y, z la cac so thuc khong am. Khi do vdi moi r > 0 

* r (x ~ y)(x -z) + y r (y- z)(y -x) + z r (z- x)(z - y) > 0 
Dau bang xay ra khi va chi khi x — y — z hay khi hai trong ba so x,y, z. bang nhau 
con so thu ba bang 0. 

Chung minh. 

Vi bat dang thuc hoan toan doi xung doi vdi ba bien so, khong mat tmh tong quat, 
ta co the gia sir x > y > z . Khi do bat dang thuc co the viet lai dudi dang 


(x - y)(x r (x - z) - y r (y - z)) + z r (x - z)( y - z) > 0 
va moi mot thira so d ve trai deu hien nhien khong am. 

Trudng hop hay dugc su dung nhat cua bat dang thuc Schur la khi r = 1. Bat dang 
thuc nay co the viet lai dudi dang 
^ (x 2 - 2 x 2 y + xyz) > 0 

Day chrnh la bat dang thuc d vf du 1. 

Vf du 9. 

Cho a,b,c la cac so duong. Chung minh rang 


(ab + bc + ca)\ 


1 


1 


1 


l (a + bf (b + cf (c + a) 2 


Ldi gidi. 

Quy dong mau so, khai trien va rut gon, ta dugc 

£ (4 a 5 b - a 4 b 2 - 3 a 3 b 3 + a 4 bc - la 3 b 2 c + a 2 b 2 c 2 ) > 0 (9.1) 

Dung bat dang thuc Schur 

x(x - y)(x -z) + y(y - z)(y -x) + z(z - x)(z -y)> 0 
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Nhan hai ve voi 2 xyz roi cong lai, ta dupe 

^(fl 4 k-2flVc + aVc 2 )>0 (9.2) 

Ngoai ra, ap dung dinh ly nhom (hay noi each khac - bat dang thuc AM-GM co 
trong so) ta co 

£(4a 5 fc-aV-3aV)>0 (9.3) 

Tu (9.2), (9.3) suy ra (9.1) va do chfnh la dieu phai chung minh. 

Noi den bat dang thuc thuan nhat doi xung, khong the khong noi den cac ham so 

doi xung co ban. Do la cac bieu thuc S l =^x i ,S 2 = ^ x i x j ,...,S n =x l x 2 ...x n . 

;=1 1 <;< j<n 

Voi cac bat dang thuc lien quan den cac ham doi xung nay, co mot thu thuat rat huu 
hieu duoc goi la *thu thuat giam bien so bang dinh ly Rolle”. Chung ta trinh bay y 
tudng cua thu thuat nay thong qua vf du sau 

Vi du 10. 

Cho a,b,c,d la cac so thuc duong. Chung minh ring 

j. 

f ab + ac + ad+ bc + bd+ cd V f abc + abd + acd + bed 
{ 6 j -{ 4 

Loi gidi. 

Bat S 2 -ab + ac + ad +bc + bd + cd,S 3 - abc + abd + acd + bed. Xetdathuc 

P(x ) = (x-a)(x-b)(x- c)(x -d) = x 4 ~(a + b + c + d)x 3 + S 2 x 2 -S 3 x + abed 
P(x ) co 4 nghiem thuc a,b,c,d (neu co cac nghiem trung nhau thi do la nghiem 
boi). Theo dinh ly Rolle, P 1 (x) cung co 3 nghiem (deu duong) u,v,w. Do P 1 (x) 
co he so cao nhat bang 4 nen 

P'(x) - 4(x - u)(x - v)(x - w) = 4x 3 - 4{u + v + w)x 2 + 4(uv + vw + wu)x - 4uvw 
Mat khac 

p' ( x ) = 4x 3 -3 (a + b + c + d)x 2 + S 2 x - S 3 
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suy ra S 2 = 2 (uv + vw + wu), S 3 = 4uvw va bat dang thuc can chung minh d dau bai 
co the viet lai theo ngon ngu u, v, w la 

UV + VW+WU V J- 

--- >(uvw) 3 

Bat dang thuc nay hien nhien dung theo bat dang thuc AM-GM. 

5. Thuan nhat hoa bat dang thuc khong thuan nhat. 

Trong cac phan tren, chung ta da trinh bay cac phuong phap co ban de chiing minh 
mot bat dang thuc thuan nhat. Bo khong phai la tat ca cac phuong phap (va di nhien 
khong bao gib co the tim duoc tat ca!), tuy vay co the giup chung ta dinh hudng tot 
khi gap cac bat dang thuc thuan nhat. Nhung neu gap bat dang thuc khong thuan 
nhat thi sao nhi? Co the bang each nao do de dua cac bat dang thuc khong thuan 
nhat ve cac bat ddng thuc thuan nhat va ap dung cac phuong phap noi tren duoc 
khong? Cau tra ldi la co. Trong hau het cac trudng hop, cac bat dang thuc khong 
thuan nhat co the dua ve bat dang thuc thuan nhat bang mot qua trinh ma ta goi la 
thuan nhat hoa. Chung ta khong the “chung minh” mot “dinh ly” duoc phat bieu 
kieu nhu the, nhung co hai ly do de tin vao no: thu nhat, thuc ra chi co cac dai 
luong cung bac mdi co the so sanh duoc, con cac dai luqng khac bac chi so sanh 
duoc trong cac rang buoc nao do. Thu hai, nhieu bat dang thuc khong thuan nhat da 
duoc “tao ra” bdng each chuan hoa hoac thay cac bien so bdng cac hdng so. Chi can 
chung ta di nguoc lai qua trinh tren la se tim duoc nguyen dang ban dau. 

Mot vf du rat don gian cho ly luan neu tren la tir bat dang thuc thuan nhat 
x 3 + y 3 + z 3 > x 2 y + y 2 z + z 2 x , bang each cho z -1, ta duoc bat dang thuc khong 
thuan nhat 

x 3 + y 3 +l>x 2 y + y 2 +x 

Vi du 11. (England 1999) 

Cho p, q, r la cac so thuc duong thoa dieu kien p + q + r = 1. Chung minh 
l(p + q + r) <2 + 9pqr 
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Vidu 12. (IMO 2000) 

Cho a,b,c la cac so thyc duong thoa man dieu kien abc = 1. Chung minh 

Hu&ng dan. 

Bat a = —,b = —,c = —\ 
y z x 

Vidu 13. (IMO, 1983) 

Chung minh rang neu a,b,c la ba canh cua mot tarn giac thi 
a 2 b(a -b) + b 2 c(b -c) + c 2 a(c - a) > 0 

Hu&ng dan. 

Bat a - y + z,b = z + x,c = x+y ! 


f -l + - | b -1 + - || c — 1H— |<1 
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Bai tap 


Bai 1 . 

Cho x, y, z > 0. Chung minh rang 



*1 

+ ' 2 ' 2 ' 2 

yz zx xy x y z 


Bai 2 . 

Chung minh bat dang thuc sau voi moi so thuc duong x, y, z 

_?_>_*_+_ i _+_?_> 2 

4 (x + y + z) (x + j)(x + z) (y + z)(y + x) (z + x)(z + y ) x+y + z 


Bai 3 . 

Cho x,y,z la cac so thyc duong thoa man dieu kien 2x + 4y +lz.= 2xyz . Tim gia 
tri nho nhat cua bieu thuc 

P=x+y+z 


Bai 4 . 

Cho a, b, c la cac so thuc duong thoa a 2 + b 2 + c 2 + abc = 4. Chung minh rang 
a+b+c <3 


Bai 5 . (IMO 1984) 

Cho x,y,z la cac so thuc khong am thoa man dieu kien x + y + z = 1. Chung minh 
rang 


0<xy + yz + zx-2xyz < - 


Bai 6 . (Iran, 1996) 

Cho a,b,c> 0. Chung minh rang 

(ab + bc + ca ) 


1 1 1 

T+ - :-^- + - 


(,a + by (b + cy (c + a f 
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Bai 7 . (VMO 1996) 

Cho a,b,c,d la cac so thyc khong am thoa man dieu kien 

2 (ab + ac + ad +bc +bd + cd) + abc + abd + acd + bed = 16 
Chung minh rang 

3 (a + b + c + d)> 2 (ab + ac +ad+ bc + bd + cd) 

Bai 8 . (Poland 1996) 

Cho a,b,c la cac so thyc thoa man dieu kien a +b + c = 1. Chung minh rang 

a b c < 9 
a 2 + 1 b 2 +1 c 2 +1 _ 10 

Bai 9 . (Poland 1991) 

Cho x, y, z la cac so thyc thoa man dieu kien x 2 + y 2 + z 2 - 2. Chung minh rang 

x+ y + z < 2 + xyz 

Bai 10 . (IMO 2001) 

Cho a,b,c > 0. Chung minh rang 

a b c 

I =H — I H — , ^ 1 

\la 2 +Sbc \lb 2 +8ca yjc 2 +8ab 
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PHlTONG PHAP DON BIEN 


I. Md dau. 

Bac diem chung ciia nhieu bat dang thuc, dac biet la cac bat dang thuc dai so la dau 
bang xay ra khi tat ca hoac mot vai bien so bang nhau. Co mot phu'ong phap danh 
gia trung gian cho phep ta giam bien so cua bat dang thuc can chung minh. Phirong 
phap don bien dua vao dac diem nay de lam giam so bien s6 cua bat ding thuc, dua 
bat dang thuc ve dang don gian hon co the chung minh true tiep bang each khao sat 
ham mot bien. 

Be chung minh bat dang thuc dang f(x ] ,x 2 ,...,x n ) > 0, ta chung minh 

Trong do t la luong trung binh cua x 1 ,x 2 ,... chang han nhu tmng binh nhan hoac 
trung binh cong. Neu duoc nhu vay thi tiep tuc sang buoc thu hai cua phep chung 
minh la chi ra rang 

f(t,t,...,x n )>0 

Tat nhien, bat dang thuc nay da giam so bien so di mot va thudng la de chung minh 
hon bat dang thuc ban dau. Viec lira chon luong trung binh nao de don bien tuy 
thuoc vao dac thu cua bai toan, va doi khi luong t kha dac biet. 

Thuong thi, buoc thu nhat trong 2 buoc chrnh d tren la kho hon ca vi thuc chat ta 
van phai lam viec vbi cac udc luong co ft nhat la ba bien so. Sau day la mot vai 
dang don bien thudng gap. 

II. Phirong phap don bien trong dai so. 

1. Don bien ba bien so. 

Bay la phan don gian nhat cua phuong phap don bien. Va nguoc lai cung co the noi 
phuong phap don bien hieu qua nhat trong trudng hop nay. 
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Vidu 1.1. 

Cho a,b,c > 0 thoa man a 2 + b 2 + c 2 - 3. Chung minh rang 
a + b + c> a 2 b 2 + b 2 c 2 + c 2 a 2 

Lcf\ i i ai . 


Gia su a = min {a,b,c} thi de thay a < 1 ,b 2 + c 2 >2=> b + c>4l 
Xet hieu 


f(a,b,c)-f \ a, 


Dodo 


f(a,b,c) > f \ a, 


i 2 +c 2 1 

lb 2 + c 2 

1 2 1 

2 

b 2 +c 2 

b 2 +c 2 

1 2 1 

2 


\={b-cf 


(b + c) z 


>(b-cY It 1 


4 b + c + yjlib 2 +c 2 ) 
>0 


4 V2+2 


2cu2^^_(b 2 + C 2 Y 


= a + JlilY+c 2 )- a 2 (b 2 + c 2 ) - 
= a + yj2(3 — a 2 ) — a 2 (3 — a 2 ) — - 


= (a- 1) 2 


3(a + l) 2 _ 3 

4 y]2(3-a 2 )+3-a 


^f(a,b,c)> 0 

Dang thuc xay ra khi va chi khi a = b = c = 1. 

Vidu 1.2. 

Cho a,b,c > 0 thoa man a+b + c = 3. Chung minh rang 

f(a,b,c) = (a 2 + a +1 ){b 2 +b +1 )(c 2 + c +1) < 27 

Ldi j i di . 

Gia sir a<b,c => a < l,b + c > 2. Xet hieu 
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f (a,b,c) — f\ a, 


b + c b + c 


_ (a 2 + a + \){b - c) 2 (4 - (b + c) 2 - (b + c) - Abe) 

~ 16 “ 


> f (a,b,c)<f\ a. 


b + c b + c 


2 2 

b+c T b + c 


= (a + a + l) 


(a -l) 2 (a(a - l)(a 2 - 12a + 48) - 37a - 71) 


16 


<27 


=> f(a,b,c) < 27 

Dang thiic xay ra khi va chi khi a = b = c = 1. 

Vidu 1.3. 

Cho a,b,c& R. Chung minh rang 


f(a,b,c) - a 2 +b 2 + c 2 -ab-bc-ca > 0 

Ld\ i i di. 

Xet hieu 

/ (a,b,c) - f ^a,- , h -^Y~ j = |.(b -cf > 0 

^ f(a,b,c)> f^a,^,^y a 2 - a (b + c)+^^^ -° 

=> f(a,b,c) > 0 

Nhan xet. 

CMc ai cung cam thay day la mot bat dang thuc qua de, qua co ban va toi nghT cMc 
cung co ngucri khong hieu noi tai sao toi lai dua vf du nay vao. Nhung hay chii y 
rang nhung cai hay trong nhung bai toan don gian khong phai la khong co va bay 
gio toi se trinh bay y tuong ma toi cam thay thfch thu nhat trong bai nay ma mi nh 
phat hien duqc (co the khong chi minh toi). 

Vi f(a,b,c) la ham doi xung voi cac bien a,b,c nen theo tren, ta co 
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= / 


a/ 


b + c b + 

- ,a, - 

2 2 

b+c 2 a+b+c 2 a+b+c 

~1T’ 4 ’ 4 


Va y tuong day so bat dau xuat hien. 

Xet cac day so (a n ),(b n ),(c n ) duo'c xac dinh bbi 
a 0 =a,b 0 = b, c 0 =c 

"b 

~Y~ 


a 2, 


1 “I” Cr 


U 2n+V u 2n+2 ' 


^,V«gN 


De thay 

a+b + c 

lim a n = lim b n = lim c n =-= t 

"->+“ n->+~ n^+o o 3 

Va 

f(a,b,c) > f(a n ,b n ,c n )yne N 
Do ham f(a,b,c) lien tuc nen 

f(a,b,c) > /(lim a n , lim b n , lim c n )~ = 0 

=> f(a,b,c) > 0 

Dang thuc xay ra khi va chi khi a = b = c. 

Cach la tren la mot y tuong co the noi la kha doc dao va la co so hinh thanh nen 
each thuc don bien bon bien so ma chung ta se xet ngay bay gio. 

2. Don bien bon bien so. 

Khac voi ba bien so don bien bon bien so kho khan va phuc tap hon nhieu. Trong 
tnrong hop nay kieu don bien thong thirong ma chung ta van lam voi ba bien vo tac 
dung. Va vf du 1.3 chmh la tien de de xay dung nen dudng loi tong quat de giai 
quyet cac bai bat ddng thuc co the giai bang don bien ket hop day so. 
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Vi du 2.1. (Dir tuyen IMO 1993) 

Cho a,b,c,d> 0 thoa man a + b + c + d = 1. Chung minh rang 

abc + abd + acd + bed < — + abed 

27 27 

Lai j i di. 

Bat 

f(a,b,c,d) = abc + abd + acd + bed - abed 
27 

-bc(a + d) + ad\ b + c-^-^-bc 


- ad(b + c) + bc\ a + d-^-^.ad 
Voi moi bo bon so ( a,b,c,d) thoa man a+b + c + d = 1, neu ton tai hai so trong 
bon so nay, chang han b,c thoa man b + c be ^ 0 thi 

f(a,b,c,d)-bc(a + d) + ad ^b + c-^^-bc 

< bc(a + d ) 

.fb + c + a + d 


~ 27 

Do do, khong mat tmh tong quat co the gia sir voi moi bo bon so ( a,b,c,d) thoa 
man a + b + c + d = 1 thi hai so bat ky trong bo bon so nay, chang han a, d, deu thoa 

man a+d-^-^-.ad> 0 
27 


f(a,b,c,d) - ad(b + c) + bc\ a + d-^^-.ad 


< ad(b + c)- 


. 176 j 

a + d - .ad 

27 
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Xet cac day (b n ),(c n ),(d n ) duo'c xac dinh bdi 
b o -b,c 0 =c,d 0 -d 

b 2n+l = ^2n ’ C 2n+1 = ^2n+l ' 


— C 7n 


b 2n +C 2n \j nG ^ 
2 

b ?„+ 1 +c 


,. _ . , = d = 2n+] _ 2n +1 V/m c TV 

u 2n+2 l '2n+l’ c 2«+2 U 2n+2 ^ ,V At fell 


Khi do, de thay 


a + h + c„ + d = 1 Vn e N 


lim Zx = lim c„ = lim d„ 


1 -a 


Tircach dat, ta co f(a,b,c,d)< f{a,b n ,c n ,d n ),\/ne N 
Do / lien tuc nen 

f(a,b,c,d)< f(a, lim b n , lim c n , lim d n ) 

1 -a 1 - a l-a ^ 


= f\ a. 


3 


= 3 a 


l-a 

3 


l-a i 176 (1- 

-.a 

27 


a(4a -1) 2 (1 la -14) J_ 
+ 27 


729 


, 1 
S 27 


> dpcm. 


Dang thiic xay ra khi va chi khi (a,b,c,d) - 0 


lliilfil! 

4’4’4’4 J\3’3’3 


Ngoai each tren ta co the lam don gian nhu 1 sau 


Ta co the gia su f(a,b,c,d) < f 


a+d . a+d 

- ,b,c, - 

2 2 


voi moi a,b,c,d > 0 thoa man 


dieu kien a + b + c + d = 1 (vi trong tnrbng hop ngiroc lai bai toan dirac giai quyet). 
Vi tfnh doi xiing cua ham f(a,b,c,d) ta co 
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f (a,b,c,d) < f 


i + d , a + d 

- ,b,c, - 

2 2 


I s f 

S/ 


+ d b + c b + c a + d 
~2 2 
a + d b + c 1 1 
2 ,_ 2 _ ’4’4 


^4 4 4 4J 27 

Cach lam tren kha hay nhung chi c6 the ap dung dugc voi mot so ft bai toan dang 
nay. 

Vfdu 2.2. 

Cho a,b,c,d> 0 thoa man a + b + c + d = 1. Chung minh rang 


148 


1 


f(a,b,c,d) = a +b +c +d -\ - abed > — 


27 


27 


Ld i § i a \. 
Xet hieu 


D — f (a,b,c,d) — f 


a+b a+b 


2 2 

Tu do, neu co ab>cd =$ D> 0 => f(a,b,c,d) > f 
Gia su a>b>c>d. 

Xet cac day so (a n ),(b n ),(c n ) dugc xac dinh bdi 
a 0 = a,b 0 —b,c 0 = c 

a 2n = b 2n _ v b 2n = c 2n = a ^+ c 2n-i VnG N * 

a 2n + l = b 2n + l = ~^ > C 2n+ l = C 2n N 


,c,d \-(a-b) 2 \ ~^.(a~b) 2 +3ab-^.cd 


a+b a+b 


c,d 


De thay 


a n+b n + c n+d = 1 VneN 
a n b n - c n d VneN 

lim a„ = lim h = lim c„ - 


a+b+c 1 -d 


32 






Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


f(a,b,c,d)> f(a n ,b n ,c n ,d ) VhgN 
Do / lien tuc nen 

f(a,b,c,d)< /(lim a n , lim b n , lim c n ,d ) 


1 -d 
3 


j4 148 jf l-d 

+ d + - d' 

27 


<7(4(7 -1) 2 (19 <7 + 20) J_ 
729 27 

1 

'27 


> dpcm. 


Dang thuc xay ra khi va chi khi (a,b,c,d) = j - 


Vi du 2.3. 

Cho a,b,c,d > 0 thoa man a + b + c + d = 4. Chung minh rang 
16+ 2abcd >3(ab + ac + ad +bc + bd +cd) 


Loi i i di . 

Ta co 

16 + 2 abed >3(ab + ac + ad +bc + bd +cd ) 

3(a 2 +b 2 + c 2 + d 2 ) + Aabcd > 16 

Dat f(a,b,c,d) = 3(a 2 +b 2 + c 2 + d 2 ) + 4abcd 
Xet hieu 

D= f(a,b.c,d )-= 

Tir do nhan thay neu 3 >2 ab => D > 0=> f(a,b,c,d) > f^a.b, 

Den day co the sir dung day so nhu bai trade hoac co the lam nhu sau 
Gia su a<b<c<d=>ab<\ 
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^ f(a,b,c,d)> j 

= 3(a 2 + b 2 ) + — .(c + d) 2 + ab(c + d ) 2 
= ((4 - a - bf - 6 )ab + 3(a + b) 2 +1 (4 - a - 6) 2 
= (x 2 -8x + 10)y + |.x 2 -12x + 24 
= g(*,y) 

Trong do x = a + b,y = ab. 

Taco 2y[y <x<2. Xet cac truonghop 

+ Neu x 2 -8x + 10>0^g(x,y)>|.x 2 -12x + 24 = ||x-^j +16> 16 

+ Neu x 2 - 8x +10 < 0 


r 2 9 

=* g(x, y) > (x 2 - 8x +10).^- + |.x 2 - 12x + 24 = 
=> dpcm. 


(x-2) 2 (x 2 -4x + S) 
4 


Dang thuc xay ra khi va chi khi ( a,b,c,d ) = (1,1,1,1), 


4 4 4 
3’3’3 


Vi du 2.4. (Vasile Cirtoaje) 

Cho a,b,c,d > 0 thoa man a 2 +b 2 + c 2 + d 2 - 1. Chung minh rdng 
(1 - a)( 1 - b)( 1 - c)(l - d) > abed 


Loi i i ai . 

Ta co Bo de sau 

Bo de. (China TST 2004) 

Cho a,b,c,d > 0 thoa man abed = 1. Khi do, ta co 


f(a,b, c,d) 


1 

(1 + a ) 2 


1 

(1 + b) 2 


1 

(1 + c) 2 


1 

(w? 


>1 


Chung minh. 

De thay, neu x, y > 0 thoa man xy > 1 thi 


+ 16 > 16 


34 







Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


_^ + ^> 2 
( i +*) 2 ( i + y ) 2 “( 1+ ^) 2 

Tudotaconeu ab> 1 thi f(a,b,c,d)>f^y[ab,y[ab,c,d^ 

Gia su a > b > c > d va xet cac day so ( a n ),(b n ),(c n ) dugc xac dinh bdi 


«0 

= a, b 0 = , 

b,c 0 =c 


a 2«+l ~~ ^2n+l 

~ yj a 2rp2n ’ C 2n+1 " 

= c 2n ,\/ne N 

a 2n+2 ~ ^2n+2 

— \l a 2n+l C 2n+l ’ C 2n+2 — ^2n+\^ n £ ^ 


a n b n c n d = 

-1VneN 


De thay • 

a A -1 

Vne N 



lim a n = 

lim b n = lim c n 

=^te=-]= 

Hd 

Tudo 





f(a,b,c,d)> f(a n ,b n ,c n ,d), V«e N 
=> f(a,b,c,d) > /(lim a n , lim b n , lim c n ,d) 

n —>+°° n—>+“ n— 



>1 


=> f(a,b,c,d) >1 
Vay Bo de duo'c chung minh. 

Trd lai bai toan, ta co a 2 +b 2 +c 2 + d 2 = 1 => a,b,c,d e [0,1] 
Neu abed = 0 thi (1 - a)( 1 - b)( 1 - c)(l - d) > a6a/ . 

Neu abed >0. 
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^ 1 -a 1 -b 1 -c 1 -d 

Dat x =- ,y =- ,z =- ,t = - =>x,y,z,t > 0 

abed 


Gia thiet a 2 +b 2 + c 2 +d z -1 <=> 


1 


1 


1 


1 


(l+x) 2 (1+y) 2 (1 +z) 2 (1 +tf 

Va bat dang thiic can chung minh tirong duong vai 

xyzt > 1 


Gia su nguac lai xyzt < 1. Khi do, dat t' =-thi xyzt 1 -1 va t < t‘. 

xyz 

Ap dung Bo de, ta duoc 


1<- y H-rH- y-\ - ~ir 

(l + x) 2 (1 +y) 2 (1 + z) (1 + t') 2 

1 1 1 1 
K (l + x) 2 + (l+y) 2 + (l+z) 2 + (l + t) 2 ' 

Yay dieu gia sii sai. 

=> xyzt > 1 
=» dpem. 


Dang thu'c xay ra khi va chi khi a — b — c = d = — . 


Nhan xet. 

Day la mot bai toan hay va lbi giai vua roi da su dung hai cong cu la doi bien va 
don bien (voi cac bien mdi). Ngoai ra co the don bien true tiep voi cac bien ban dau 
(danh cho moi nguoi). 

3. Don bien voi nhieu bien so ho’n. 

Vi du 3.1. 

Cho a,b,c,d,e> 0 thoaman a + b + c + d + e = 5. Chung minh rang 
f(a,b,c,d,e ) = 4 (a 2 +b 2 +c 2 +d 2 +e 2 ) + 5abcde > 25 

Loti i i di. 

Xet hieu 

D = f(a,b,c,d,e)-f(a,b,c, d^ e , d^ e ^\= 
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Tir do, ta co neu abc < — => D > 0 => f(a,b,c,d,e ) > / a,b,c, 


d + e d + e 


Gia sii a<b<c <d <e va xet cac day so (c n ),(d n ),(e„) dirge xac dinh bdi 
c 0 =c,d 0 =d,e 0 =e 

■> d ' )n _, = e 0r 


'2n-2> “2n-l ~ c 2n-l 


5 ^ 2 ” 2 + e2n 2 ,Vne N* 


C 2n ~ ^2n-V ^2n ~ e 2n ~ 


De thay 


a + b + c n +d„ + e„ = 1 Vne 


a<b<mm{c„,d„,e„} Vne =>abc„<- Vne 

" " ” "5 


lim c = lim d = lim e = 


c + d + e 5- 


3 


Tir do, ta co 

f(a,b,c,d,e ) > f(a,b,c n ,d n ,e n ) Vne N 

Suy ra 

f(a,b,c,d,e ) > f(a,b, lim c n , lim lim 

, 5-a-b 5-a-b 5-a-b 

= f\ a,b, ---,---,--- 


= 4(a 2 +b 2 ) + -.(5-a-bf+- 


27 


,. 2 „ , 4 ,. 2 5ab(5-a-b ) 

= 4(a + &)“ -8aZ? + —.(5-a-&)‘ +- 

3 27 

5y 2 (5-x) 3 0 16x 2 -40x + 100 

= - L -8y+ - 

27 3 


= g(y) 

Trong do x = a + b,y = ab. 
Ta co 

10y(5-x) 3 , 


g (y) = 


27 
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- 8 > 0 thi 


SOO^S(0) = 


16* 2 -40* + 100 _16 

3 y 



+ 25 >25 



- 8 < 0 thi 


27 



x 2 16.x 2 -40*+ 100 

— + - 


27 


4 


3 


(*-2) 2 (-5* 3 + 55* 2 -135* + 225) | 2g 
108 


De dang chiing min h 

-5* 3 + 55* 2 -135* + 225 > 0 V*e[0,2] 

Dodo 

s(y) - 25 

=> dpcm. 

Dang thiic xay ra khi va chi khi ( a,b,c,d,e ) = (l,l,l,l,l),^,^-,^-,^,0 j. 

Vidu 3.2. 

Cho x l ,x 2 ,...,x n > 0 thoa man x l +* 2 +... + x n = 1. Tim gia tri Ion nhat cua bieu thiic 


/(*!, * 2 , ...,*„)= Y, X i X j( X i +X j) 


Ld\ i i ai . 



Xet hieu 
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f(x l ,...,x i + Xj,...,0,x n )~ f(x l ,...,x j ,...,x j ,...,x n ) =2x i x j (2-3(x i + Xj)) 

Do do, neu 3(x ( - +Xj) < 2, thi f(x l ,...,x i ,...,x j ,...,x n ) < f(x l ,...,x i + x 7 -,...,0,x n ). 

Xet tat ca cac bo so ( 'x i ,x 2 ,...,x n ) sao cho f(x l ,x 2 ,...,x n ) dat max/. 

Trong do, chon ra bo so (a x ,a 2 ,...,a n ) sao cho so phan tu duong trong bo so do la ft 
nhat (luon co the chon duoe vi so so duong la huu han). 

Gia su a x > a 2 >... > a k > 0 = a k+l = a k+2 =... = a n . 

Neu k > 3 thi ta co 

1 -a x +a 2 + ... + a n > a ' 2+ ^ a ' i + a 2 + a 3 = ^-.(a 2 + a 3 ) => 3(a 2 +a 3 ) < 2 

Do do 

f(a l ,a 2 ,...,a n )< f(a v a 2 + a 3 ,0,...,a n ) => f(a v a 2 + a 3 ,0,...,a„) = max/ 

Dieu nay vo ly do bo so (a x ,a 2 + a 3 ,0,...,a„) co so so duong ft han bo so (a x ,a 2 ,...,a n ). 
Vay k < 2 . Do do 

f(a l ,a 2 ,...,a n )=a l a 2 (a l +a 2 ) = a/l-Uj) < 

Do do 

f(x 1 ,x 2 ,...,x n )<i 

Dang thuc xay ra chang han khi x, = x 2 = ^, x 3 = x 4 =... = x n . 

4 . Cac kieu don bien khac. 

Trong mot so truong hop, cac kieu don bien thong thuong (da noi b phan mo dau) 
vo tac dung (thuong do dau bang khong phai xay ra khi tat ca cac bien bang nhau). 

Vi vay, xuat hien mot so kieu don bien khac. 

Vf du 4.1. 

Cho x, y, z > 0 thoa man xy + yz + zx = \. Tim min ciia 

f (x, y tZ)— ~ i ~ i 

x + y y + z z + x 


Loti »i ai. 
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KMc vdi nhung vf du trade, d vf du nay co hai dieu khien viec don bien kho khan 
han la eye tri dat duo'c khong phai khi ca ba bien bang nhau va bieu thuc dieu kien 
cua bien het sue kho chiu. Sau day la mot trong nhung ldi giai cho bai nay. 

Gia su a: > y, z va dat a - y + z thi ax < 1 va 2x > a . Xet hieu 


f(x,y,z)-f\0,a- 


1 (l-ax)(2x-a +a 2 x) 


(l + x 2 )(l + a 2 ) 


>0 


li (a — 1) (2a —a + 2) 5^5 

=> f(x,y,z)> f \ 0 ,a,~ =-^ + ->- 

{ a) 2a(l + a 2 ) 2 2 

Dang thuc xay ra khi va chi khi (x,y,z) = (1,1,0). 

Vay 


min f(x,y,z) = ~ 


Vi du 4.2. 

Cho a,b,c> 0 thoa man a +b + c = 1. Tim gia tri ldn nhat cua bieu thuc 
f(a, b, c) = (a 3 + a + l)(b 3 + b +1 )(c 3 + c + l) 

Ldi »i ai. 

Bang tmh toan true tiep (hoac gia su co b = c ), ta du doan duoc max / = 441 dat 
dugc chang han khi a = l,b = c = 0. Tir do, dan den ldi giai nhu sau 


Gia su a<b,c=?>b + c> —. 

3 


Mat khac, do 0 < a,b,c <l=>b 2 +c 2 <b + c< 1 ,bc < 1. 

Xet hieu 

f(a,b,c)-f(a,b + c,0) - (a 3 + a + l)bc(b 2 c 2 + l(b 2 +c 2 ) + l-2l(b + c)) 
<(a 3 + a + 7)^cj^l + 7 + l-21.|j 
<0 


^ f(a,b,c ) < f(a,b + c, 0) 

= 7(a 3 + a + 7)((1 - af +1 ■- a +1) 

= la(a - 1)((1 - a)(2 - a 2 + a 3 ) +19) + 441 < 441 
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Dang thu’c xay ra khi va chi khi ( a,b,c ) = (1,0,0). 

Vay max / = 441. 

III. Don bien trong tam giac. 

1. Don bien lu ong giac trong tam giac. 

Trong tam giac phirong phap don bien dira bat d&ng there da cho o tnrong hop tam 
giac thircmg ve tnrong hop tam giac can. 

Vi du 5.1. 

Cho tam giac ABC khong tu. Cgu'ng minh rang 

sin 2?. sin C sinC.sinA sin A. sin 5 ^ 5 

f(A,B,C) =-+-+->- 

sin A sinfi sinC 2 

Ld i »i m. 

Gia sn A > B,C => — > A > —. 

2 3 

Xet hieu 


f(A,B,Q-f\ A, 


_ 2 _ 

sin A 


4 sin A. sin 
_ 2 _ 

sin B. sin C 


__ 2 _ 

sin A 


4sin 2 y-l 


>f(A,B,C)>f A, 


Bat t = C0tg —=>t>l. 
Va 


>0 

fi + C B + C 


■ 2sinA + - 


7 B + C 

n - | ^ 

-2— = 2sin A + —COtg — 

sinA 2 2 


„ . , 1 . A 

2 sin A+ —.COtg — 
2 2 

=>/(A,B,C)> | 


4t 1 (i-l)(i 2 -4r + 5) 5 5 

—;-1 .f —-~-1 > — 

t 2 + 1 2 2(r 2 + 1) 2 2 
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> dpcm. 


Dang thtic xay ra khi va chi khi A = —,B = C = — va cac hoan vi tirang ting. 

Nhan xet. 

Day la dang lirong giac ctia vf du 4.1. De thay rang don bien a bai nay de chiu va de 
nghT hon bai kia rat nhieu. 

Vi du 5.2. (VMO 1993) 

Cho tam giac ABC. Tim min ctia 

f(A,B,C) = (1 + cos 2 A)( 1 + cos 2 5)(1 + cos 2 C) 

Loi n i a \. 

+ Cach 1. 

Gia sti A<B,C => A< — ^cosA> — 

3 2 

Xet hieu 

f(A,B,C)-f{A,^^)= 


= (l + cos 2 A).sin 
>(l + cos 2 A).sin 


2 B-C 6cosA-cos(fi-C)-l 
2 2 
B-C 3-1-1 


>0 


>f(A,B,C)>f\A. 


2 2 

B + C B + C 


- (1 + cos 2 A) ^1 + cos 2 —j 

(1 + cos 2 A) (3 - cos A) 2 
~ 4 

_ (2 cos A -1) 2 (4(1 - cos A)(4 - cos A) + 3) 125 

64 "64 

125 
" 64 
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Dang thuc xay ra khi va chi khi A = B = C = - 


125 

Vay min f(A,B,C) = —. 

64 

+ Cach 2. 

Gia su A>5>C=>C< — => cos— > — 
3 2 2 


(1 + cos A)(l + cos B) = (cos A + cos B) + (1 - cos A cos B ) 


.. 2 C oA-B 

= 4sin —,cos“- 

2 2 

I 2 A — B 
= / cos — 


iA~B , 2 C 

+ cos-1-cos — 

2 2 


Ta co 


/ cos 


A-B 


= 4sin“—1-2 cos 


2 A-B 


. „ 2 C 

= 2 cos -+ l-3cos — 

2 2 


Do do 


/ cos 2 


> /(1) = I 1+ sin 2 — 


> f (A, B,C)> f 


-,c 


125 

Den day, lap luan hoan toan tirong ty nhu each 1, ta co min f(A,B,C ) =-. 

64 

Vidu 5.3. 

Cho tarn giac ABC. Chung minh rang 

A-B B-C C-A^ 2 . „ . 

cos-1- cos-+ cos-> — 1 = .(sin A + sin B + sin C) 

2 2 2 ^3 


Loi i i a \. 


43 


Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Gia su A < B, C => A < —. Bat dang thiic can chiing minh tirong dirong 


B-C „ B-C n-3 A 2 . A 4 A B-C^„ 

cos-+ 2cos-.cos-;=.sinA—cos — .cos-> 0 

2 4 4 V3 V3 2 2 


<^=>| l--y=.COS— || 2COS' 


-1 +2cos 


B-C 71-3 A 2 


—;=.sin A> 0 
4 V3 


B-C 

Voi x = cos-=> is 

4 


S 2 

s 


7T-3A 2 


Xethamso /(jc) = | 1— j=. cos— |.(2jr-l) + 2xcos—-- —j=sinA 


f\x)-Ax\ 1 — —j=.cos — |+2cos 


<4x\ 1 — ;=.COS— +2COS 


71 -3A 
4 

7i -3A 


= -4x+ 2cos 


S' ~~ 6, 

7i -3A 

7i -3A 


a/2 „ 

< -4.— + 2cos 

2 4 


. 4 A 7i — 3A 2 . 

> /O) > /(1) = 1— r .cos —+ 2cos— - r .sin A = g(A) 

S 2 4 V3 


Ta co 


2 . 2 . A 3 . 7T-3A 

g (A) =—^.cosA + —^.sin—h—.sin- 

73 73 2 2 4 


A A 

= 1 sin—I- cos — 
4 4 


Y„ . A . Y 2 ( . A A \ 3>/2 

2 sin- 1 —j=.\ sin—l-cos—- 

k 2 J[7H 4 4 J 4 J 


<0(do 0 < A < —) 
>g(A)>g^-j=0 
>/( l )>0 
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=>/(*)> 0 


=> npcm. 

Nhan xet. Viec sir dung cong cu dao ham trong phuong phap don bien rat co lgi khi 
viec bien doi tuong duoug phiic tap. 

2. Don bien theo cac canh. 

Vi du. 

Cho tam giac ABC thoa man a>b,c. Chung minh rang 


L +m h +m r~ 


.(a + b + c ) 


2 


Ld\ i i d\ . 

Ta coi 


l a + m b+ m c = 


— f (a,b,c) 



. (V2 a 2 + 2 b 2 -c 2 + y/2a 2 -b 2 + 2c 2 


Trooa he& ta choag minh 



( 1 ) 


Thafeva^f 


(1) <=> (b-cf (a+b + c)(b + c-a)> 0 (hiea nhiea hung) 
M afekhab, ta lai coi 


yl(b+c) 2 -a 2 < K^(b+cf-a 2 


( 2 ) 


Tbe(l) vaia(2), ta coi 



( 3 ) 


Ta seochbog minh 
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Thafeva^f 


b + c b + c 


R 

<-^-.{a+b + c) 


(4) 


(4) o c) 2 - a 2 + ^2a 2 + j <^-.(a + b + c) 


<=> 



-1 + 



<Vi[i+^ 


o V* 2 - 1 + V8+X 2 <j3(l+x) (trongnout = ^-=>xe(l,2]) 

a 

<=> (x-2) 3 (x+2) <0 (hiea nhieanuog) 

Kebho'p (3) vae(4), ta suy ra npcm. 

N aag thob xay ra khi vaacha&hi a = b = c. 

Tuy da rat co gang nhung bai viet nay cung khong the vet het cac kieu va dang bai 
tap don bien cung nhu noi ve tu duy va each thuc hinh thanh phuong phap. Nhung 
toi nghT no cung da du de cac ban hinh thanh nen phuong phap nay trong dau, tu do 
cac ban se tu cam nhan dupe cai hay cua phuong phap nay cung nhu cac kieu don 
bien khac ma bai viet nay chua de cap den. Chu y rang cac lbi giai tren la de phu 
hop voi bai viet nay nen cung co the co nhung each khac hay hon. 

VI. Bai tap. 

Bai 1 . (Vietnam TST 1996) 

Cho a,b,ce R.Tim giailronhomhaficuQ biea thob 


P = (a + b) 4 +(b + c) 4 + (c + a) 4 —^.(a 4 + b 4 +c 4 ) 
Bai 2 . (China TST 2004) 

Cho a,b,c,d >0 thoa maa abcd = 1. Chobg minh raeg 

P = — 1 —+— 1 —+— 1 —+—^ >1 
(1+ a) 2 (1 + b) 2 (1 + c) 2 (1 + d) 2 


46 










Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Bai 3 . 

Cho a,b,c> 0 thoa maa a+b+c= 1. Chobg minh raeg 

a 3 +b 3 + c 3 +—.abc > — 

4 4 

Bai 4 . 

Cho a,b,c,d > 0 thoa maa a+b + c + d = 4. Chobg minh raeg 

abc + abd + acd + bed + a 2 b 2 c 2 + a 2 b 2 d 2 + a 2 c 2 d 2 + b 2 c 2 d 2 < 8 
Bai 5 . (Pham Kim Hung) 

Cho a,b,c> 0 thoa maa a+b+c = 3. Chobg minh raeg 
(a 2 + b)(b 2 + c)(c 2 + a) < 13 + abc 

Bai 6 . 

Cho a,b,c,d >0 thoa maa a+b + c + d =4. 

a) Chung minh rSng 

2 {^fa + yfb + yfc + 4d^ > abc + abd + acd + bed + 4 

b) Tim min cua 

P = 7 [y[a + yjb + 4c + 4d) - abc + abd + acd + bed 

Bai 7 . 

Cho tarn giac nhon ABC. Chung minh rang 

|^sinfi.sinCY ^sinC.sinAY /^sinA.sinfi Y > 9 
^ sin A J sin B J ^ sin C J 4 

Bai 8 . 

Cho tarn giac ABC. Chung minh r&ng 

p <2R + (3>/3 - 4) r 

Bai 9 . 

Cho a,b,c,d,e> 0 thoa man a + b + c + d +e = 1. Chung minh rang 

5 .5 5 j 5 5 1845 7 j^l 

a +b +c +d +e + - .abcde> - 

256 256 
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Bai 10 . 

C ho a,b,c > 0 thoa mao a+b+c- 3. Tim gia tri lan nhat va gia tri nho nhat cua 
bieu thuc 

P — ^a~ + \fa + 3) ^ b 2 + \fb + 3j|c 2 + yfc + 3 j 
Bai 11 . (Pham Kim Hung) 

Cho a,b,c> 0 thoa man abc = 1. Chung minh rang 

a + 3 + b + 3 + c + 3 
(a +1) 2 (b + 1) 2 (c + 1) 2 “ 


Bai 12 . 

Cho x,y,z> 0 thoa man xy + yz + zx = \. Chung minh rang 


= >2 + —j= 

jx + y V2 


Bai 13 . 

Cho a,b,c> 0 thoa maa a + b + c - 1.. Chung minh rang 



1 + 




Bai 14 . 

Cho a,b,c,d >0. Chung minh rang 


3(a 4 +b 4 +c 4 +d 4 ) + 4abcd>(a + b + c + d)(a 3 +b 3 +c 3 +d 3 ) 
Bai 15 . (Pham Kim Hung) 

Cho a,b,c> 0 thoa mao a + b + c- 3. Chung minh rang 


36 (ab + bc + ca) > ( a 3 b 3 + b 3 c 3 + c 3 a 3 )(a 3 + b 3 +c 3 ) 
Bai 16 . (Vo Quoc Ba Can) 

Cho a,b,c> 0 thoa mao a + b + c = 1. Tim min 


p _ ab + bc + ca 

~ ( a 4 b 4 + b 4 c 4 + c 4 a 4 )(a 4 + b 4 + c 4 ) 
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DON BIEN KHONG XAC DINH 


I. Don bien khong xac dinh. 

Cai ten nghe co ve la nhi? Be tim hieu phu'ong phap mbi me nay chung ta hay ciing 
ban den hai bai toan quen thuoc sau 

Bai toan 1. 

Cho n la so nguyen dirong va x x ,x 2 ...,x n la cac so thyc thuoc doan [p,q] vdi p,q 
la hai so thyc cho trade. Tim gia tri ldn nhat cua bieu thuc f(x l ,x 2 ...,x n ) 

Bai toan 2. 

Cho n la so nguyen duong va la x l ,x 2 ...,x n cac so thyc khong am co tong bang n. 
Tim gia tri nhd nhat cua bieu thuc f(x l ,x 2 ...,x n ) 

(6 ca hai bai tren thi f(x l ,x 2 ...,x n ) deu la cac bieu thuc doi xung cua x l ,x 2 ...,x n ) 
Thong thudng doi vdi cac Bai toan 1 chung ta thudng sdp thu ty cac bien va don gia 
tri cua bien ve hai bien de so sanh true tiep chung. Chang han so sanh 
f(x x ,x 2 ...,x n ) vdi f(p,x 2 ...,x n ) vdi muc dfch la dua bai toan ve tradng hop don 
gian vdi so luong bien ft hon. Con vdi Bai toan 2 chac chan cac ban se nghi ngay 

den danh gia f(x l ,x 2 ...,x n )> j hoac hi huu lam thi chung 

ta co danh gia f(x 1 ,x 2 ...,x n ) > f(0,x l + x 2 ,...,x n ). Co the thay nhung suy nghi nhu 
tren la vo cung ty nhien nhung noi chung la kho thyc hien vi nhung bai co the giai 
true tiep la tuong doi don gian. Vi vay chung ta can mot bude phat trien hon cho 
phuong phap nay do la don bien khong xac dinh. Vay don bien khong xac dinh la 
gi? Toi co the gidi thieu luon tu tudng chfnh cua phuong phap nay la “Don cac bien 
ty do ve mot trong nhung diem dac biet ma ta chua the xac dinh rd se don cu the ve 
diem dac biet nao”. Co ve hoi kho hieu phai khong? Chung ta se ciing quay trd lai 
vdi 2 bai toan tren 
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(i) Vdi Bai toan 1, thay vi chung minh f(x l ,x 2 ...,x n ) < f(p,x 2 ,...,x n ) chung ta se 
chung min h 

f{x l ,x 2 ...,x n ) < ma X{f(p,x 2 ,...,x n ),f(q,x 2 ,...,x n )} 

(ii) Vai Bai toan 2, thay vi danh gia da noi d tren chung ta se chi ra duoc 

Doc den day ban dung voi cucri vi no chi tien bo hon phuong phap ban dau mot 
chut khi dieu kien don bien duoc ndi long ma trong lai co ve phuc tap vdi max, min 
lang nhang! Ban hay xem thu sue manh ciia tu tudng nay thong qua vf du quen 
thuoc sau day nhung trude het chung ta hay den vdi Bo de co ban 

Bo de 1. 

Cho a,b,c la cac so thuc thoa man b>c . Khi do ft nhat mot trong hai bat dang thuc 
sau dung 

(i) a>c 

(ii) a<b 

Chung minh. 

Gia su ca hai bat dang thuc tren deu sai ta suy ra c>a>b>c (Mau thuan). 

He qua 1. 

Cho a,b la cac so thuc. Khi do ft nhat mot trong hai bat ddng thuc sau dung 

(i) a > b 

(ii) a<b 

Cac ban dung nen xem thudng Bo de 1, tuy day la mot Bo de don gian theo dung 
nghia cua no nhung lai la mot Bo de cue ky hieu qua day. Sau day la mot vf du cho 
thay dieu do 

Vf du 1. 

Cho p,q la hai so thuc duong, n la so nguyen duong va x 1 ,x 2 ,...,x n la cac so thuc 
thuoc doan [p,q\ vdi p,q la hai so thuc duong cho trude. Tim gia tri ldn nhat cua 
bieu thuc 
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f(x l ,x 2 ,...,x n ) = (x l +x 2 +... + x n )\ — + — + — 


Led giai. 

Bat S — x 2 + X3 +... + X n , T —-1-h... H- 

*2 *3 X n 

f (x l ,x 2 ,...,x n ) < f(p,x 2 ,...,x n ) 

o(x, + 5)| -Ur |<(p+,s)[-t + 7- 


<=>(^ 1 -^) T — 


PX\ 


<0 


PX x 

f(x v x 2 ,...,x n ) < f(q,x 2 ,...,x n ) 
^( Xl + S)\^- + T |<(^ + 5)|^ + r 


<=>(*-?) \T- 


qx 1 


<0 


qx 1 


(i) 


( 2 ) 


s s , , , 

Do ->— nen theo Bo de 1 se co ft nhat mot trong hai bat dang thuc (1), (2) 

pxi q x \ 

dung. 

Suy ra f{x x ,x 2 ...,x n )<m^{f{p,x 2 ,...,x n ),f{q,x 2 ,...,x n )} 

Hoan toan tuong ty ta nhan duqc ket qua sau 

Ton tai y l ,y 2 ,...,y n e {p,q} saocho f(x l ,x 2 ,...,x n )<f(y l ,y 2 ,...,y n ) 

Bai toan dua ve tim gia tri ldn nhat cua /(}>,, y 2 ,...,_y n ) voi y\,y 2 ,...,y n e {p,q}. 
Khong qua kho khan chung ta tim duqc 


51 


Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


+ max/(y 1 ,y 2 ,...,j ) = n + ^ voi n chan khi trong tap {y 1? y 2 ,..., y n }co — so 
4 pq 2 


bang p va — so con lai bang q . 

+ max f(y v y 2 , ...,y„) = 1 + —— + c ^ ydi n le khi trong tap {j l5 c6 

4 pq 

so bang p va ~~ so con lai bang q hoac ngugc lai. 

Tir day chung ta di den ket luan cho bai toan. 

CMc hdn cac ban da tirng giai quyet bai toan nay bang each sir dung phuong phap 
ham loi cung rat nhanh gon nhung co le chung ta phai cong nhan voi nhau rang 
each giai bang tu tuong don bien khong xac dinh tren rat dep va phu hop voi trinh 
do cua ca cac ban Trung hoc co so. Bing phep chung minh tuong tu, chung ta co 
the giai dugc bai toan sau 
Vi du 2. 

Cho p,q la hai so thuc duong, n la so nguyen duong va x l ,x 2 ,...,x n la cac so thuc 

thuoc doan [p,q\. Tim gia tri Ion nhat cua bieu thuc 

x" +x 2 +... + xl 
f(x v x 2 ,...,x n ) = ^-- 


Ca hai vf du tren deu da co tren tap chi Toan Hgc Va Tuoi Tre cung voi truong hgp 
n = 3, p = l,q = 2 tuy nhien each chung minh theo toi dugc biet rat thieu tu nhien va 
kho co kha nang giai tong quat. 

Nhu vay la doi voi cac bai toan bat dang thuc co bien rd rang nhu Bai toan 1 thi 
chung ta da co mot lbi giai hgp ly con voi Bai toan 2 thi sao? Du cac bien khong 
nam trong mot giai han rd rang nhung chung ta co the tarn hieu dugc rang vdi hai 
bien x v x 2 thi chung luon nam trong [0,x, +x 2 ] va co nhung cap diem dac biet can 


chu y la (O,^! +x 2 ) va 


x x +x 2 x t + x 2 
2 ’ 2 


De giai quyet triet de Bai toan 2 chung ta 


se cu the hoa tu tudug don bien khong xac dinh bang dinh ly sau 
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II. Dinh ly don bien khong xac dinh U.M.V (Undefined Mixing Variables). 

Dinh ly U.M.V. Cho x l ,x 2 ,...,x n la cac so thyc khong am c6 tong la mot hang so 
du'ong cho truoc. f(x l ,x 2 ,...,x n ) la mot ham lien tuc, doi xung cua (x l ,x 2 ,...,x n ) 
thoa man dieu kien 

/(x 1 ,x 2 ,...,x n )>min|/ ^ 1 ^ 2 / 1 ^ 2 ,...,x„|/(0,x 1 +x 2 ...,x„)j 
voi moi (x l ,x 2 ,...,x n ) thoa man dieu kien da cho. 

Khi do, gia tri nho nhat cua f(x l ,x 2 ,...,x n ) la gia tri nho nhat cua 
C t (t = 0,1,2,..., n-l) trong do C t (t = 0,1,2,...,n-l) la gia tri cua f(x l ,x 2 ,...,x n ) 
khitrong {x l ,x 2 ,...,x n ) c 6 t so bang Ova n-t so con lai bang nhau. 

Chung minh. 

Truoc het, ta chung minh Bo de sau 

Bo de 2. Cho mot bo so thuc khong am (x x ,x 2 ,...,x n ) (n > 2) thyc hien phep bien 
doi A nhu sau 

Chon X; = rr\dX(x l ,x 2 ,...,x n ) va Xj = min(x 1 ,jc 2 ,...,jc n ). 

Gan x t ,Xj bdi ' ^ j nhung van giu nguyen vi tri cua chung trong (x l ,x 2 ,...,x n ). 


Khi do sau vo han lan thyc hien ta duoc x 1 = x 2 =... = x n = Xl +Xl + "' + Xn . 

n 

Chung minh. 

Ky hieu day ban dau la (x\,x\,...,x\). 

Ta chung minh bang quy nap. 

Voi n- 2 thi Bo de hien nhien dung. 

Gia su bo de dung voi n:-n- 1 ta chung minh no dung voi n := n. 

That vay, gia su a lan thu k nao do thyc hien phep bien doi A ta se nhan duoc bo 

(■ x\,x 2 ,...,x k n ). 

Goi m k =min {x^,x 2 ,...,x k n },M k = max{xf,x 2 ,...,x*}. 
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De thay {m k } la day khong giam bi chan tren bbi M 1 nen 3 lim m k -m, con {M k } 
la day khong tang bi chan dubi bbi m l nen 3 lim M k = M . 

Neu b bubc thu k nao do thyc hien phep bien doi A ma xf = m k hoac xf = M k thi 
x, duoc goi la co tham gia vao phep bien doi A b bu’bc thu k . 

Goi <u 2 <... < u s la tat ca nhiing lan x, tham gia phep bien doi dubi vai tro so 
nho nhat, con v, < v 2 <... < v, la tat ca nhung lan x, tham gia phep bien doi dubi vai 
tro so lbn nhat. 

*) Neu s + t < °o , dat k 0 = max{s,t} suy ra tu bubc k 0 trb di thi x, se khong tham 
gia vao phep bien doi A nua. Nhu the ta chi ap dung phep bien doi nay cho bo 

Ap dung gia thiet quy nap, ta nhan duoc bo 

Xo° +x\° +... + xf° 


n-1 

Do x, khong tham gia vao phep bien doi A nao nua nen 

fen . kn . .fen 


= x;° =... = x„ =- 


n-l 


Tit day ta co dpcm. 

**) Neu s + t-oo. Khong giam tong quat, gia sit s = °° suy ra lim xf* = m. 


+ Truong hup 1. t < °o 

Do lim m k = m, lim M k = M nen theo dinh nghia gibi han thi vbi moi 8 > 0 du nho 

fe—fe— 

thi 

3nj sao cho vbi moi N >n x thi \m N — m\ < 8 
3n 2 sao cho vbi moi N >n 2 thi \M n -M | < e 
Chon n 3 = rr\dX{v t ,n l ,n 2 }, suy ra vbi moi u L - 1 > n 3 thi 
|m B ._j — m| < 8, | M u _ x —M | < 8 
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, m i+M ^ I 

ma x' = — 5 - - — nen x,' 

1 2 1 


> lim xj'' - - 


> lim xf 


k _M +m 


+ Trircmg hap 2. t = °°. 

Hoan toan tuong tu ta suy ra 
M +m 


lim xf' 

lim jCj V ' = 

Vi vay lim xf 


2 

M +m 
2 

M +m 


Do do trong moi trudng hop ta deu co 

k M+m 
lim x =- 

*-x- 1 2 


Hoan toan tirong tu ta nhan duoc ket qua sau limxf = ^ +m v di moi i = 

2 

nen ta co dpcm. 

Chung minh dinh ly. 

Thirc hien thuat toan (3 f vdi te {0,1,2,...,«-l} cho trudng hop tap (x l5 x 2 ,...,x n ) da 
co t so Xj = x 2 =... = x f = 0 nhu sau 

Be cho gon ta quy udc f(x l ,x 2 ,...,x n ) = f(x i ,x j ) trong do 

x t = max{x 1 ,x 2 ,...,x„},x ; = min{x 1 ,x 2 ,...,x„} thoaman x 7 >0. 

, [Xf+Xj X ; + X ■ \ 

Tienhanh so sanh /'(x ; -,x.) vdi / ——-^- L va /(0,x ( . + x -). 

*) Neu f(x i ,Xj)<f(P,x i + x j ) thi/(x-,x 7 )> 1 ^ j , 7 j. Khi do ap dung 

thuat toan A cho {x f+1 ,x f+2 ,...,x„}. Neu trong mot budc nao do lai co 
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f(x i ,Xj)>f(0,x i +x j ) thi chuyen sang thuat toan (3 /+1 . Neu khong c6 thi phep 
bien doi A se dugc thuc hien vo han lan nen = v” 2 =... = x“. 

**) Neu f(x i ,Xj) > f(0,x i + Xj ) ta chuyen true tiep sang thuat toan (3, +1 . 

R5 rang thuat toan (3 ;i , da la thuat toan hang va do la ket qua co dinh. 

Vi vay dinh ly da dugc chung minh hoan chinh. 

Trong Dinh ly U.M.V ta co the thay the dieu kien tong cac bien bang cac dieu kien 
khac nhu tong binh phuong, tong lap phuong...va co each don bien tuong ling thi 
dinh ly van dung va each chiing minh khong co gi khac. 

He qua. Cho x l ,x 2 ,...,x n la cac so thuc khong am co tong la mot hang so duong 
chotruoc. f(x l ,x 2 ,...,x n ) la mot ham lien tuc, doi xiing cua (, x l ,x 2 ,...,x n ) thoa man 
dieu kien 

■ f(0,x 2 ,x 3 ,...,x n ) > 0 

fx l +x 2 ... + x n X x +X 2 ...+ X n Vj + X 2 ... + X n Y Q 

n ’ n ’ ’ n J 

voimgi (x l ,x 2 ,...,x n ) thoa man dieu kien da cho thi f(x l ,x 2 ,...,x n )> 0 . 

III. Mot so li ng dung cua phuong phap don bien khong xac dinh. 

Be su dung phuong phap don bien khong xac dinh r5 rang ta phai thuc hien theo 
trinh tu hai buoc 

Buuc 1. Xac lap dieu kien don bien. 

Buoc 2. Giai quyet bai toan vbi dieu kien da xac lap ben tren. 

Han nhien Buoc 2 chinh la noi dung cua Dinh ly U.M.V va da dugc giai quyet mot 
each hoan toan triet de. Do do, phan quan trgng nhat cua chung ta can phai lam do 
la thuc hien dugc Buoc 1. Mot dieu ki la la buoc nay thuong dugc xu ly rat ggn nhe 
bang each su dung Bo de 1, mot bo de gan nhu hien nhien dua tren quan he thu tu 
cua cac so tren true so thuc. Chung ta hay tim hieu ro hon qua cac vi du dac trung 
sau 
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Vf du 3. (Phat trien tir mot bai IMO) 

Cho n la so nguyen duong va x l ,x 2 ,...,x n la cac so thirc khong am co tong bang n. 
Tim so thyc duong k n tot nhat de bat dang thirc sau luon dung 

(l + jc 1 )(l + x 2 )...(l + x n ) < 2" + k n .(x ] x 2 ...x n -1) 

Loi giai. 

Bat f(x l ,x 2 ,...,x n ) = (l + x 1 )(l + x 2 )...(l + ^ n )-2 n -k n .(x l x 2 ...x n -1) 


S =(l + x 3 )(l+x 4 )...(l + x n ) 
T — x 3 x 4 .. .X n 



(3.1) 

«=> (1 + jc,)(1 + x z )S-k n x l x 1 T-^l + ^L^l- j S +k fl j' A| + A; 

j T <0 

( Xi — X* ^ 


oUy 1 (k n T-S)< 0 


<=> k n T < S 

(3.2) 

/((x 1 ,x 2 ,...,x„))</(( 0,x 1 + x 2 ,...,x„)) 

(3.3) 

<=> (1 + Xj)(l + x 2 )S - k^x^T - (1 + x x + x 2 )S < 0 


o k n T > S 

(3.4) 


Tir (3.2), (3.4) ta co ngay ft nhat mot trong hai bat dang thirc (3.1), (3.3) dung suy ra 

Theo Binh ly U.M. V ta co 

max/(x 1 ,x 2 ,...,x n ) = maxC f (t = 0,1,...,«-1) 

= max{C 0 ,C 1 } 


2n-l 
n -1 

Vi vay de bat dang thirc o de bai thoa man thi 


-2 n + k 


57 




Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 



-2 n +k n 


<o 


<=> fc < 2" - 


2n — l 
n -1 


Do do gia tri tot nhat cua thoa man de bai la k n - 2" - 

Vf du 3 thyc sy la mot bai toan rat kho da tirng co mat d dang nay hay dang khac 
trong cac de thi vo dich. Chac chan cac ban da tirng cam nhan duoc bieu thirc dat 
gia tri tot nhat ngoai tru'ong hop n bien bang nhau thi con mot tnrdng hop mot bien 
bang 0 nhung van vo ciing the toi vi khong co each nao ep no ve du’oc 0. Gid day 
U.M. V da cho ban mot hudng di kha sang sua. 

Vf du 4. (Dinh Ngoc An) 

Cho p < n la cac so nguyen duong va x l ,x 2 ,...,x n la cac so thyc khong am co tong 
bang n. Tim gia tri ldn nhat cua bieu there 

f(x l ,x 2 ,...,x n )= Y, ( x h x i 2 - x i p ) k 

\<i l <i 2 <-<i p <n 

Trong do k la so thyc khong nhd hon 2. 

Loi giai. 

Dat 

A = I 

b= y 

'i<i ] <i 2 <..<i p _ ] <n 

C= Y ( X M X h- X i) k 

3<i l <i 2 <...<i p <n 

Ta se chung minh 

f(x v x 2 ...,x n )< j,/(0,* 1 +X 2 ...,X„)j 

That vay 
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X, +X 2 X\ + X 7 
2 ’ 2 


(4.1) 


f *l +*2 

TVzf^T 

\ ^ 

J l 2 J 


x, +x 2 
2 


xf+xf-2| 1 


•*1 a 2 
X, +x 


/(x 1 ,x 2 ...,x n ) < /( 0,Xj +x 2 ...,xj 


(4.2) 




A (x, + x 2 ) fe - xf - xf 
Be ft nhat mot trong hai bat dang thuc (4.1), (4.2) chac chan dung thi 


f *l+*2^ 

2fc 

1 _ 

-xV 

l 2 j 

1 

Xi x 2 

xf +xf-2 

fx 1 

+x 2 Y 

l 

2 J 

f +x 2 

T 

-44 

[ 2 

1 


\k k k 


X, +x 2 

2 


(x 1+ x 2 )^-2|^ 


(x 1+ x 2 ) u (2 k ~ x - l)(xj + x 2 ) k 


2 2k xf x* 2 k ~ l ((x, +x 2 )*-xf - xf) 

(* + x 2 )*((x 1 + x 2 )* -xf -xf) > (2 2k -2 w )xfxf 

Bieu nay hien nhien do 

k 

(x l + x 2 )* > 2 *(xjX 2 )4 (theo bdt AM-GM) 

(Xj +x 2 ) k - xf - xf > (2* -2)(x 1 x 2 ) 2 vdi fc > 2 
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Vay ta c6 


f(x l ,x 2 ...,x n ) < max ^ ** 2 ,...,x n j./CO.jq + X 2 ...,x n ) 


Vi the theo Binh ly U.M.V ta c6 

ma xf(x l ,x 2 ,...,x n ) = maxC f (t = 0,l,...,n-l) 


= max C? 


(r = 0,1.w—1) 


n -1 


Voi n = 3 ta co bai toan quen thuoc 
Cho a,b,c,k> 0 thoa man a + b + c = 3. Chiing minh rang 

(i ab) k + ( bc) k + ( ca) k < max ■ 3, 

Ban thay co dieu gi ki la khong? Hinh nhir U.M.V nay chang them quan tarn den so 
bien n — 3 hay n bat ki thi cung the. 

Vi du 5. (tong quat tir bdt Turkervici) 

Cho n la so nguyen du'ong va x 1 ,x 2 ,...,x 2n la cac so thyc khong am. Chiing minh 
rdng 

{n - \){xl n + x 2 " + ...+ x 2 2n ) + nx x x 2 .. .x 2n > ^ x-x] 

K i< j<2n 

Lai giai. 

Bat dang thiic da cho tnong drrong voi 

f 2n 

(2 n - l)(xf" + x 2 "+...+ x 2 ") + 2 nx x x 2 .. .x 2n > ^ x" 



Bat 


f(x l ,x 2 ,...,x 2n ) = (2n-l)(x x n +xl n + ... + x 2 “) + 2nx 1 x 2 ...x 2n 
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- > x x x 2 = s 


f(x v x 2 ,...,x 2n )>f 


J X 1+ X 2 

\if 2 i 


X, + X 2 


(5.1) 


<=> (2n - l)(xf n + x 2 +...+x 2 ") + lnx x x 2 .. .x 2n 
( xf+x" 


- (2n -1) 

> (•% ^2 ) 

2 

2n-l 


+ -<+••• + < 


x..x 2 >0 


(2n -1) - ^ 2 ” -- 

t +1 s +...+s 

{t n ~ l + t n ~ 2 s + ...+ s" -1 ) > x,..x 2n 


f(x l ,X 2 . x 2n ) > f (o, ^ + x\ ,x 3 ,..., x 2/l ) 

+ ... + x 2 ”) + 2 nXyXr 


(5.2) 

<=> (2n - l)(jcf" + x 2n +... + x 2 ”) + 2njc x x 2 ...x 2n - (2n -l)((*f + x£ ) 2 +. .. ■+ x 2 2n ) > 0 
2n-l 


<=> x,x 2 x,...x 2n 


. 2n — 1 n _i n _i 

o x 3 ...x 2n > ,x x x 2 
n 

i rv 2 n 1 „_i „_ 2 n—1\ ^ 2n 1 „_i 2n 1 „_i „_i „ ^ . j 

Vi - .(t +t s+... + s )>-.s =-x, x 2 nen theo Bo de 1 thi 

n n n 

co ft nhat mot trong hai bat dang thiic (5.1), (5.2) dung. 

Vay 


f(x v x 2 ,...,x 2n )>mm\f 


Jx, +x 2 n x 1 + x 9 


x 3 ,...,x z 


2 V 2 

Theo Bat dang thiic Bunhiacopxki thi 

(2n ~ l)(x 2n + x 2 " +... + x 2 2 ;) > (x” + x” +... + x”„) 2 
nen f(0,x 2 ,x 3 ,...,x 2n ) > 0. 


|/(0,^/x 1 " + x 2 ",x 3 ,...,x 2 „) 
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Mat khac = 0 nen theo He qua cua dinh ly U.M.V, ta co dieu phai chung 

2 n SOdt 

minh. 

Dang thuc xay ra khi va chi khi x x = x 2 =... = x 2n hoac x, -0,x 2 = x 3 =... - x 2n va 
cac hoan vi. 

Vf du 5 la bai toan tong quat cua Bat dang thuc Turkervici (« = 4). Tren thuc te vdi 
truong hop rieng nay, bai toan da rat kho va vdi trudng hop tong quat no da the hien 
duoc gan nhu toan bo ve dep cua phuong phap nay... Ban thay khong? No cung “de 
thuong” day chu? 
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Bai tap irng dung 


Bai 1 . (Dinh Ngoc An) 

Cho n la so nguyen duong va x l ,x 2 ,...,x n la cac so thyc thuoc [1,2]. Tim gia tri Ion 
nhat ciia bieu thuc 

f(x l ,x 2 ,...,x n ) = (x l +x 2 +... + x n )\ — + — + — 

^ *1 x 2 x n 

Bai 2 . (Dinh Ngoc An) 

Cho a,b,c la cac so thyc khong am co tong bang 3, k,m la cac so thyc thoa man 
k > 1, m > 0. Tim gia tri Ion nhat cua bieu thuc 

/(a, b, c ) = a 2k + b 2k + c 2k + m[(ab) k + ( bc) k + ( ca) k ] 

Bai 3 . (Dinh Ngoc An) 

Cho p < n la cac so nguyen duong va x A ,x 2 ,...,x n la cac so thyc khong am co tong 
bang n. Tim gia tri Ion nhat cua bieu thuc 

f(x v x 2 ,...,x n )= £ {x i x i2 ...x i t 

l<ii<j2<...<; p <n 

Trong do k la so thyc bat ki. 

Bai 5 . (Pham Kim Hung) 

Cho a,b,c,d la cac so thyc khong am thoa man a + b + c + d =4. Tim gia tri ldn 
nhat cua bieu thuc 

f(a,b,c,d) = (2 + a 2 )(2 + b 2 )(l + c 2 )(2 + d 2 ) 

Bai 6 . (Dinh Ngoc An) 

Cho n la so nguyen duong va x l ,x 2 ,...,x n la cac so thyc khong am co tong bang n. 
Tim so thyc m tot nhat sao cho bat dang thuc sau dung vdi moi bo (x } ,x 2 ,...,x n ) 
thoa man de bai 

x, m + x 2 +... + x™ + XjX 2 .. ,x n >n +1 
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Ball- (IMO Shortlist 1993) 

Cho a,b,c,d > 0 thoa man a + b + c + d = 1. Chung minh rang 

abc + abd + acd + bed < — + .abed 
27 27 

Bai 8 . (Crux mathematicorum) 

Cho a,b,c> 0. Chung mi nh rang 


L 48a 

1 48 b L 

J 1 + -r - + 1 

/lH - Kl 

V b + c ^ 

V c + a V 


Bai 9 . (Dinh Ngoc An) 

Tim thyc k tot nhat de bat dang thuc sau dung voi moi a,b,c> 0 

3 73 3x k(ab + bc + ca ) _ 2 ,2 2x 

a + b + c 

Bai 10 . (Pham Kim Hung) 

Cho n la so nguyen duong va x l ,x 2 ,...,x n la cac so thyc khong am co tong bang n. 
Tim gia tri nho nhat cua bieu thuc 

r/ N 2 2 2 { 1 1 1 

f(x l ,x 2 ,...,x n ) = x i +x 2 +... + x n +x l x 2 ...x n \ — + — + — 

Bai 11 . (Vu Dinh Quy) 

Cho n la so nguyen duong va x i ,x 2 ,...,x n \a. cac so thyc khong am co tong bang n. 
Tim gia tri tot nhat cua so thyc k sao cho bat dang thuc sau luon dung 
1 1 1 


n — 1 + x l n-\ + x 2 


n — 1 + x 


+ kx l x 2 ...x n <1 + k 
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PHOONG PH ABTHAM SOJUOB 


1. Dat van de. 

Doi vdi phan lan cac bat dang thuc dai so khong doi xung vdi cac bien thi dau bang 
trong cac bat dang thuc nay xay ra khi cac gia tri cac bien khong bang nhau. Trong 
chirog trinh pho thong thi cac bat dang thuc co dien nhu Cauchy, Bunhiacopski lai 
dupe phat bieu dudi dang doi xung, dau dang thuc xay ra khi cac bien bang nhau 
hoac ti le. Viec ap dung cac bat dang thuc co dien tren de giai cac bai toan cue tri 
khong doi xung can dupe quan tarn mot each thfch dang. Qua bai viet nay, toi muon 
neu mot phuong phap giai bai toan cue tri khong doi xung bang each su dung cac 
bat dang thuc co dien thong dung goi la phuong phap tham so hoa. 

Noi dung chu yeu ctia phuong phap nay nhu sau: tir viec phan tfch tmh khong doi 
xung cua cac bien co trong bai toan cue tri, thudng dupe cho dudi cac dang: 

Dang 1. He so cac bien trong bieu thuc can tim cue tri la khong bang nhau. 
Dang 2. Cac bien thuoc cac mien khac nhau cua tap so thuc. 

Dang 3. Dieu kien rang buoc cua cac bien trong gia thiet bai toan la khong 
doi xung vdi cac bien. 

Ta dua them bao cac tham so phu can thiet thudng la cac he so hoac luy thira cua 
cac bien co trong cac danh gia trung gian, sau do chon cac tham so phu de tat ca cac 
dau dang thuc xay ra, tu do nhan dupe 1 he phuong trinh ma an la cac bien va cac 
tham so phu, tham so phu dupe chon hop If chi khi he phuong trinh tuong ung co 
nghiem. Trong bai viet nay toi neu mot ldp bai toan cue tri khong doi xung thudng 
gap, tac gia nghi rdng nhung mo hinh cu the nay that co y nghia vi vdi ket qua cua 
cac bai toan nay se cho ta mot ldp bai toan cue tri khong doi xung cu the mien la 
xay dung dupe bo bien thoa man dieu kien rang buoc tuong ung. 

2. Mot so bai toan dien hinh. 

Bai toan 1. 

Cho x,y,z la cac so thuc duong thay doi thoa man dieu kien xy + yz + zx = \ va 

cho a la so thuc duong khong doi. Tim gia tri nho nhat cua bieu thuc 
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Lai giai. 

Phan tick. Bieu kien rang buoc doi xung voi x,y,z. 

Bieu thuc P doi xung vai x, y, vai tro ciia z trong bieu thuc P la khong doi xu'ng 
vai x,y. 


Do vay, ta co the nghi rang diem eye tri se dat dirge khi x-y,\h—=ax 2 -ay . 

Tir phan tfch tren, ta co the trinh bay lbi giai cua bai toan nhu sau 

Vdi a > 0 (chon sau), ap dung bat dang thuc AM-GM cho 2 so duong, ta co 


ay 2 + T- 2 iT yz 

Cong ve cac bat dang thuc tren ta nhan duoc 


a+J- \(x +y ) + z >2j—(xy + yz + zx) = 2J— 


Chon a sao cho a + = a. 

hay 


'ot — l + Vl + 8cz 
2~ 4 


Dau dang thuc xay ra khi va chi khi 


Ket luan 


Z 2 2 

— =ax =ay t 
2 hay 

xy + yz + zx = 1 


vl + 8a 
—1 + Vl + 8a 
2^1 + 8 a 


min / 3 


-1 +Vl + 8a 
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Bai toan 2. 

Cho a,b,c la cac so thyc duong thoa man dieu kien ab + bc + ca = 1 va u,v la cac 
so dirong co dinh. Tim gia tri nho nhat ciia bieu thirc 
P -ua 2 +vb 2 +c 2 . 


Ldi giai. 

Mot each tir nhien tir ldi giai cua Bai toan 1, ta phan tfch 
u = x+y,v-z + t,\ = m + n 

trong do x,y,z,t,m,n la cac so dirong se chon sau. 

Ap dung bat dSng AM-GM cho 2 so duong, ta co 
xa 2 +tb 2 > lyfxtab, 
ya 2 + nc 2 > 2^[ynca, 
zb 2 + me 2 > l4zmbc. 

Cong ve cac bat dang thirc tren, ta nhan duoc 
P > lyfxtab + 2^Jynca + 2\fzmbc. 


Dau dang thirc xay ra khi va chi khi 


xa 2 - tb 2 
ya 2 - nc 2 
zb 2 - me 2 


hay 


x 

t 

n 

y 

z_ 

m 


b 2 


b 2 


=> xzn - ytm. 


Chon x,y,z,t,m,n sao cho xt — yn — zm- k 2 thoa man (1). 
Ta co 

(1) <=> (x + y )(z + t)(m + n) = uv 


( 1 ) 
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<=> (xz + xt + yz+ yt)(m + n)-uv 

<=> xzm + xtm + yzm + ytm + xzn + xtn + yzn + ytn = uv 

<=>(x+y+m + n + z+ t)k 2 + 2 xzn = uv 

<=> (u + v + \)k 2 +2xzn = uv 

Ma ( xzn){utm ) = k 6 nen xzn = k 3 . 

Do do 

2k 3 + (u + v + l)k 2 —uv-0 (2) 

Ro rang (2) co nghiem duong duy nhat k () . 

Vay minP = 2 k 0 voi k 0 la nghiem duong duy nhat cua phuong trinh (2). 

Nhan xet. 

Bai toan 1 va Bai toan 2 thyc sy co y nghTa khi ta chon x,y,zhoac a,b,c la cac 
bien dac biet, mien la dieu kien rang buoc cua cac bien duoc thoa man. Chang han, 
khi ta chon mo hinh la tarn giac ABC. 

ABC 

Neu datx-tg — ,y = tg—,z=tg — , ta se co xy + yz + zx = 1, ap dung vao mo hinh 

Bai toan 1 hoac Bai toan 2 ta se thu duoc mot lop cac bai toan eye tri dang khong 
doi xung trong tarn giac. 

Hoac la x = cotgA, y = cotg5, z = cotgC, ta cung se co rang buoc xy + yz + zx = 1, 
tuong ty ta cung se co mot lop cac bai toan eye tri khong doi xung khac doi voi tarn 
giac. 

Noi chung, tu tuong chrnh cua Bai toan 1 va Bai toan 2 la muon xay dung mot lop 
cac bai toan moi ta chi can xay dung mot lop cac bien dai so, hoac luong giac thoa 
man dieu kien rang buoc tuong ung. Thiet nghi rang tu tu tuong nay co the xay 
dung duoc rat nhieu lop bai toan nhu the. 

Bai toan 3. 

Cho x 1 ,x 2 ,...,x„ la cac so thyc thoa man dieu kien x 1 + x 2 +... + x n =0 va 
|xi| + |x 2 1 +...+ \x n | = 1. Tim gia tri Ion nhat cua bieu thuc 

p = n \ x >~ x j \- 

1<i< j<n 
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Lai gidi. 

+ Truong hap 1. n - 2 la truong hap tarn thucmg vi luc nay P = 1 khong doi, 
+ Tnrdng hap 2. n- 3, khong mat tmh tong quat ta gia sir x l <x 2 <x 3 . 

Ap dung bat ddngthuc AM-GM cho 3 s6 khong am, ta co 

^ = (*2 - *r)f - x i ) 


\+(x 3 -x 2 ) 




Do do P < - 


Dang thuc xay ra khi va chi khi 


x l + x 2 + x 3 - 0 

|*3 — | = | + \x 2 | + |xj | = 1 < 

*2“*L = JC ^Y L = X 3-X 2 >0 


1 


* 2=0 

1 

x 3 - — 
. 3 2 


Vay 


max/ 5 = —. 
4 


- Truong hop 3. n = 4, mot each tir nhien ta dir doan rang max P dat duqc khi 


Vdi gia thiet x l <x 2 <x 3 <x 4 . 


Nhu vay thi x 2 -x l =x 4 -x 3 . 

Neu xem hieu x 2 -x l =x 4 -x 3 la don vi va dat x 3 -x 2 -a, thi ta se co bo bien ma 
bieu thuc P dat max can thoa man dieu kien 
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x 2 -x { =x 4 -x 3 


m-Xl ^-*2 _ *4~%, = *4 -h 
a +1 a a +1 a + 2 


Tu - each phan tfch tren, loi giai cua bai toan trong tnrcmg hop n - 4 se nhir sau 
Voi gia thiet x 1 <x 2 <x 3 <x 4 , ta co 


P = (x 2 - x,)(x 3 - x 1 )(x 4 - - x 2 )(x 4 - x 2 )(x 4 - x 3 ) 


Do do 


a(a + 2)(a + l) 

_, Y , U 3 ~*i) (* 4 ~*i) (^3-^2) (^4-^2) rr _ V N 

( 2 l)- a + 1 ' a + 2 ' a a + 1 ' ( 4 s) 

(x2 _^ )+ ^3-^) + ^4-^) + (^-%) + ^4-^) +( ) 

a + 1 a + 2_a_a + 1 


1 1 


1 1 


1 1 + ^Tl + ^2 Hi “ 1+ » + h-^) 


a a + 1 


Ta chon a > 0 sao cho 

t 1 1 _ 1 1 

a+1 a+2 a a+1 

hay a = V2-1. Khi do, 

t 1 1 , 1 1 3V2 

a+1 a+2 a a+1 2 

va ta thu dirge 


hay P< 


(V2-l)(V2 + l)(V2) 

1 


3V2 


.(-X!-X 2 +X 3 +X 4 ) 


Dang thu'c xay ra khi va chi khi 
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|-x 1 -jc 2 +^+x 4 |»|x 1 | + |jc 2 | + |jc3| + |j: 4 | = 1 

x*-x~' x 3 -x, x d -x 7 x A -x, 


x ’- x ‘ =x 4 - x ’ = ^-^2 — w~ir + 1 

2-V2 


->0 


Giai he phuong trinh nay ta nhan diro'c 


Ket luan 




maxP = 


+ Truong hop 4. n-5. 

Phan tick. 

Voi gia thiet x, < x 2 < x 3 < x 4 < x 5 , tir ldi giai ciia cac truong hop 2 va 3, mot each 
ty nhien, ta nghi ngay rang bo so de P dat max la x 5 = -x l5 x 4 = -x 2 ,x 3 = 0. 

Do vay x 5 -x d -x 2 -x l ,x 3 -x 2 -x d -x 3 , tir do ta co the doan nhan rang neu xem 
hieu x 2 -Xj bang don vi va x 3 -x 2 bang a thi bo so de P dat max can phai thoa 
dieu kien 


*2 -x t = x 4 -x 3 = x 3 -x 2 = x 3 -x t = x 5 -x 3 = 

1 a a a +1 a +1 

= = x 4~*l = = *s~ x * 

2 a 2 a +1 2 a +1 2 a + 2 1 

Tir each phan tfch tren, ldi giai ciia bai toan trong tnrbng hop n-5 se nhir sau 
Khong mat tmh tong quat, ta gia su x l < x 2 < x 3 < x d < x 5 , tir do suy ra 

P = (x 2 - x, )(x 3 - x, )(x 4 -x 1 )(x 5 -x l )(x 3 -x 2 )x 

x(x 4 -x 2 )(x 5 -x 2 )(x 4 -x 3 )(x 5 -x 3 )(x 5 — x 4 ) 

Xet bieu thuc 

P 

Q ~ 4a\a + l)\2a + l) 2 
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Viet Q diro'i dang 


Q = 


(*2~*l) (*3~*l) (*4~*l) (AT 5 ~ JCi) (X 3 -X 2 ) ^ 

1 a +1 2a + 1 2a + 2 a 

x (x 4 ~x 2 ) (x 5 -x 2 ) (x 4 -x 3 ) (x 5 -x 3 ) (. x 5 -x 4 ) 

2 a 2a + 1 a a +1 1 

Ap dung bat d&ngthuc AM-GM cho 10 so khong am, ta co 

(x 2 - Xl ) | U 3 -^) | (* 4 -*i) ! (*s~*i) ! U 3 -^) ! 
lO 10 ^ 1 a + 1 2a + 1 2a+ 2 a 

| Q 4 -x 2 ) | (x 5 -x 2 ) | (* 4 -* 3 ) | (x 5 -x 3 ) | (x 5 - 


■x 4 ) 


i (*5~*i) 1+ 1 


2 a +1 2 (a +1) 


+ O4-X2) -1 + 


a + 1 

1 3 

-1- 

2 a +1 2a 


Chon a > 0 sao cho 

, 1 3 


= -i+—!—+2_ 
2a+ 1 2(a + l) 2a+ 1 2 a 


hay a = —. Khi do, 


t 1 3 t 1 3 

1H-1-— — 1H-1- 

2 a +1 2(a +1) 2a +1 2 a 

Q = — 

27 


5 

2 


Tu day, ta thu dugc 

1 f 5 f 1 

2 - (_ * i_ * 2+ * 4+ * 5) I 

Dodo P<^- 
2 22 


Dang thuc xay ra khi va chi khi 
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x l +x 2 +x 3 +x 4 + x 5 =0 

|-*!-* 2 + * 4 + X 5 | = W+|X*| + |^| + |^ 4 | + | JC S |=1 


. _ 2 ( x 3 - jq) _ .y 4 —^ _ 


3 

= X 4 -x 2 -fr * 2 ( x 4 -x 3 )= f = x 5 -x 4 >0 


2.(x 3 x 2 ) - 


3 

— 


Giai he phuong trinh nay ta nhan duo'c 


* 2 * 4 8 
Jt, =0 


Ket luan 

maxP = p;- 

Nhan xet. 

Bang phuong phap tirang ty se tim duoc ldi giai cua bai toan vdi n> 6. 

Bai toan 4. (Vo Quoc Ba Can) 

Cho m, n, p la do dai ba canh cua mot tam giac cho trudc va tam giac ABC nhon. 
Tim gia tri nho nhat cua bieu thuc 

P = tg m A.tg"2?.tg p C. 

Ldi giai. 

Xet bieu thuc 


Q = j > = cotg m A.cotg n B.cotg p C. 

Bai toan da cho tuong duong vbi tim max cua Q. 

Khi nhin thay bieu thuc Q , ft nhieu ta cung nghi den dang thuc quen thuoc 
cotgA.cotgf? + cotgfi.cotgC + cotgC.cotgA = 1 
Va tu day, ta nghi ngay rang bai nay co the dung bat dang AM-GM suy rong, do do 
ta dua vao cac tham so duong x,y,z (chon sau) sao cho 
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Q = (cotgA.cotgfi)\(cotg5.cotgC) y .(cotgC.cotgA) z 
= (cotgA)* +z .(cotg5)* +y .(cotgC) y+z . 


Ta phai chon x,y,z sao cho 


{ x + z = m 
x+ y = « <=> 
y + z = p 


x 

y 

Z-- 


^.(m+n-p) 
m+n+p). 
^.( m-n + p) 


Tu day, ta co 


Q -| 

f cotgA.cotgB ) 

H 

^ coigB.coigC ") 

iH 

r cotgC.cotgA \ 

x x y y z z 1 

I * J 

< y \ 

. * J 


Ap dung bat dang thuc Cauchy suy rong, ta co 


x x y y z z 


Do do Q< 


~ (x+y+z) x+y+z 

1 

' (x + y + z) x+y+z 
x x y y z z 


^ cotgA.cotgfi ^ cotgikcotgC j+ z f cotgC.cotgA 


(x+y + z )* 1 


Suy ra 

p >(_x + y + zr^ = I (m + n + p) m+n+p 

x x y y z z ]j (—m + n + P T m+n+p (m-n +p) m - n+p (m + n-p) m+n ~ p 

Dang thuc xay ra khi va chi khi 

cotgA.cotg5 _ cotgfi.cotgC _ cotgC.cotgA 

x y z 

Hay 
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COtg/4 = 
COtgfi = 

COtgC - 


y(* + y + z) 

*y 

z(x + y + z) 
yz 

x(x+y + z) 


(m-n + p)(m + n- p) 
(—m + n + p)(m + n + p) 
(-m + n + p)(m + n- p) 
(m-n + p)(m + n+ p) 


\(m-n + p)(-m + n + p) 

]j (m + n - p)(m + n + p) 


Ket luan 


(m + n+ p) m 


(-m + n + p) m+n+p (m-n + p) m n+p (m + n— p) m 


Bai toan 5. (Vietnam TST 2001) 

Cho a,b,c> 0 va 21 ab + 2 be + Sea < 12. Tim gia tri nho nhat cua bieu thiic 

n 1 2 3 

a b c 

Loi giai. 

12 3 

Phan tick. Be don gian, ta se dat x-—,y-—,z-~ thi ta nhan duo'c mot bai toan 
a b c 

tirong dirong nhir sau 

“x,y,z> 0 va 6x + \2y + 21 z < 6xyz. Tim gia tri nho nhat cua bieu thiic 
P=x+y+z” 

Nhan thay tu gia thiet 6x + 12_y + 2U < 6xyz, ta co the suy ra dirge 


x m y n z p ^ k ( m, n, p > 0) 

Do do ta nghi ngay rang bai nay co the sir dung bat dang AM-GM suy rong dugc. 
That vay 


x y z 

P = m. — \-n—+ p — 
m n p 
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>(m + n + p)\ 

\mnp‘ 

Nhir vay, nhiem vu cua ta bay gio chi la phai tim m, n, p nua thoi. 
R5 rang, ta chi can xet m + n + p = 1 la du. Khi do, ta co 



6xyz>6x+12y + 21z 

= 6m.— + \2n.— + 2\p.— 
m n p 


> ( 6m + 12n + 21p ) 


Be tim m,n, p ta can phai giai he sau 


fit 

(Vpl 


6m+12n+21p 


l»J '1 

J 



6m 


6m + 12« + 21p 
12 n 

6m + l2n + 2lp 
21 p 

6m + l2n + 2lp 
m + n+ p — 1 


= km 

= kn 
= kp 


Hay 


6m 

= 2m 

6m + 12n + 21p 

12 n 

- 2 n 

6m + 12n + 21p 

21 p 

= 2p 

6m + 12n + 21p 


1 m=l — n- p 
An 2 + lOnp + 6n-5p = 2 
5 p 2 + 2 np -n + 3p-l 


m+n+p —1 


Xet he (t) 4 «- + 10 np + 6n-5p = 2 
[5p 2 + 2np -n + 3p-l 

Bat n-tp (t > 0), he (*) tro thanh 


(2t + 5)p 2 + (3-t)p -1 


( 1 ) 


(At 2 + 10t) p 2 +(6t-5)p - 2 (2) 


Lay (2) - 2\ (1), ta dirge 
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p((4? + 6? - 10)p + 8? -11) = 0 
Neu t -1 thi he (*) vo nghiem, do do t ^ 1. 
11 - 8 ? 


>P = 


4? 2 + 6?-10 


(3) 


11 


Do p > 0,? > 0 nen 1 < t < —. Thay (3) vao (1) va thu gon, ta dirge 


Tu - do, ta co 


16? -12? -146? +30?+ 175 =0 
<^> (4? - 5)(2? + 5)(2? 2 - 4? - 7) = 0 
5 , 11 , 

<=>? = — (do 1 < ? < —) 

4 8 


2 

m = — 

5 

n - ^ . Thu - lai, ta thay thoa. 
4 

P = l5 


Dang thuc d tren xay ra khi va chi khi 

{ x _ y _ z 
m n p 

6x + l2y + 2lz = 5 xyz 

f^= 3y =^ 

» 2 4 

[6x+l2y + 2lz = 5xyz 
x-3 
5 

J = 2 
z = 2 

1 

a = — 

3 

*= 4 
5 

3 

c — — 

2 
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Tir cac phan tfch va chon tham so tren, ta di den mot ldi giai eye ky don gian nhir 
sau 


14 3 , 

Bat a = —,b = —,c = —, bai toan chuyen ve 
3x 5y 2 z 

“x,y,z > 0 va 3x + 5 y + lz < 15xyz. Tim gia tri nho nhat cua bieu thuc 


P = ^.(6x + 5y + 4z)” 

Ap dung bat ddng AM-GM cho 15 s6 duong, ta co 
I5xyz >3x+5y + lz> 15 ^x 3 y 5 z 7 



Lai ap dung bat dang thuc AM-GM cho 15 so duong, ta co 

P = ~.(6x+ 5y + 4z) > —}ylx 6 y 5 z 4 > — 

2 2 2 


Dang thuc xay ra khi va chi khi 


fx = y = 


[l5.yyz = 3x + 5y +lz 


<=>v = y = z = l<=> 


1 

a- — 
3 

b = 

3 

c = — 
2 


minP = 


15 
2 ' 


Bai toan 6. 

Cho x, y, z > 0 va x + y + z=3. Tim gia tri nho nhat cua bieu thuc 
P = x 4 + 2y 4 + 3z 4 

Ldi giai. 

Voi moi so duong a,b,c, theo bat dang thuc Holder, ta co 
P(a 4 + 2 b 4 + 3c 4 ) 3 > (a 3 x + 2b 3 y + 3c 3 z) 4 
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Chon a,b,c sao cho a 3 = 2b 3 = 3 c 3 = k 3 , khi do, ta co 

k 12 (*+y + z) 4 _ (3fc 3 ) 4 

(a 4 + 2b 4 + 3c 4 ) 3 (a 4 +2b 4 + 3c 4 ) 3 

Be dang thuc xay ra thi ta phai co 

x _ y _ z _ x+y + z 
a b c a+b+c 
Do vay, ta co 


[a +b + c = 3 
{a 3 = 2b 3 = 3c 3 = k 3 




a-k 

b = tf2k 
c-yf3k 


[ l + ^/2 + ^/3 

Tu day, ta de dang suy ra ket qua cua bai toan. 

Bai toan 7. 

Chung minh rang voi moi so duong a ] ,a 2 ,...,a n ta luon co 


1 2 

—I- 

flj flj + a 2 


a, + +... + a 


1 1 1 

-<4| — + — + ... + — 
a, a 9 a„ 


Chung minh. 

Ap dung bat dang thuc Bunhiacopxki, ta co 


(flj + ct 2 +... + flj.) ~~—~ — (Xj + x 2 +... + x^)“ 

^ a x a 2 a k J 

k . A; [ x 2 i 2 2 x? 

=>-<-j - ’ — + — +••• + — 

a l +a 2 + ... + a k (jq + x 2 + ... + x k ) [ a x a 2 a k 

Co dinh cac so x l ,x 2 ,...,x n va cho k chay tu 1 den n, roi lay tong, ta duqc 


1 2 

-1- 

CL i "I" ^2 

Trong do 


a, + +... + a 


-<- L +^ + ... + -^- 
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kxi 


(k + l)x; 


(x l + x 2 +... + x k ) (x l + x 2 + ... + x k+l ) 

Ta co the chon x k =k VA: = 1, n, khi do 

k k + l 


(Xj + x 2 +... + x n ) 


(l + 2 + ... + k) 2 (1 + 2 + ... +(k+l)) 2 (1 + 2 + ... + nf 

k k +1 n 

k 2 (k + 1) 2 (k +l) 2 (k + 2) 2 n 2 (n + l) 2 


=\r 


k(k + iy (k + l)(k + 2) n(n + l) 

k + l{k k + l) k + 2{k + l k + 2) n + l{n n + lJJ 
11 1 


-4k 2 \ -- 1 


<4 k 2 
= 4k 2 


<4k 2 I- 1 


fc n + 1 (A: + l) 2 (A: + 2) 2 (n + 1) 2 

111 1 


1 


k n +1 (A: + 1)(A; + 2) (k + 2)(k + 3) 

i-J_U 

A: A; + l n + l J 

1 -— 1 
k k + l J 

4k 

< - 

k + l 

<4 

Bat dang thuc dirge chung minh hoan toan. 

Bai toan 8. 

Chung minh bat dang thuc sau voi moi so thuc x l ,x 2 ,...,x n 


(n + l)(n + 2) 


•* l +*2 

2 


X, + x, + ... + x„ 


<4(x 2 +xl + ... + xl) 


Chung minh. 

Vdi moi so duong c l ,c 2 ,...,c n tuy y, ta co 
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— + — + — I (c l +c 2 + ... + c k )>(x l +x 2 +... + x k ) 2 


Do do 


•^1 + X ?.+••• + X k ) ^ q + c 2 +... + c k 2 C l + C 2 +...+ C k 2 
k\ 1 k\ 1 

, c x +c 2 + ... + c k 2 


Cho k chay tu 1 den n , roi lay tong, ta dirge 


X +Xr. + ... + X„ 


- <ql x x x +a 2 x 2 + ...+a n x n 


Trong do 


k\ (k + lfc k 

Ta chon c k = 4k— V&-1 => c l +c 2 +... + c k = Jk 
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2 




<4 


Bat dang thuc dirge chirng minh hoan toan. 
3. Bai tap de nghi. 

Bai 1 . (Vietnam TST 1994) 


Cho a,b,c,d la cac so thuc thoa man dieu kien ^ < a 2 + b 2 + c 2 + d 2 < 1. Tim gia tri 

nho nhat va gia tri ldn nhat cua bieu thuc 

P = (a - 2b + cf + {b- 2c + df + (b-2af + (c- 2d f 


Bai 2 . 

Cho x, >' > 0 va x + _y>4. Tim gia tri nho nhat cua bieu thuc 

P = 2x + 3;y + - + — 

x y 

Bai 3 . 

Cho a,b,c> 0 va a + 2b + 3c >20. Tim gia tri nho nhat cua bieu thuc 

3 9 4 

P — fl + Z? + CH-1-1— 

a 2b c 

Bai 4 . 

Cho a,b,c> 0 va a + b + c = 3. Tim gia tri Ion nhat cua bieu thuc 
P = 2 ab + Abe + 3 ca 
Bai 5 . (Toan Hoc Tuoi Tre 2005) 

a) Cho tarn giac ABC. Tim gia tri ldn nhat cua bieu thuc 

P = sin A. sin 2 B. sin 3 C 

b) Cho tarn giac ABC, m,n,p la cac so thuc duong cho trade. Tim gia tri 
ldn nhat cua bieu thuc 

P = sin" 1 A.sin” B.sin p C 
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Bai 6 . (VMEO 2004) 

Cho tam giac nhon ABC. Tim gia tri nho nhat ciia bieu thuc 
P = tgA + 2 tgB + 5 tgC 

Bai 7 . (VMEO 2005) 

Cho a,b,c la cac so thyc duong cho trade va x,y,z la cac so thyc duong thoa man 
ax + by + cz = xyz . Tim gia tri nho nhat ciia bieu there 
P=x+y+z 

Bai 8 . 

Cho a 1 ,a 2 ,...,a n la n so thyc duong cho trade va la n so thyc duong 

thoa man L": '. - IT Tim gia tri nhd nhat cua bieu thirc 


r = £*, 

Bai 9 . (De chon doi tuyen DHSP Ha Noi 2005) 

Cho x, y, z la cac so thyc duong thoa man xy + yz + zx = 7xyz. Tim gia tri nhd nhat 
ciia bieu thuc 


8^ 4 +l 108/+1 16/+1 

“ ~ 2 + 2 + 2 
xyz 

Bai 10 . (Toan Hoc Tuoi Tre 2005) 

Cho x, y, z g [0,1]. Tim gia tri ldn nhat ciia bieu thuc 

P = (x- y)(y - z)(z - x)(x + y + z) 


Bai 11 . 

Chiing minh rang vdi moi day so duong a 1 ,a 2 ,...,a n ta co 


1 1 

-1- 

Uj <21 + a 2 


a i + a., +... + a 


1 1 1 

- < 2|-1-h ... H- 

a, ar, a n 
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PHOONG PHAB HE/EQAA* NOJH 


Trong thoecap 2, khi not loogiaucua khaunhiea babtoab nae biefe laobab nabg 
thob, toakhoag theahiea noata'i sao ngoobta la'i nghora noot I 60 giau nouvaotoa 
cam tha£ noiJaemofelobgiauthiea toinhiea nhong toacuag cam thap voacueg than 
phut ngoobnamghora lobgiaunouN hong ba$r gioekhi nacnoot lam quen voutabcau 
cab kiea thoo toab so cap, toamouhiea hoot nap khoag phaulaemofecaugi moulai 
caGmaonounaocoumob phoong phap hab hoi. Trong baona^, toaxin giouthiea vou 
cab ban mofetrong nhoog phoong phap nou"Phbong phap heaso&abnmh". Phoong 
phap na 9 tuy coumofisoahan cheanhong nouvaa laomob phoong phap hay vaokhau 
manh. Cab ban nea chuiyinea nou/i ngoaeviea giup ta chobg minh mobbabnabg 
thob khouthi noucoa laol "ilea thuoa boa" cho mob phoong phap chobg minh bab 
nabg thob cot manh: "Phoong phap phaa tich binh phoong S.O.S" vi nougiup ta 
noa mob bab nabg thob veada'hg S.O.S nhanh chobg hon cab kiea biea noathoag 
thooag. 

Sau na|f lacmobsoa/i dm 

VfduiL (USAM0 2003) 

Cho a,b,c>ti .Chobg minh raeg 

(la + b + c) 1 + (Ib + c + a ) ! ^(lc + a+b) 1 
1 a + (b + c) 1 1 b 1 +(c + a) 1 1 c + ( a + b) 1 

Nhajk 

N haa xebraeg dab baeg xay ra khi vaachsdchi a =b = c. 

Do cauhai veacua bab nabg thob naocho noag baa nea ta coutheachuaa hob cho 
a+b+c = 3. Khi noubabnabg thob caa chobg minh troilhaeh 

H 
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( fl +1 f * + ( b + 3) ! ^ ( c + 5) 1 

la+ll-a) 1 1 b 1 +()-b) 1 2c ! +(3-c) ! 


Ta sectim soathoc a sao cho bafcnaag thoa cho mo'i a<= (0,3) 

1 a 1 + (3 -a) 3 

<=>/(a) = 3 aa ] +|f -5 a) a +(15 a-2 2) a+15 —9 oc >0 
Ta caa tim a sao cho f(a) >0 Vae(D,3) va^( a) =1 <=>a = 


. N eacounooc niea 


nay, ta caa cou 


f 1 (\) =8 <=>5 a +2 (1 -5 a) +15 a -2 2 =0 <=>a = - 


Va§f nhieai vui'cua ta bap giodacKetixem bafcnaag thoa sau cornuag hay khoag 

(« + 3 ) ! ^4 ,4 

—.- r <—.a+ — 

l a +[) - a)' 3 3 

Vounhoog lap luaa nho trea, ta hi nea mofelobgiaukhoag map toinhiea nho sau 

Labgau 

Khoag mafctinh toag quafi coutheagiausoua+6+c = 3 . Khi nouba&naag thoa caa 
choag minh trouthaah 

(a+3) ! + (& + 3)‘ + (c + 3) ! ^ 

la+il-a) 1 lb l +[)-b ) ! 2c ! +(3-c) ! 

Ta seochoag minh 


Thafevap 

(*) <=>(a-lf :! (4 a+ 3) >0 (nubg) 
Vap (*) nuag. 

Toong to( ta cou 


is 
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[b+ 3) 


4 . 4 

, -fa —, b H 

2 & + (5 —ft) 2 3 3 

| c+ T <L C+ L 

2 c + (3 — c) 3 3 


Do hou 


[a + 3) ! [b+]) 1 (c + 3) 2 I 

2a ! +(3-a) ! lb 1 +(3 -b) 1 2c ! +(3-c) ! 3 

=> npcm. 


a + b + c) + 1 


= 3 


Rieag hoavoubaatoan trea coa coimofecabh tim a cot nhanh laa 

(a + 3) ! I 8 a + fi J 8a + 6 4 4 

- i --- r = - +-;-<- +- = —.a + — 

la +(3 -a) 3 3(a-!)‘+fi 3 8 3 3 

Nhong vounooog loana§f thi ta khoimadaen manh bafcnaag thob hon hoot. Thafe 
va§f, toanaocoagaeg rabnhiea neaduog nooag loanap neachoag minh babnaag thoa 
sau nhong vaa ballot 

(a+3) ! + (b + 3)' + (c + 3 ) ! ^ 

4 a 1 + (3 - a) 1 4 b + (3 - b) 1 4 c + ( 3 - c) 1 


\l oil a, b,c>§ thOQ a + b + c=), 

Coithectha§[ cabh tim a ban naa laacaoh tim hay nha& nhong noihoahoukhainhieai 
tinh toaa rabbabloi cho nhoog ban tinh toan khoag hoot tobcho laen, vaanoakhi 
biea thoa ne&aacho quaiphob tap (chaog han nho quainhiea cae thoa). Vi nhoog 
If do noutoaxin hoot giouthiea voucab ban mofecabh tim a khauhiea quaudoa 
trea babhaag thob AM -GM, cuitheelaizhoavoubaatoab trea 
Ta sectim a, (3 sao cho babnaag thoa sau nuag cho mo'i soadoong a, b, c 


(la + b + c ) ! < a a + (3Z? +|3c 
1 a 1 +[b + c) 1 a + b + c 

Afj dung ba£ hang thoa AM-GM (xin hoot lou yuvoucab ban laatrong cabh tim 
na§f, ta khoag caa ne^inea chiea babnabg thob, toaxin hoot kyihiea -> necthay 


n 
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cho daa baShaag thob vaeta cuog khoag caa ne^inea a, (3 aan hay ddong vi na§r 
chadaenhap thoa), ta cou 

(2 a+b + c) 1 l j- ~ 

let'+\b + c) 1 3 

oca + P^ + Pc oc +2 P T ,^ o+TpT 
a+b+c 3 


Ta chon a, p sao cho 


a + 2 p =1 
a 1 
a +2 p 


b 1 

a + 2 P 3 


. Giauheenap, ta hoot 



Va§f nhieai vuicua chubg ta bay giodacKetitinh nubg nae cua bafcnaug thoo 

(l a + b + c) 1 \ is a + \ b + \ c 

2 a! +[b + c) 1 3 [a + b + c] 

Ta coitheachuaa hob cho a+b+c = 3 roachobg minh toong toinhd trea, hoae biea 
noatoong noong. 

Vi duiZ 

C ho a, b, c > 0 . C hobg minh raeg 


a ‘ +1 

f-i—J 

fa 1 +[b + c) ] y 

b ] +(c +a) ] \ 


Nhapt 

Naff laomofe babtoab hay, toong noakhouTa coutheagiaubaeg cabh lacn toong to! 
nhd trea, xin daah cho cab ban. OLha|f, toaxin giouthiea mofecabh giaukhab nhd 
sau 

Nhaa xetiraeg daa baegxay ra khi vaachadchi a =b = c. 

Ta sectim p sao cho babnaag thob sau nubg 


n 
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\la‘ +(b + c) a p +b p +c p 

Chubg ta cou2 cabh chon p soudung nab ham hoae dob vao bab nabg thob AM - 
GM , veephia to ft toerabnga'i tinh toab nea chaodn nooc trinh ba§f cabh dob vao ba£ 
nabg thob A M -G M, mong cab ban thoag cam. 

A fj dung babnabg thob AM -GM, ta cou 


, >—.a ] ,(bc) ] 

a +[b+c) 3 

1 44 - p 

— a ] .( be) ! 


a p +b p +c p 

Toma|r, baeg cabh noag nhabheasoata suy ra nooc p = \ 

Va§f nhieai vuicua chubg ta ba|r giodaekieai tra tinh nubg nab cub babnabg thob 


y a + {b + cy a +b +c 

Vounhobg lap luaa nho trea, ta hi nea lobgiaunho sau 

Lobgau 

Ta seochobg minh 


a +{b + cy a +b +c 


Thabva^f: 


4a 


7 a ] +(b + c) ] d +C 1 

<=>(a ] +b' +C 1 ) 1 >a(a ] +{b + c ) ] ) 
<=>2 a 1 [b 1 +C 1 ) +[b l +c ] ) 1 >a[b + c 


<=>(& 

<=>(£ 

&{b 


+ c )[(a +b )+{a + c )) >a[b + cy 
+ c 1 ) ((a - b) 1 + ( a - c) ! ) +1 ( b +c 1 )a(b + c) >a[b + c) ] 
+ c' )([a-b) 1 +[a-c) 1 ) +a(b + c)(b-c) 1 >0 (nubg) 


n 
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Va§r (*) nubg. 
Toong to( ta cou 


b +{c +a) a+b+c 


c + ( a + by a' + b + c 


Do nou 


1 a> 1 1 

1 b> l 1 

| c ] ^a l +b l +C 1 | 

/ a + ( b + c ) ! ]j 

b ] +[c + a) ] ]j 

c +{a + b) ] a +b l +c l 


=> npcm. 

N abg thob xay ra khi vaochadchi a = b = c. 

* NhaaxebL 


CaChai vi duitrea nea soudung nabg thoa 

\_a p +b p +c p _ 1 a( a + b + c) + P( a + b + c) 

a p +b p +c p a + P a + b + c 

Mofecaa hounafcra cho ta laokhi nao thi ta phautim p vaekhi nao thi ta phautim 
a, p ? Coileccab ban sechoi lung tubg oCchoana§( nhong thafera thi ta chaacaa nhin 
biea thob oCnesbaiDlaizbie^ngay thoa chabg han nho ou/i dull, xebbabnabg thob 

[la + b + c] 1 l a p 

l a 1 +[b + c) 1 a p +b p +c p 


Khi cho a->0,fc = c=l thi ta couVT-H.vy-M nea babnabg thob na§f khoag 
theanubg voumo'i soaioong a,b,c. 


Vi du'i'3. 

C ho a, b, c > 0 . C hobg minh raeg 

a ] b ] c ] ^ a + b + c 

— -r"t—?- r + ~ r - r — - 

a +b b +c c +a 1 


Nhafx 


I! 
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N haa xetiraeg daa baeg xay ra khi vaiachadchi a =b = c. 
Ta sectim a sao cho babnaag thoo sau nuag 

) r? 

T >aa + [\ -a)b 


a +b 

A (j dung babnaag thoo AM -GM, ta cou 

2 a ] j, 

a ' +b ‘ 

aa + (l -a )b —» a a b 

Toena|r, baeg caoh noag nhabheesoata couoc =2 . 

Va§f nhiean vuicua ta ba$r giodaekiean choag tinh nuag nae cue babnaag thoo 

'l r? 

T >1 a-b 


a +b' 

Ta ni nea loegiaunho sau 

Labgau 

Ta cou 

2 a ] 

— - r >2 a-b 

a +b 

Thafeva^f 

(*) ^b(a-b) 1 >0 (nuag) 
Va§f (*) nuag. 


Toong to[ ta cou-^ - r >2 b-c t - - r >2 c-a 

b +c c +a 


Do nou 


a +b b +c c +a‘ 

N aag thoo xay ra khi vaechadchi a = b = c. 

* NhanxetiZ 


a+b+c (npcm) 


M 
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Baeg kinh nghiean ban thaa, toacho raeg niea kiea caa neasoudung phoong phap 
nap voucab babnabg thob thuaa nhablaa 

1) Daa naag thob xap ra khi vaachadchi cab biea sosbaeg cab giaitrotrong mob 
tap hoa ban naa noufthooeg tap na§r chaegoan coul giautrq tobna Iaa2 giau 
tret 

2) Bab naag thob neabaacho laatoag cua mob da^ cab biea thob noaxobg 
nhau vaatoa tai mobcabh chuaa hoa neamoabiea thob chaeeoa phuithuoa 
vaa mob biea soahoae cab biea thob laehoab voliea tiep cua nhau. 

Bap giocta secxebmobsoa/i du'ivecbabnabg thob corniea kiea 

Vf dui4, 

Cho a,b,c>§ thoa a 1 +b l +c =3 , Chobg minh raeg 

tj.il 

— + - + - + (a+b + c) >1 
a b c ) 

Nhafk 

Nhaa xebraeg naag thob xap ra khi vaachsdchi a =b = c=\. 

Ta COUa ! + b l + c ! =3 => a,b,c& (fl, VT), 

Ta sect] m a sao cho babnabg thob sau nubg voumo'i aejll,VT) 

14,.,'! 

— + -a>a[a -1 +- * 

a 3 3 

Ta cou 

j*) <=> /( a) - 3 a a -4 a 1 +(7 -3 a) a-3 <8 
Ta caa tim a sao cho f[a) <8 Vae (#, VT) vagH a) =1 <^=> a =1. Neacounboc 
niea nap ta caa cou 

f'(l) =8 <=>8cc-8 +7 —3 oc = 8 <=>a=- 

8 

Bap giocta chaEoe phauxebtinh nubg nae cua babnabg thob 

M 
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Ta hi nea lopgiaunho sau 

Lobgau 

Ta COUa ! +b l +c 1 =3 => a, c e (o , VT), 


Ta seochobg minh 

- + -.a>-.(a' -l)+L 

a ! I J 

Thafeva^ 

f M ) -a) >1 (nuag do ^~>a>») 


Va§f (**) nubg. 
Toong tol ta cou 


- v > r . ( 6 -i] +r 

- + -.c>-.lc' -,|+L 


Do nou 

— + — + — + a + b + c) >—.(a' +b' +c -3) + = f 

a b c } ( 

=> npcm. 

Nabg thob xay ra khi vaocha&hi a = b = c= 1, 

Xin hoot lou yuvoucab ban raeg khoag phaulub nao ta cuog Iob chon ham lap 
nhoog ham tuyea tinh hoae ham 1119 tho 0 khoag thoa maohoelub ta caa phauloa 
chon ham phaa thob, ham cae,... V 1 duisau seccho chubg ta thay rocniea hob 
Vf cki5.(APMO 2005) 

Cho a,b,c> 0 thoa abc = 8 , Chobg minh raeg 


a ! + + c 1 > \ 

yj\} + a ) (1 +b ) yj{\ +b Jjl +c ) \J( 1 + c ] ) (1 + a ) ^ 

n 
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Labgau 

Ta cou 



Thafiva?, ta cou 

(*) <^>(2 + *’}*> 4(1 + jc ! ) 

<=> jc 1 [x-l ) ! >0 (nubg) 

Va§r (*) nubg. 

Do nou 

ci ^ 4 ct 1 S (ct, b, c) 1 

byj{ 1 +a ! )(1 +b l ) + «» + b '\ H +S(a,b, c) , , ^ 

S( a, b, c) 


trong nous’! a, b, c) -1 [a 1 + b' + c ! ) + a l b‘ +b l c 1 +c ! a 1 
Theo babnabg thobAM -GM, ta cou 
a 1 +b l + c >3 \j[ abc) 1 =1 1 
a b 1 +b' c +ca >3 {](abc) ' =4! 

=^>S(a,b,c) >11 


Do nou 


ry/il +/$+b') 


n ~ { + h _ 

5( a, b,c) 11 


Nabgthobxay ra khi vaachsdchi a = b = c = l. 


=> npcm. 


n 
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BA0TAA. 


Bail. (IMO 2001) 

Cho a,b,c>L Chobgminh raeg 

+ C l > | 

yja 1 +8 be y/b 1 +8 ca y/c 1 +8 ab 

Bab2 . 

C ho a,b,c>L Chobgminh raeg 

a ] b ] c ] ^ a + b + c 

— - r+~i - r + ~i -r-- 

a' +ab + b' b +bc + c c +ca+a 3 

Ba03 . 

Cho a,b. c,d >1. Chobg minh raeg 

a b { c d f ^ a + b + c + d 

-)-j-1-i-j-1-j- < -1-j-j- ^ - 

[a +b')[a+b) (b +c )(b + c) ( c +d‘)(c + d) [d +a)(d + a) 4 

Bab4 . 

Cho a,b,c,d>§ thob a+b + c+d=\. Chobg minh raeg 


((a +b +c +d ) >a +b +c +d ' + 


Ba05 . (VooQuoa BaiCaa) 

Cho a,b,c >0. Chobg minh raeg 


(b + c-a) 1 [c + a-b] 1 (a + b-c ) ! > 3 [a‘ +b l +c l ) 

l a +[b + c) 1 1 b l +(c + a) 1 1 c +(a + b) 1 l (a + b + c) 1 


Ba 06 . 

Cho a,Z?,c>« thoQa+b + c = l .Timgiautrolob nhafccua bieathob 

11 b ] -a ] 1 1 c ] -b 1 1 a ] -c ] 

P = -- +-- +- r 

ab + \ b bc + \ c ca + \ a 


M 
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Ba07 . 

Cho a,b,c,d>L Chobg minh raeg 
a b 


yjd +13 bed \jy +(i 3 eda \Jc l +( 3 dab \jc ] +( 3 abc 

Ba 08 . 

Cho a,6,c>9 thoa a ] +b ] +c ] =1, Chobg minh raeg 

1 1 1 5 (! i .2.1 

a b c 4 4 

Ba09 . 

Cho a,b,c>L Chobg minh raeg 

[a + b-)c] 1 + (b + c-)a ) ! + [c + a-]b) 1 > i 
[a + b) l +\c l ( b+e) l +lct (c + a) l +lb‘ 1 

Bab 10 . 

Cho a,b,c>L Chobg minh raeg 

[}a + b+c) ] +[)b + c + a) ] + [)c + a + b) 1 < 315 
[b + c\'+)a ] [c + a) ] +)b ] [a + b) ] +)c ] II 

Babll . 

Cho a,b,c laenoadabba canh cub mofetam giab. Chobg minh raeg 


>4 — + 


1 


1 1 1 

—I-1-1— __ . 

abc a+b+c [a+b b+c c+a 

Ba0l2 . 

Cho x, y, z>A thoB* + ;y + z = l. Tim giaitrolob nhabcua biea thob 


p = - 


x +1 y +1 z +1 
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Ba0l3 . 

C ho a, b, c > 0. C hobg minh raeg 



B3014 . (Moldova 2005) 

Cho a,6,c>9 thoa a* +b { +c =3. Chobg minh raeg 

4 -ab 4 -be 4 -ca 

Bab 15 . 

Cho a,b,c>L Chobg minh raeg 

[a + b-c] 1 + (b + c-a) 1 + ( c+a-b ) ! > 5 (a +b' + C 1 ) 

(a + b) 1 +)c 1 (b + c) 1 +)a! (c + a) 1 +)b l f| a + b + c) 1 

Bab 16 . 

Cho a,b,c>L Chobg minh raeg 

(a + b-c) 1 + (b + c-a) 1 + (c + a-b) 1 > a 1 +b' +C 1 

"l(a + b) 1 +\lc I (b + c) 1 +1 7 a' "’ffc + a) 1 +1? b 1 5 (a + b + c) 1 

Bab 17 . 

Cho ab,c>8 thoa abc= 1 . Chobg minh raeg 



Bab 18 . 

Cho a,b,c>§ thoa a + b+c=) . Chobg minh raeg 



2 


H 













Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Ba0l9 . (Vasile Cirtoaje) 

Cho a,b,c, d > 0 thoa a+b + c+d = 4. Chong minh raeg 

i i i i &, 

—7-I—i-I—;-1 t-— 2 

a +1 b +1 c +1 d' +1 

Ba02O . 

Cho a,Z?,c, d>9 thoa a+b + c+d = 4. Chong minh raeg 

a b c d < I 

5 +1 a' 5 +3 b 1 5 +1 c ! 5 +) d l ~Y 

Ba021 . (Olympic 30 - 4 - 2006) 

Cho a,b,c>{ I . Chong minh raeg 

d + + 

a + \/( a 1 + b)[d + c ] ) 1 d +'\J(b i + d ) ( b’ + d) 1 d + \j(d + d)[d +b ] ) 1 

Ba022 . (Japan 1997) 

C ho a,b,c>L C hong mi nh raeg 

a 1 b l c - 3 

—i-r ^—;-r H—i-r — 

a \ h \ c b +(c +a) ‘ c +(a + b) 5 

Ba023 . (Pham VaeThuaa) 

C ho a,b,c >[1 . C hong mi nh raeg 

d b d _ 1 

—-— H—t-7- H—7- r > — 

a +(b + c) b +(c + a) c +(a+b) 3 

Ba022 . 

C ho a,b,c >[1 . C hoeg mi nh raeg 

a + b + c >1 

y]a +2 (b + c) 1 yjb 1 +l(c + a ) ! <Jc +2 (a + b) 1 

Ba023 . (Pham Kim H uag, VooQuos BaiCaa) 

Cho a,b,c, d >8 thoa a+b+c+d = k vaefc > 2 . Chohg minh raeg 

(a k4i +1 )[b kM +i)(c M +1 )[d kM +1) >(a k +\)(b k +\){c k +l)(d*+f| 

) 1 
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Ba024 . 

Cho a,b,c >0 thoa a + b+c=\. Choog minh raeg 

a+\ b +1 c +1 . H 

-+-+-> — 

c[\ -b) a[l -c) b[l -a) 5 

Ba025 . (Romania 2005) 

Cho a,b t c>\ thoa a + b+c = ] . Chohg minh raeg 

1 1 1 ^ i i 

a b‘ c 

Ba026 . (Pham Vae Thuaa) 

Cho a,b,c>^ thoa a+b+c>). Choog minh raeg 

1 1 1 

—i-I *-1 j- - 

a +b+c b +c+a c +a+b 


M 
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PHU’O’NG PHAP PHAN TICH BINH PHITONG S.O.S 

A. NOI DUNG PHlTONG PHAP. 

I. Bai toan mo dau va dinh ly. 

Thong thudng, khi dung trade mot bai toan quen biet, each chung ta thudng bat dau 
de giai quyet khong phai la thu mo mam cac bat d&ng thuc da biet, khong phai la 
tim ngay mot each don bien nao do ma thong thudng nhat la dua ve cac dang binh 
phuong. Dieu nay dua tren tmh chat co ban nhat ciia so thirc “x 2 > 0, Vxg R Co 
rat nhieu bai toan, cho du ban chu dong hay vo tinh, deu da sir dung phuong phap 
nay trong chung minh. Tuy nhien, rat co the nhung dieu ban sap doc duqc trong 
muc nay se lam ban thuc su ngac nhien... 

Chung ta se md dau vdi bat dang thuc AM-GM, day co the coi la bat dang thuc co 
ban nhat trong nhung bat dang thuc co ban. Nhung chung ta chi tim hieu bat dang 
thuc nay trong trudng hop n rat nho. Vdi n = 2 chang han, ta co bat dang thuc 
Vi du 1. Vdi moi a,b> 0, ta co bat ddng thuc a 2 + b 2 > lab. 

Se khong co nhieu dieu can phai ban tdi d bat dang thuc tren, ngay khi cac ban hoc 
ve sd thuc thi viec chung minh bat dang thuc do qua de. Bat ddng thuc tuong duong 
vdi (a - b) 2 > 0 mot dieu qua hien nhien. Bay gid, chung ta xet tiep khi n- 3 va bat 
dang thuc sau day 

Vi du 2. Vdi moi a,b,c> 0, ta co bat dang thuc a 3 + b 3 + c 3 > 3 abc. 

Khi hoi ve mot each chung minh that cu the cho bat dang thuc nay, chung ta se cam 
thay co mot chut boi roi! Tat nhien, bat dang thuc tren khong kho, ldi giai chi trong 
duy nhat mot dong... 

Vr -VP--\,a, b+C m- b ?H b - C ?Hc-a? ) 

Va chac chan day la each lam thong minh nhat, vi chung ta khong phai qua mot 
bude trung gian nao ca. Ca hai vf du tren deu duqc chung minh bang phuong phap 
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phan tfch binh phuong nhung theo mot nghia tuong doi hep. Thuan lgi rat Ion trong 
ldi giai bai toan bang each nay la viec su - dung rat ft kien thuc “cao cap”, tham chf 
ban khong can biet bat ky mot dinh ly nao ve bat dang thuc ca. Ngoai ra, no con la 
mot phuong phap rat tu nhien theo suy nghi cua chung ta. 

Neu doc kT cac bai toan a chuang truac, cac ban da gap khong ft nhung bai toan sir 
dung phuong phap nay trong chung minh. Con bay gio, chung ta se khai quat hoa 
each su dung va di tim ban chat cua mot phuong phap cue ky hieu qua. 

Bai toan quan trong ma chung ta phai xet den trong muc nay la mot bat dang thuc 
noi tieng da duoc gioi thieu d chuong trude, bat dang thuc Iran 96. 

Bai toan 1. (Iran 96) 

Vdi moi so thuc a,b,c khong am, ta co 


(ab + bc + ca) 


1 


1 


1 


(,a + bY (b + cY (c + af 


Day cung la bai toan co hinh thuc phat bieu rat don gian va dep mat. Ngoai ra, no 
con la mot bat dang thuc rat kho khi ban chua duoc tiep can trude do. Nhung trude 
tien, chung ta hay xem lai bat dang thuc trong ky thi IMO 2005 va tim mot chung 
minh that tir nhien cho no. 


Vf du 3. (IMO 2005) 

x,y,z la cac so thuc duong thoa xyz > 1. Chung minh 


r>0 


Chimg minh. 

Khong mat tfnh tong quat ta chi can xet trudng hop xyz = 1 la du (cac ban hay tu 


tim hieu ly do tai sao nhe!). Khi do, ta co 


x -x 
x 5 + y 2 + z 2 


x -x .xyz _ x -x yz 
x 5 + (y 2 + z 2 )xyz x 4 + (y 2 + z 2 )yz 


^ 2x 4 -x 2 (y 2 + z) 
2 x 4 + (y 2 + z 2 ) 2 


Bat a - x 2 ,b - y 2 ,c - z . Khi do, ta chi can chung minh 
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y 2 a 2 -a(b + c) >Q 
“ 2 a 2 + (b + c) 2 ~ 


eye 

<=» ^(a-b ) 2 


2 a~+(b+c) lb +{c + a) 

c 2 +ac +be + a 2 +b 2 - ab 
(2a 2 + (b + c) 2 )(lb 2 + (c + a) 2 ) 


>0 (filing) 


=» dpem. 

Dang there xay ra khi va chi khi a=b = c<=>x = y = z = 1. 

Chung minh tren khong phai la each duy nhat, co the con nhieu chung minh doe 
dao hon. Nhirng neu xem xet khach quan thi chung minh tren hoan toan rat tir nhien 
va co ban. Noi khai quat, khi dung tnrdc mot bat dang there bat ky ba bien a,b,c ta 
se tim each dua chung ve dang tong cac binh phuong ky hieu 
S a (b-c) 2 + S h (c-a) 2 + S c (a-b) 2 >0 

Phan dua ve dang chinh tdc tren la bude dau tien trong each su dung phuong phap 
S.O.S. Neu ban da kha quen vdi bat dang thuc thi viec lap cong thuc tren la tuong 
doi don gian, chi can biet qua mot so phep bien doi va hang dang thuc, con neu ban 
chua quen, thi cac thac mac se duoc giai quyet trong muc “Bieu dien co so ciia 
phuong phap S.O.S va mot so ky thuat phan tich”. 

Tat nhien, neu trong bieu dien co so do, cac he so S a ,S b ,S c deu khong am thi bai 
toan duoc chung minh. Tir tnrdc tdi nay, day van la each ban thudng lam nhung 
day chi la trudng hop don gian nhat trong ky thuat chung minh cua phuong phap 
S.O.S. Dieu quan trong hon, S.O.S giup chung ta giai quyet cac trudng hop ma theo 
quan niem cu la khong the ap dung duoc “co mot he so trong S a ,S b ,S c khong 
duong”. 

Thong thudng, trong cac bai toan doi xung ta co the gia su a>b>c. Vdi cac bai 
toan hoan vi thi phai xet them trudng hop a<b<c. Trong trudng hop a>b>c, ta 
co cac nhan xet sau 

1. Neu S b > 0, do (a - c ) 2 > (a - b) 2 +(b- c) 2 nen 
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S a (b-c) 2 + S b (c-af + S c (a-b) 2 >(S a + S b )(b-c) 2 + ( S c + S b )(a-b) 2 
va phan con lai cua bai toan la chung minh S a +S b > 0 ,S b + S c > 0. Nhung hai bat 
dang thuc nay luon co the chung minh kha don gian, vi chung khong con phai nhan 
them vdi cac binh phu'ong (a-b) 2 ,(b- c ) 2 , (c - a) 2 . 

2. Neu S b < 0, do (a - c ) 2 < 2(a - b) 2 + 2 (b - c) 2 nen 

S a (b - cf + S b (c - a) 2 + S c (a - b) 2 > (S a + 2S b ){b - c) 2 + (S c + 2S b )(a - b ) 2 
cung vay, viec chung minh con lai S a + 2 S b > 0 ,S C + 2 S b > 0. se don gian hon rat 
nhieu. 

Trong nhieu tnrbng hop, ta can them mot so udc luo'ng manh hon, chang han udc 
lirong hay dung den la 

a-c>—.(b-c ) ( a>b>c ) 
b 

CMng han khi ta co S b ,S c > 0 thi 

S„(b-cf + S„(c-a) 2 > S„(i-c) 2 + S„.^r.(b-c) 2 = ^^.(a 2 S b + b%) 

va nhu vay bai toan se duoc chung minh neu a 2 S b +b 2 S a > 0. 

Ta co the tom tat cac ket qua tren thanh dinh ly nhu sau 

Dinh ly S.O.S. 

Xet bieu thuc 

S = f (a,b, c) = S a (b - c) 2 + S b (c - a) 2 + S c (a - b) 2 
trong do S a , S b , S c la cac ham so theo a,b,c. 

1. Neu S a ,S b ,S c > 0 thi ,S>0. 

2. Neu a>b>c va S b , S a + S b > 0, S b + S c > 0 thi S > 0. 

3. Neu a>b>c va S a ,S c ,S a +2S b > 0 ,S C + 2 S b >0 thi S >0. 

4. Neu a>b>c va S b ,S c ,a 2 S b +b 2 S a > 0 thi S> 0. 

5. Neu S a +S b +S c > Ova S a S b + S b S c + S c S a >0 thi S > 0. 

Ngoai ra, de S > 0 voi moi a,b,c thi ta phai co 
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S.+S b l b >0,S b+ S c l_ c iO.S c+ S a l a >0. 

Trong do, S a +S b \ a=b c 6 nghia la ta xet bieu thiic S a +S b khi a=b. Vdi cac bai 
toan doi xiing, ta co ngay S a =S b khi a =b. Nhan xet nay rat quan trong trong cac 
bai toan tim hang so tot nhat. 

Duong nhu dinh ly nay con co ve qua don gian va neu noi rang no co ling dung voi 
hau het cac bat dang thiic 3 bien thi that kho ma tubng tuong duqc. Nhung thirc te 
S.O.S da lam duqc dieu nay va day la mot dieu rat ngac nhien. 

Mot cau hoi nua dat ra la voi nhung bieu thuc nao thi ta co the chuyen ve dang 
chfnh tac S.O.S nhu vay? Cau tra lbi la moi ham so doi xiing f(a,b,c ) thoa man 
dieu kien f(a,a,a) = 0 va / co the chiia can thuc, phan thiic cua a,b,c luon luon 
co bieu dien ay. Chiing minh dieu nay ban xem trong phan tiep theo. 

Bay gib la mot so vf du cu the de chiing minh tmh hieu qua cua phuong phap nay, 
va neu co the thi trade tien ban hay thii chiing minh chiing theo each khac. 

Vi du 4. 

Chiing minh rang vdi moi so thuc khong am a,b,c ta luon co 

a 2 +b 2 +c 2 Sabc 

-+- >2 

ab + bc + ca (a + b)(b + c)(c + a) 

Chung minh. 

Ta chii y den hai dang thiic sau day 

a 1 +b 2 + c 2 -ab-be-ca - “•((« _ ^) 2 + (b-c ) 2 +(c- a) 2 ) 

(a + b)(b + c)(c + a) -Sabc - c(a -b) 2 + a(b - c) 2 +b(c-a) 2 
Nhu the sau khi them bdt 1 b moi so hang ve trai, ta co bat ddng thiic tuong duong 

(a - bf + (b- cf + (c - a) 2 > 2c(a - bf + 2 a(b - c ) 2 + 2 b(c - a) 2 
ab+bc+ca (a + b)(b + c)(c + a) 

Ta tim duqc 

( fl + ft)(fc + cXc + fl ) _ 2a=fc + c _ a - ab^_ 

ab+bc + ca ab + bc+ca 
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S t = ( a + f, )(* + C )( C + a) -2A = c + a -fr- ab ^— 

ab + be + ca ab + be + ca 

„ (a + b)(b + c)(c + a) ^ , abc 

S c — - Zc — a + b — c - 

ab + bc + ca ab + bc + ca 

Do tfnh doi xung nen co the gia sir a>b>c, khi do de thay S b ,S c > 0. Dua vao 


tieu chuan thu' nhat, ta chi can chung minh rang S a +S b > 0 la xong. Nhirng dieu 
nay rat hien nhien vi 


S a +S b =2c - 2abC - -= 2c ( ' a + b) >0 

ab+bc + ca ab + bc + ca 

Vay bat dang thirc da dirge chung minh. 

Dang thu’c xay ra khi va chi khi a = b = c hoac a = b,c- 0 hoac cac hoan vi tirong 


irng. 

Chung ta hay trd lai voi bat dang thirc Iran 96. 
VI du 5. (Iran TST 1996) 

Voi moi so thirc x, y, z khong am, ta co 


, J 1 1 1 \ 9 

(xy + yz + zx) - - T +- ->- 

^(*+y) (y + z) (z + x) J 4 

Chung minh. 

Dat a = x+ y,b = y + z,c = z + x. Ta phai chung minh 


(2ab + 2bc + 2ca-a-b -c ) + 

(a 2 b 2 c 2 1 


Bang bien doi don gian, ta co the chuyen bat dang thirc ve dang 




s„ = A_J_ 

be a 2 

S -A_J_ 
ca b 2 


ab c 
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Gia sir rang a>b>c thi S a ,S b > 0. Sir dung tieu chuan 4, ta chi can chiing minh 

b 2 S b +c 2 S c > 0 
<=>b 3 +c 3 > abc 

nhung bat dang thiic nay hien nhien dung vi a < d + c => d 3 + c 3 > bc(b + c) > abc. 
Dang thiic xay ra khi va chi khi a = b = c hoac a = b, c = 0 hoac cac hoan vi tuong 
ung. 

Co mot vai chiing minh khac cho bat dang thiic Iran 96, each thong thudng chiing ta 
biet la khai trien va su dung bat dang thiic Schur (hoac dung dinh ly Muirhead), 
hoac dung da thiic doi xiing. Tuy nhien, ban doc se dong y vdi toi rang cac phuong 
phap do chi co y nghia la chiing minh bat dSng thiic dung v§ mat toan hoc, chii 
khong de lai nhieu an tupng. Viec biet sii dung phuong phap S.O.S da lam cho bai 
toan tro nen don gian hon rat nhieu, day thuc su la mot ldi giai dep va ngan gon, 
thoa man dupe my quan toan hoc ciia nhieu ngudi. 

Phuong phap phan tfch binh phuong da tirng xuat hien theo each nay hay each khac 
trong mot so bat dang thiic, vi no la mot huong suy nghi rat tu nhien doi vdi bat 
dang thiic. Nhung chac chan day se la lan dau tien ma phuong phap nay dupe he 
thong va dupe coi la phuong phap chmh thong cho chiing ta. No dem lai cho chiing 
ta mot each nhin chii dong va vo ciing hieu qua doi vdi cac bai toan ma chi mot thdi 
gian ngan trude con la nhung bai toan vo ciing kho khan. Bat dang thiic Iran 96 
dupe coi la bai toan co ban ling dung phuong phap nay (mac du tac gia nghi den 
S.O.S tir mot bat dang thiic cu hon). S.O.S la ten lay tir chii cai dau tien ciia cum tir 
Sum of Square. 

II. Bieu dien co so phirong phap S.O.S. 

1. Mo dau. 

Trong cac bai toan dupe dan ra d cac muc trude han cac ban da nhan thay su lap di 
lap lai ciia bieu thiic dang F(a,b,c) = S a (b-c) 2 + S b (c-a) 2 +S c (a-b) 2 . Cac dinh 
ly sau day se cho thay su ton tai ciia bieu dien do. Chiing toi tu gidi han minh trong 
cac lop bat dang thiic 3 bien doi xiing, tuy nhien dieu do se khong lam han che tarn 
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ling dung cua phuong phap nay. Cac ban co the sii dung cac vi du de kiem chiing 
rang vdi cung tu 

tubng duch day, hau het cac bat dang thiic hoan vi ba bien cung co nhung bieu dien 
tuong tu. Chuc cac ban may man! 

2. Cac khai niem co ban. 

2.1. Tap xac dinh (TXD). 

Tu day trb di neu khong co gi thay doi, de cho bai toan r5 rang va tranh nhung 
phien phiic khong dang co, TXD cua tat ca cac ham so va bat dang thiic se gidi han 
trong tap so thuc R+, hon nua, doi khi de hop ly chung ta se bo di diem (0,0,0). 

2.2. Dinh nghla 1: Ham doi xiing ba bien. 

Mot ham phan thiic ba bien F(a,b,c) dupe goi la doi xiing neu va chi neu dong 
nhat thiic sau F(a,b,c) = F(x,y,z ) dung vdi moi hoan vi ( x,y,z ) cua ( a,b,c ) .Hon 
nua neu vdi moi so thuc duong x ma F(x,x,x) = 0 thi F(a,b,c ) dupe goi la ham 
doi xiing ba bien chuan. 

2.3. Dinh nghla 2: Ham nua doi xiing ba bien. 

Mot ham phan thiic ba bien G(a,b,c ) dupe goi la mia doi xiing neu va chi neu dong 
nhat thiic sau G(a,b,c ) = G(a,c,b) dung vdi moi bo ba so thuc duong ( a,b,c ). Hon 
nua neu vdi moi cap hai so thuc duong x,y ma G(x,y,y) = 0 thi G(a,b,c ) dupe 
goi la ham mia doi xiing ba bien chuan. 

3. Cac dinh ly co’ sd. 

3.1. Dinh ly 1: Co’ sd cua phirong phap S.O.S. 

Gia sii F(a,b,c ) la mot da thiic doi xiing ba bien chuan, thi ton tai mot da thiic mia 
doi xiing G(a,b,c) sao cho dong nhat thiic sau dung 

F(a,b,c) = G(a,b,c)(b-c) 2 + G(b,c,a)(c - a) 2 + G(c,a,b)(a-bf 
Trudc khi dua ra mot chiing minh cua dinh ly nay dua tren mot so hieu biet don 
gian ve khong gian vecto chung toi muon nhan manh vdi cac ban rang dinh ly tren 
la du de ap dung doi vdi tat ca cac ham phan thiic doi xiing ba bien. Bdi vi dinh ly 1 
han che trong cac ldp da thiic ba bien nen co the noi tdi bac cua da thiic. Trong da 
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thiic ba bien a,b,c se chiia (va chi chiia!) cac hang tii t mn p a m b n c p trong do m,n, p 
la cac so nguyen khong am. 

Chung minh dinh ly 1 . 

Ta chiing minh dinh ly 1 cho lop cac da thiic bac n. Ky hieu S(F) la tap hop tat ca 
cac da thiic ba bien F(a,b,c) doi xiing chuan bac n, S(Q ) la tap hop tat ca cac da 
thiic G(a,b,c ) doi xiing ba bien chuan bac n dang 

G(a,b,c) - G(a,b,c)(b -c ) 2 + G(b,c,o)(c -a) 2 + G(c,a,b)(a -b ) 2 
o day G(a,b,c) la da thiic mia doi xiing ba bien bac n- 2 (ta xet n> 2 vi vdi n - 1 
thi dinh ly hien nhien dung). 

R5 rang S(Q) la khong gian vecto con cua khong gian vecto F(a,b,c ). Va do do, 
so chieu cua S(Q) khong vuot qua so chieu cua S(F). (*) 

Voi cac so nguyen khong am a, (3 ,y xet cac da thiic dac biet sau day 

(i) F a p y (a,b,c) = Y^a a bVc y 

(ii) G a p y (a,b,c) = a a b^c y +a a b y c^ 

(iii) Qafi, y (a,b,c) = G a ^ y (a,b,c)(b-c) 2 + 

+ G a p y ( b, c, a)(c - a) 2 + G a # y (c,a,b)(a - b) 2 
Ky hieu f n la tap hop tat ca cac bo so (a,(3 ,y) thoa man cac dieu kien 
a + p +y =n,a > (3 >y. 

R5 rang tap hop tat ca cac da thiic F a ^ y (a,b,c) voi (a,p,y)e f n la he sinhdoclap 
tuyen tfnh cua S(F ) do do so chieu cua S(F ) bang so phan tii cua f n .(1) 

Ky hieu q n la tap hop tat ca cac bo so (a, (3 ,y ) thoa man cac dieu kien 
a + p+y = n-2,a + 2>p>y. 

Ro rang tap hop tat ca cac da thiic G a ^ y (a,b,c) voi (a,|3,y)e q n la he vecto doc 
lap tuyen tfnh cua S(Q) do do so chieu cua S(Q) khong nho hon so phan tii cua 

q n ■ (2) 
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Tir cac ket qua (1), (2) vdi chu y la f n va q n c6 cung so phan tu ta suy ra so chieu 
cua S(Q) khong nho hon so chieu cua S(F ). (**) 

Vay tu cac ket qua (*), (**) suy ra so chieu cua hai khong gian S(Q ), S(F) la bang 
nhau, tu do suy ra moi phan tu cua khong gian S(F ) deu co the bieu dien qua cac 
phan tu cua khong gian S(Q ). Day la ket qua can phai chung minh. 

Tu dinh ly nay co the nhan thay mot thuat toan tim bieu dien co so, do la tim ma 
tran chuyen giua hai khong gian vecto S(Q) va S(F). Dudi day la mot thuat toan 
so cap hon. 

3.2 Dinh ly 2: Thuat toan tim bieu dien co sd. 

Gia su M (a,b,c),N(a,b,c) la hai da thuc nua doi xung ba bien, hon nua vdi moi so 

' M(X X Jt) > , A ^ 

thuc duong v thi phan so - ’ ’ la mot hang so t. Khi do ton tai ham so nua 

N(x,x,x) 

doi xung ba bien G(a,b,c ) sao cho dong nhat thuc sau dung 

w , M (a,b,c) M(b,c,a) M(c,a,b) 0 
F(a,b,c) = — +— +— -3 1 

N(a,b,c ) N(b,c,a ) N(c,a,b) 

= G(a,b, c)(b - cf + Gib , c, a)(c -a) 2 + G(c, a, b)(a - bf 

Chung minh dinh ly 2. 

Doi vdi ham nua doi xung G(a,b,c ) chung ta tien hanh ghep cap cac hang tu nua 
doi xung a m b n c p +a m b p c n . Sau do, nhom tat ca cac hang tu co cung bac vao mot 
nhom. Bo so (n x ,n 2 ,...,n k ) vdi n, >n 2 >...>n k gom tat ca cac gia tri bac cua da 
thuc do sap theo thu tu giam dan goi la bo chi thi cho da thuc do. Khi do, ta co the 
viet 

k 

G(a,b,c) = ^ ^ 8 m ,n,p- am (b ncP +b p c n ) 

1=1 m+n+p=n i ,ri>p 

, A*lix X jc) \ r r 

Ro rang dieu kien - ’ la mot hang so vdi moi so thuc duong x tuong duong 

N(x,x,x) 

vdi su kien bo chi thi cua cac da thuc M(a,b,c),N(a,b,c) la giong nhau. Va do do 
ta xet hieu 
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£ I ^... P ^ m (b n c p + b-c") 

M{a,b,C) t _ i=] m+n+p=n t ,n>p 

N(a,b,c ) ~~ N(a,b,c ) 

trong do, oc mn p - m mn p -tn mn p va do do ^ oc m „ p - 0, V/ -1,2 

m+n+ p=« ( - ,n> p 

Bay gid doi vdi moi tong ben trong tirong ung vdi moi gia tri n t cua tir so chung ta 
tien hanh sap xep lai thu' ty cac hang tir trong tir so cua phan so tren sau do se dung 
mot bien doi nho de lam xuat hien cac nhan tu a—b,b—c,c — a. 

Trudc het ta chia cac nghiem nguyen khong am (m, n, p ) thoa man n > p cua 
phuong trinh m + n + p = n i thanh n ( nhom theo cac gia tri m. Sap xep lai thu' tu 
cac nhom theo do giam dan cua m. Trong moi nhom thi gia tri cua m la co dinh, ta 
sap xep lai cac nghiem nguyen khong am cua phuong trinh n + p = n i -m theo do 
giam dan cua n neu p —m le va theo do tang dan cua n neu p - m chan. Sau khi 
da sap thu tu xong, chung ta co mot thu tu moi cua cac tap nghiem ban dau, ma ta 
se ky hieu la |(m 7 ,n ; .,/7 ; .)|y = 1,2,...,/J, d day l la mot ham so phu thuoc p. De 
don gian ta ky hieu 

a.j -a mj (b ni c Pj +b Pj c n '), b j =a m , n , p , 

Khi do mau so co the viet lai mot each don gian la 
a x b x + a 2 b 2 +... + a n b n = 

= (p - a 2 )b x + ( a 2 - a 3 )(^ + b 2 ) +... + (a w - a z )(^ + b 2 +... + b t ). 

Su dung dieu kien b x +b 2 + ...+b t =0 va chia cac hieu a l -a 2 ,a 2 -a 3 ,...,a l _ l -a l 
vao ba loai sau 

(i) a m (b n+1 c p +b p c n+l )-a m (b n c p+l +b p+l c n ) = a m b n c p b ? ~ C ” .{b-cf 

b-c 

(ii) a m+ \b n c n +b n c n )-a m (b n+l c n +b n c n+1 ) = a m b n c n [(a-b)-(c-a)\ 

Xet bieu thuc 

a m b n c n [(a-b)-(c-a )] b m c n a n [(b-c)-(a-b)] c m a n b n [(c-b)-(Jb-c )] 
N(a,b,c) N(b,c,a) N(c,a,b ) 
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Tien hanh ghep tirng phan trong ba hang tir trong bieu thuc nay thanh ba cap theo 
cac nhan tir a-b,b-c,c-a. Mot trong ba hang tir moi se la 

b m 


(i a-b)a n b n c n 
trong do 

G(c,a,b) = 


N(a,b,c) N(b,c,a ) 


= (a-b) 2 .G(c,a,b) 


c n a n b n a m " .N(b,c,a)-b m n .N(a,b,c ) 

N(a,b,c).N(b,c,a ) a-b 

o day, ta da su - dung N(b,c,a ) = N(b,a,c). Do ca tir so va mau so cua phan so tren 
deu la nhirng da thuc nua doi xiing ba bien a,b,c va doi xiing hai bien a,b nen 
G(c,a,b) la ham nua doi xirng ba bien. 

(iii) a m+ \b n+l c n + b"c n+1 ) - a m (b n+1 c n+1 +b n+1 c n+1 ) = a m b n c n [c(a-b)-b(c-a )] 
Xet bieu thuc 

a m b n c n [c(a -b)-b(c - a )] b m c n a n [ a(b -c)- c(a -b )] 


N(a,b,c ) 


N(b,c,a ) 

c m a n b n [b(c -a)- a(b - c)] 


N(c,a,b) 

Tien hanh ghep tirng phan trong ba hang tir trong bieu thuc nay thanh ba cap theo 
cac nhan tir a-b,b-c,c-a. Mot trong ba hang tu moi se la 

n -n b m-n 


(a-b)a n b n c’ u 
trong do 

G{c,a,b) = - 


- (a-b) 2 .G(c,a,b) 


N(a,b,c ) N(b,c,o ) 

c n+l a n b n a m ~ n .Nib,c, a) - b m ~ n .N(a,b, c ) 


N(a,b,c).N(b,c,a ) a-b 

a day ta da su dung N(b,c,a ) = N{b,a,c). Do ca tu so va mau so ciia phan so tren 
deu la nhirng da thuc nua doi xirng ba bien a,b,c va doi xirng hai bien a,b nen 
G(c,a,b) la ham nua doi xirng ba bien. 
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Vay trong ca ba truong hap ta deu chi ra each bien doi thfch hap de dim bieu thuc 
ve dang bieu dien can thiet. Bieu nay hoan thanh viec chung minh dinh ly 2. Niem 
tin ve sy ton tai bieu dien ca so da duoc khang dinh. 

B. CAC BAI TAP AP DUNG. 

I. Bai tap co loi giai. 

Bai 1. 


Cho a,b,c > 0 thoa mm{a,b,c) > —.ma x{a,b,c}. Chung mi nh rang 


(ab + bc + ca) 


1 


1 


1 


44-11 


' ( a-bf 

(a + b) 2 ( b + c ) 2 (c + a) 2 J 4 16 \jr^(a+b) 2 


Chung minh. 


Khong mat tmh tong quat gia sit c>b>a>—.c> 0. 


Bat 


b + c = 2x 
c + a - 2y <+> 
a + b — 2z 
1 


a = -x+ y + z 

b-x-y + z => x,y,z la do daiba canh cuamot tarn giac 
c = x+y-z 


Do c>b>a>—.c nen x > y > z > 0 va 4(-x + y + z)>x+y-z=>3y + 5z>5x 
4 

Bat dang thuc can chu'ng minh trd thanh 


1 1 9 J_ j y 

4x 2+ 4y 2 + 4z 2 l _ 4 + 16'l ^ 


C x-yf 


1 1 1 




( '.X-y? 


»E(x-y)*f--Apo 

^ [xy 4z ) 

nSt e _ 2 5 _ 2 5 _ 2 5 

Bat S — y 9 S — y 9 S — y 

yz 4x ^ 4f xy 4z 

Bat dang thuc can chu'ng minh tuong duong vdi 

(y - z) 2 + S y (z - x) 2 + S z (x - y f > 0 


Do x > y > z > 0 va 3y + 5z > 5x nen S x > 0 va Sy > 5x => S y > 0 
Ta chu'ng minh 
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y 2 S y + z 2 S z >0 
2y 2 2z 2 . 5 

xz xy 2 
<=> 4(y 3 + z 3 ) > 5xyz 

Ma 3_y + 5z>5x nen ta chi can chu'ng minh 

4(y 3 + z 3 ) >(3y + 5z);yz 
^(y-z)(4y 2 + yz-4z 2 )>0 (nuhg) 


Taco x-z>— .(jc-y)>0. 

z 

Do do 

S x (y - zf + S y (z - x) 2 + S t (X- - yf > S y (z - xf + S z (x -yf 

iS^-ix-yf+S^x-yf 

_(x-yf(y 2 S y +z 2 S z ) 

~ 2 

z 

>0 


> dpcm. 


Dang thu’c xay ra khi va chi khi x = y = z hoac y = z = ~.x. 


Bai 2. (Vasile Cirtoaje) 

a,b,c > 0 thoa a 2 + b 2 + c 2 - 1. Chung minh rang 


1 1 1 ^ 9 

- 1 - 1 -< — 

1 - ab l-be 1 - ca 2 


Chung minh. 

Bat dang thuc can chung minh tuong duong vdi 



2 

1 -ab 


>0 


eye 

«E 


1- 3 ab 
\-ab 

2- 6 ab 
l-ab 


>0 

>0 
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«E 

eye 

«E 

~E 

eye 

«E 

~E 


2(g 2 + £> 2 + c 2 ) - 6afr ^ Q 
1-aZ? 

3(a — b) 2 | y 2c 2 —a 2 —b 2 ^ Q 
1 - aZ? 1 - a& 

3(a-fr) 2 | y c 2 -a 2 y b 2 -c 2 
l-ab + ^ c l-ab ~ 1-ab 
3(a-b) 2 | y a 2 -fr 2 y a 2 -b 2 
l-ab ““ l-&c ““ 1-ca 
3{a-b) 2 y (a-b) 2 (a + b)c 
l-ab “. (1 -&c)(l-ca) 


>0 

>0 


^ (a - &) 2 (3 - 4ac - 4Z?c + a 2 &c + a& 2 c + 3 abc 2 ) > 0 

eye 

Dat 

S a = 3- 4 ab - 4 ac + ab 2 c + abc 2 + 3 a 2 bc 
S b =3- 4 ab - 4be + a 2 bc + abc 2 + 3 ab 2 c 
S c = 3- 4be - 4ac + ab 2 c + a 2 bc + 3abc 2 
Bat dang thuc can chiing minh tirong duong voi 


S a (b-c) 2 + S b (c - a) 2 + S c (a-b) 2 > 0 


Ta co 


S a > 3 - 4 ab - 4 ac 

= 3(a 2 +b 2 + c 2 ) - 4 ab - 4ac 

= 3 [y + Z?2 ] +3 [t + c2 ^j~4ab-4ac 

> 3\flab + 3yf2ab - 4ab - 4ac 
>0 


Do do S a > 0 
Tirong ty S b > 0, S c > 0 

=* S a (b-c) 2 + S b (c-a) 2 + S c (a-b) 2 >0 
=> dpem. 

Dang there xay rakhi vachi khi a=b = c. 
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Bai 3. (Vietnam Team Selection Test 2006) 

Cho x, y,ze [1,2]. Chiing minh 


+ -JL-) 

y z) [%y+z J 


Chung minh. 

Ta co, bat dang there can cherng minh terong derong 


(x + y + z)(xy + yz + zx) 
xyz 


-9«E| 


2x 

y+z 


-l 


^y z0^yf i3 y (x-y) 2 
^ ^z x+z)(y + z ) 

E z 2 + xz + yz~2xy . . 2 

---— .( jc — y) > 0 

eye xy(x + z)(y + z) 


i (z 2 +xz + yz~ 2xy)z(x + y) 


(x-y) 2 > 0 


“ xyz(x + y)(y + z)(z + x) 

<=> ^ U 3 * + z 3 y + 2xyz 2 + x 2 z 2 + y 2 z 2 - 2x 2 yz - 2 xy 2 z)(x - y) 2 > 0 


S x = x 3 y + x 3 z + 2x 2 yz + x 2 y 2 + x 2 z 2 - 2xy 2 z - 2xyz 2 
S y = y 3 x + y 3 z + 2xy 2 z + x 2 y 2 + y 2 z 2 - 2x 2 yz - 2xyz 2 
S z = z 3 x + z 3 y + 2xyz 2 + x 2 z 2 + y 2 z 2 - 2x 2 yz - 2xy 2 z 

Khi do bat dang there can chung trd thanh 

S x (y - z) 2 + S y (z- x) 1 * S z (x- y) 2 >0 
Khong mat tmh tong quat gia sir x > y > z . 


Do x,y,z& [1,2] nen y + z > x > y > z > ^. 

Ta co 

S x - x 3 y + x 3 z + 2x 2 yz + x 2 y 2 + x 2 z 2 - 2xy 2 z - 2xyz 2 
= x 3 y + x 3 z + x(y + z)(xy + xz - 2 yz) 

>0 
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S y = y 3 x + y 3 z + 2xy 2 z + x 2 y 2 + y 2 z - 2x 2 yz - 2xyz 
= y(z + x)(y 2 +xy+yz~ 2 zx) 

> y(z + x)(z 2 +xz + z 2 - 2 zx) 

= yz(z + x)(2 z - x) 

>0 

S y + S z = x(j 3 + z 3 ) + yz(y + z ) 2 + x 2 (y - z) 2 - 2 x 2 yz 

> xyz(y + z) + yz(y + z) 2 -2x 2 yz 

> xyz + x 2 yz - 2 x 2 yz 

= 0 

Do do theo tieu chuan 2, ta co dpcm. 

Dang there xay ra khi va chi khi (jc,y,z) = (t,t,t),( 2,1,1) (t e [1,2]). 


Bai 4. 

a,b,c > 0. Chung minh rang 


y ab + be + ca > ^ 
“ 8 a 2 +bc 


Chung minh. 

Ta co bat dang thuc can chung minh tirong duong vdi 


>0 


-i f ab + bc + ca be 

“h 8 a 2 +bc ab + bc + c 


^ y (ab + bc + ca) 2 -bc(8a 2 + be) > ^ 

8 a 2 +bc 

l b 2 + a 2 c 2 - 6 a 2 bc + 2ab 2 c + 2abc 2 


a 

> L~ 


a"(b-c) 2 
* 8 a 2 +bc 


8a +bc 

i b + c — 2 a 

-2abc \—.->0 

8 a 2 +bc 


>0 


R5rang taco —— >0. 

"8 a 2 +bc 

Do do ta chi can chung minh 
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I 


b + c-2a 
8 a 2 +bc 


>0 


E c — ci 

^ 8 a 2 +be 


ct — b 
a 2 +bc 


>0 




a-b 
8 b 2 + ca 


I 


a-b 
8 a 1 +bc 


>0 


^ y ( a-b) 2 (Sa+Sb-c ) 

%'(Sa 2 +bc)(Sb 2 +ca ) “ 

<=> ^(a-b) 2 (Sa + Sb-c)(Sc 2 + ab)>0 

eye 


Khong mat tmh tong quat gia sir a>b>c> 0. 
Bat 


S a = (8 b + 8c - a)(8a 2 + be) 

S b = (8c + 8 a- b)(Sb 2 + ca) 

S c = (8a + Sb- c)(8c 2 + ab) 

The thi ta co S b ,S c > 0. 

Bat dang thuc can chung minh tirong du eng voi 
S a (b-c) 2 + S b (c-a) 2 + S c (a-b) 2 >0 


Ta co a 2 (Sb 2 + ca) > b 2 (&a 2 + be) 

Do do 

a 2 S b + b 2 S a = a 2 (8c + 8 a- b)(Sb 2 + ca) + b 2 (Sb + 8c - a)(8a 2 + be) 
> b 2 (8c + 8 a-b)(Sa 2 + be) + b 2 (8 b + 8c-a)(8a 2 + be) 
-b 2 (Sa 2 +bc)(la + lb + l6c) 

>0 

Do do ap dung tieu chuan 4, ta co dpem. 
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Bai 5. 

a,b,c > 0. Chung minh rang 


I 


(b + c) 2 
a 2 +bc 


>0 


Chung minh. 

Khong mat tmh tong quat gia sir a>b>c> 0. 

Ta co bat dang thuc can chung minh tucmg duong vdi 

y lr+S-2 a 2 a() 

W a" +bc 

^ y< C 2 -Cf y 

“.a 2 +bc a 2 +bc 

^y^L_ya ^ i0 
“b +ca “a + bc 

<=> ^(a-b) 2 (a + b)(a + b-c)(c 2 + ab) > 0 


Bat 

S a =(b + c)(b + c-a)(a 2 +bc) 
S b = (c + a)(c + a- b)(b 2 + ca ) 
S c - (a + b)(a +b-c)(c 2 +ab ) 
The thi ta co S b ,S c > 0 


Bat dang thuc can chung minhh tuong duong voi 


S a (b-c) 2 + S b (c-a) 2 + S c (a-b) 2 >0 
Ta chung minh 

b 2 S a +a 2 S b >0 (*) 

<=> a 2 (c + a - b)(c + a)(b 2 + ca) >b 2 (a-b- c)(b + c)(a 2 + be) 

* Neu a < b + c bat dang thuc (*) hien nhien dung. 

* Neu a>b + c 


Ta co 


c + a-b> a-b-c >0 
c+a>b+c>0 nen (*) dung. 

a 2 (b 2 + ca) > b 2 (c 2 + ab) > 0 
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Tir day, ap dung tieu chuan 4, ta suy ra dugc dpcm. 

Dang thuc xay ra khi va chi khi ( a,b,c ) = (t,t,t),(t,t, 0) ( t > 0).. 

Bai 6. (Crux Mathematicorum) 
a,b,c la do dai ba canh cua mot tam giac. Chung minh 

(^-^) 2 + (^-^) 2 + (V^-^) 2 

(Vfl + \fb +yfc^ 

Chung minh. 

Ta co 

ff _ 2 = £ ofc _ 2 
r 4 S 2 

__2afo_ 2 

(a + b- c)(c + a- b)(b + c-a ) 

_ y__ 

^ (c +a-b)(b + c-a) 

Do do bat dang thuc can chung minh tuong duong voi 

(Ji-slb) ^4 (q-fe) 2 

^(Ja + Jb + Jcf 9%(b+c-a)(c + a-b) 

( 4a + Jb + 4c ) -9(b+c-a)(c+a-b) jj>0 

Do a,b,c la do dai ba canh cua mot tam giac nen 4a,4b,\[c cung la do dai ba 
canh cua mot tam giac. Do do 

4(Va + V^) 2 (Va + y/b + yfc^j 2 — 9(b + c — a)(c + a — b) > 16c 2 -9c 2 = 7c 2 > 0 
Tuong tu 

4 (yfb+yfc'j [y[a+\[b + 4c^ -9(a + b-c)(c + a-b) >l6o 2 -9a =la 2 >0 
4^Vc + Vaj ( 4a+yjb+4c ) -9(b + c-a)(a + b-c) > 16b 2 -9b 2 - lb 2 > 0 

Tir day, ta suy ra dpcm. 

Dang thuc xay ra khi va chi khi a = b = c. 


4'-- 2 
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Ba07. (VasileCirtoaje) 


a,b,c laenoadaeba canh cub mofetam giaa, Khi nopta cou 


Chong minh. 

Ta cou 


3 \ - + - + —]> 2 \ - + - + — |+3 
[ b c a ) 1 c b 


~ b c V a c b\„ 
3 - + - + - >2 - |+3 

1 b c a ) 1 c b 


<=>3 - + - + —3 >2 


c b 

f- + — 3 
b a 

o £ (5a - 5b + 3c)(a - bf > 0 

Na£ S a -5b -5c + 3 a,S b -5c-5a + 3b,S c -5a-5b + 3c. 
Babnaag thob caa chobg minh toong noong vou 
S a (b-cf + S b (c - af + S c (a - bf > 0 
+Trooag hop 1. a < b < c . K hi nopta co uS b > 0 vao 
S a +S b =8b-2a> 0 (do b > a) 


S c + S b =Se-2b>0 

Do nou 

S a ( b -cf + S a (c- af + S c (a-b) 2 > (S a + S b )(b - cf + (S c + S b )(a-bf > 0 
=> npcm. 

+Troo 0 g hop 2. a>b>c. Khi nouta couS a ,5 e ^O. Do nounea ^>0 thi ta cou 
ngay npcm, vi va§f ta chaaEaa xetitrooag hop S b <0 laenuu 
+Tr OO0g hop 2.1. a + (V3 -1) c < y[3b o a - c < Sib - c) 

Ta cou 

S a +3S b = 14b +I0c -12a>12(b+c - a) >0 
Do nou 

S a (b - cf + S a (c - af + S c ( a - bf > (S a + 3S b )(b-cf> 0 
=> npcm. 

+Troo0g hop 2.2. a + [S-f\c>Sb^a-b>[S-f){b-c) 

+T roo 0 g hop 2.2.1. a > y 

Ta cou 

S a + 2S b -l\b + 5c-7a> $(b + c)-7a > 0 
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S c + 2S b -b+l3c-5a>b + l3(a-b)-5a-S^a~ — j>0 

Do nou 

S a (b - c ) 2 + S a (c - a) 2 + S c (a - b) 2 > (S a + 2S b )(b -cf+(S c + 2S b )(a -bf > 0 
=> npcm. 

+TroooghopZZZ a <y 


+Tr66aghdpZZZL a + c>2&=> c>- 


Ta cou 


S a + 2S b = \\b + 5c-la> &(b + c)-la > 0 

S +2S. -b + l3c-5a> — + \3.—-5a = 0 
c b 3 3 


Do nou 


S a (b - cf + S a (c - a) 2 + S c (a - bf > (S a + 2 S b )(b -cf+(S c + 2 S b ){a-bf> 0 

=> npcm. 

+Tr6doghdpZZZZ ct + c<2b<^> a-c<2(b-c) 


Ta cou 


S a + 4S b + (V3 -1) s c = (5 a -5 b + 3c) ( S -1)~ + 17b + 15c - 17a 

t r \ r , a (>/3-l)c 

Do a+ V3-l)c>V3& nea b <-^=+-— 

V ' V3 V3 


Suy ra 


5a 5^3-1 )c 

5a-5b + 3c>5a- —i= - V r ’ +3c 

V3 S 

5(V3-l)a (5-2V3)c 
= £ # 
5(V3-l)a 

>M — r 

V3 


Do nou 


2 5(-v/3-lV a 

5 « +4s i, + ('/3- 1 ) S r >— - ,=-!— + \lb+\5c-\la 


5(V3-l) 3 a 


+ I6(b + c)-lla 
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5(V3 - 1 ) 


Do nou 


S a (b - c) 2 + S b (c-a) 2 + S c (a-b) 2 >^S a +4S b +(43-l) 2 S c - cf 

=> npcm. 

Bai 8. 

x, y, z > 0. Chung minh rang 

x 2 + y 2 + z 2 + xy + yz + zx> Jl[xyly 2 + z 2 + yy/z 2 + x 2 + zyjx 2 + y 2 

Chung minh. 

Ta co, bat dang thuc can chung minh tuong duong voi 
2(x 2 + y 2 + z 2 ) ~ 2(xy + yz + zx)> 

> 2V2 ^Xyjy 2 +z 2 + y^Jz 2 +x 2 + Zy/x 2 + y z )-4(xy + yz + zx) 

» £(x- y) 2 >2^(x^2 (/+?)-x(y + z)) 

eye eye 

~E(x-y)»*2E - 

eye eye ^2(y +z ) + y + z 


2 L 

Ta lai co 


z(x-y) 


2 I- 


z(x-y) 


■fit? + y 2 ) +x + y 
Y^ z(x-y) 2 


c ■\j2(x~ + y 2 ) + x + y eye % y 

Do do ta chi can chung minh 


(theo bnt Bunhiacopxki) 


£(x->>) 2 >£ 


z(*->0 2 

x+ y 


>E|i--M(*-:y) 2 ao 

x+ y) 


Bat S x =l -— ,S =1-,S.=1- 

y+z z+x 


x+y 


>0 
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Bat dang thuc can chiing minh tirong ducmg voi 
S x (y- zf + S y (z~x) 2 + S z (x- y) 2 > 0 
Khong mat tmh tong quat gia sir x > y > z > 0. Khi do S y , S, >0 
Ta co 


x 2 S + y 2 S x -x 2 + y 2 - —^ -> x 2 + y 2 - 2xy > 0 

x+z y+z 

Do do, ap dung tieu chuan 4, ta co dpcm. 

Dang thu'c xay ra khi va chi khi x — y — z. 

Bai 9. (Hojoo Lee) 
a,b,c> 0. Chung minh rdng 


2(q 3 +fr 3 +c 3 ) 9(a + ^ + c) 2 
abc a 2 +b 2 +c 2 

Chung minh. 

Ta co 


2(q 3 + fr 3 +c 3 ) 
abc 


9 (a + b + c) 2 
a 2 +b 2 +c 2 


L( fl_z? ) 2 TE c ( a_Z7 ) 2 ] 

_ As c - _i> o 


abc(a 2 +b 2 +c 2 ) 


=> dpcm. 

Dang thu’c xay ra khi va chi khi a = b = c. 

Bai 10. (IMO 2005) 

x,y,z la cac so thuc duong thoa xyz > 1. Chung minh 

5 2 5 2 5 2 

X -x | y -y | z -Z 
x 5 + y 2 + z 2 y 5 + z 2 +x 2 z 5 + x 2 + y 2 


Chung minh. 

Khong mat tmh tong quat ta chi can xet trudng hop xyz = l la du. Khi do, ta co 

x 5 -x 2 _ x 5 -x 2 .xyz _ x A -x 2 yz > 2 x 4 -x 2 (y 2 + z 2 ) 

x 5 + y 2 + z 2 x 5 + [y 2 + z 2 )xyz x 4 + (y 2 + z 2 )yz 2 x 4 + (y 2 + z 2 ) 2 


Dat a - x 2 ,b - y 2 ,c - z 2 . Khi do, ta chi can chung minh 
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y 2 a 2 -a(b + c) >Q 
“ 2 a 2 + (b + c) 2 ~ 


eye 

<=» ^(a-b ) 2 


2 a~+(b+c) lb +{c + a) 

c 2 +ac +be + a 2 +b 2 - ab 
(2a 2 + (b + c) 2 )(lb 2 + (c + a) 2 ) 


>0 (filing) 


=» dpem. 

Dang there xay ra khi va chi khi a=b = c<=>x = y = z = 1. 

Bai 11. (Moldova 2006) 

a,b,c la do dai ba canh cua mot tam giac. Chung minh rang 


a tc _1 ) +ft2 




>0 


Chung minh. 

+ Cach 1. 

Ta co bat dang there can chung minh tirong duong voi 

Y^aMb~c)> 0 

d~Y,c 2 (b + c-a)(a-b) 2 > 0 (nuog) 

^ eye 


=> dpem. 

Dang there xay ra khi va chi khi a = b = c. 

+ Cach 2. 

Ta co bat dang there can chung minh tuong duong voi 
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Y — >Ya 2 

“ c 

+ bc-2ab\> i -'£(a-b? 

n5 . c _« 1 c _b 1 „ _ c 1 

Dat S — ,5l — , 5 — 

a b 2 b c 2 c a 2 

Bat dang thiic can chiing minh tirong du'ong voi 

S a (b-cf + S b (c-a) 2 +S c (a-bf >0 

+ Trirong hap 1. b + c>a>b>c. The thi taco S a ,S b >0. 

Ta co 


S b + S c - — + — 0(do b>c>0) 

c a 

Do do, ap dung tieu chuan 2, ta co dpem. 

+ Triremg hop 2. a<b<c <a + b. The thi ta co S c , S b > 0. 
Ta co 


Sb+Sa = >L + “-i>^ 

c b c 


"~b 1 = b , c (b-c) 

b c b be 


Do do, ap dung tieu chuan 2, ta co dpem. 

Tom lai, trong moi truong hop, ta luon co 

S a (b-c) 2 + S b (c-a) 2 + S c (a -b) 2 > 0 (dpem) 
Dang thiic xay ra khi va chi khi a = b = c. 


>0 
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Bai 12. 

x,y,z la cac so thuc duong. Chung minh rang 

x 2 +yz | y 2 +z* | z^yxy > 3 
(y + zf (z + xf (x+yf~ 2 


Chung minh. 

Dat a = y + z,b = z + x,c = x+y. Khi do, ta co bat dang thuc can chiing minh tuong 
duong voi 


2 bc-ca-ab + cT ^ 
a 2 

f b(c-a) c(a-b) 


>L 

eye & eye “ 

Y'C(a-b) 

b 2 ^ ^ 


la a 

b(c-a) ^ c(a-b) 


>0 

>0 

>0 


E c(a-b) 2 (a + b ) x , 

—--->0 (nuag) 

eye a~b~ 

=> dpem. 

Dang thuc xay rakhi vachi khi a=b = c. 

Bai 13. (Gabriel Dospinescu) 
a,b,c > 0. Chung minh rang 

(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ){ab + bc + ca f > Sa 2 b 2 c 2 (a 2 +b 2 + c 2 ) 2 

Chung minh. 

Ta co 


(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ){ab + bc + ca) 2 > %a 2 b 2 c 2 (a 2 +b 2 + c 2 ) 2 
o£a 6 (6-c) 2 (fc 2 +fcc + c 2 ) + 2aMa 2 6 2 +6V + c 2 a 2 ) £c(a-fc) 2 >0 (nuhg) 

eye l eye J 

=> dpem. 

Dang thuc xay ra khi va chi khi a = b = c. 
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Bai 14. (Old And New Inequalities) 

a,b,c > 0. Chung minh rang 


I 


a + b 


s ^ X >- fc > 2 


Chung minh. 


Bat 


b + c = 2x 
c + a- 2y o 
a + b-2z 


a = -x+ y + z 

b-x-y + z =>x,y,z la do dai ba canh cua mot tam giac. 
c = x+y-z 


Khi do, bat d&ng thuc can chung minh tu'ong duong voi 


^(x-yf 




Ta co 


7 7 

eye eye ** eye ^ 

( 1 ) 

eye eye ^ 


Ta lai co 

Y (x-yf + T = T <£zZ)!M£zz 1 > o 

eye eye ** eye ** 

^ (x - y f>-^^yL ( 2 ) 

eye eye % 


Tu (1) va (2) ta suy ra dpem. 

Bang there xay ra khi va chi khi a = b = c. 
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Bai 15. (USA Team Selection Test 2004) 

a,b,c > 0. Chung minh rang 

a+b+c- 
Chimg minh. 

Bat a = x 6 ,b = y 6 ,c = z (x, y, z > 0). Khi do bat dang thuc can chung minh tuong 
duong voi 

x 6 + y 6 + z 6 - 3 x 2 y 2 z 2 < 3max{(x 3 - y 3 ) 2 ,(y 3 - z 3 ) 2 (z 3 -x 3 ) 2 } 

Do do, ta chi can chung minh 

x 6 + y 6 + z 6 ~ 3x 2 y 2 z 2 < (x 3 - y 3 ) 2 + (. y 3 - Z 3 f + (z 3 ~ x 3 ) 2 
<=> U - y?(2(x 2 + y 2 + xy) 2 - (x 2 + y 2 + Z 2 )(x + y) 2 ) > 0 

eye 

Bat 

= 2 (y 2 + z 2 + yz) 2 - (x 2 + y 2 + z 2 )(y + zf 
= y 4 + z 4 + 4 y 2 z + 2y 3 z + 2yz 3 - x 2 y 2 - x 2 z - 2 x 2 yz 
S y -2(z 2 + x 2 + zx) 2 - (x 2 + y 2 + z 2 )(z + x) 2 

= z + x A + 4 zx 2 + 2x 3 z + 2 xz 3 - x 2 y 2 - y 2 z - 2 xy 1 z 
- (x +z) 2 (x 2 -y 2 )+3z 2 x 2 +2xz 3 
S z -2(x 2 + y 2 +xy) 2 -(x 2 + y 2 + z 2 )(x+ y) 2 
Bat dSng thuc can chung minh tuong duong voi 
S x (y - z) 2 + S y (z~ x) 2 + S z (x -y) 2 >0 

Khong mat tinh tong quat gia su x > y > z > 0. Khi do, ro rang ta co S y ,S z > 0. 

Ta co 

S x +S y = (x 2 -y 2 f + 2z 3 (x + y) + 2z(x + y)(x-y) 2 >0 
Do do, ap dung tieu chuan 2, ta suy ra dpem. 

Dang thuc xay ra khi va chi khi x = y = z,<^>a = b = c. 
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Bai 16. (Pham Kim Hung) 

a>b>c> 0. Cherng minh rang 


y a 4 > a + b + c 

3a 3 + 2b 3 ~ 5 


Chung minh. 
Ta co 


a 4 > a + b + c 

jf c 3a 3 + 2b 3 ~ 5 


<=>y ——^>5 (a + b + c) 
3a 3 + 2b 3 


-lla + 6b >0 


25a 4 
3a 3 + 2b 3 


y 2{a-b) 2 {-4a 2 +ab+ 6b 2 ) 
> h 3a 3 + 2b 3 “ 1 


_ -4b 2 +bc + 6c 2 _ -4c 2 +ca + 6a 2 _ -4a 2 +ab + 6b 2 

Dat S„ = -~~- ,S h = -r--- ,S r = -r--- 

fl 3b 3 + 2c 3 b 3c 3 + 2a 3 c 3a 3 +2b 3 

Bat dang there can chung minh tirong duong voi 

2 S a ( b-c) 2 + 2 S b (c-a) 2 + 2S c (a-b) 2 >0 

R5 rang ta co S b > 0. Ta se chu'ng minh rang 

S b + 2S C >0 (1) 

a 2 S b + 2b 2 S a >0 (2) 

* Chung minh (1). 

Ta co bat ddng there (1) tirong derong voi 

2 a 3 (a 2 + 2ab + 3b 2 - 6c 2 ) + 12a 2 (ab 2 +b 3 -2c 3 ) + 

+ 2(a 3 b 2 + a 4 c - 4b 3 c 2 ) + a 4 c + 2ab 3 c + 6 abc 3 + 36b 2 c 3 > 0 
Bieu nay hien nhien dung do a>&>c>0.Vay(l) dung. 

* Chung minh (2). 

Ta co 
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(2) <=> f(a) = a 2 (3b 3 + 2c 3 )(6a 2 + ac-4c 2 ) + 

+ 2 b 2 (3c 3 + la 3 )(6c 2 + be- 4b 2 ) > 0 


f' (a) = 24a 2 (3ab 3 +2ac 3 -2b 4 ) + 

+ ac(3b 2 (7 ab + ac-Sbc) + I6c(ab 2 -c 3 ) + 53ab 2 c) >0 (do a >b >c >0) 
=>/(a) dongbien. 

=> /(a) > f(b) = b 2 (b 2 (2b 3 + lb 2 c + 3 be 2 - 12c 3 ) + 9b 3 c 2 + Sbe 4 + 28c 5 ) > 0 


=> (2) dung. 
Trd lai bai toan cua ta. 
Ta co 


2 S a (b - c) 2 + 2 S b (c — a) 2 + 2 S c (a-b) 2 > 

a2 , (b — c) 2 (a 2 S b + 2b 2 S a ) 
b 2 


- (S b + 2S c )(a -b) 2 +- 


> 0 (do a - c > — .(b - c) > 0) 
b 


=> dpem. 

Bai 17. (Pham Kim Hung) 

Cho cab so&hoag aai a,b,c. Chobg minh raeg 

a 3 b 3 c 3 


a + b + c 


2a~ W 2b 2 +c 2 2c 2 + a 2 3 

Chong minh. 

Ta coibabnaog thob caa chobg minh toong noong vou 

2b-a . . , 2 2 c-b .. , 2 2 a-c . 

2 , 2 .(a ~ by +— 2 - 2 .(b - c y + 2 - 2 .(C - a) 2 > 0 

2a~+b~ 2 b-+c 2c +a“ 

Col 2 trooag hop xay ra 

+T rooog hop La>Z?>c>0.Khi nopta cou 

4b _ 

2 a 2 +b 2 2 c 2 + a 

-2a 2 a 


r-0 


2 a 2 +b 2 2 c 2 +a 

4b -2a 2a- 


r>0 


2a +b 
4b-2a 
1 2a 2 +b 2 


2c + a 


r-0 


(a-bf + ^r c . .(c-fl) 2 >0 


( 1 ) 
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(4c - 2b)b 2 | (2 a-c)a 2 >Q 
2b 2 + c 2 2 c 2 +a 2 


4c-2b .. . 2 2a-c , , 2 . „ 

> T 7 , - 2 -( b - c > + ITi - 2 •( c ~a) *0 

2 b"+c 2c + a 


( 2 ) 


Coag cab babnabg thob (1) vae(2) veetheo vesroachia caChai veacho 2, ta noofc 


26-a , Jx2 2c-b 

—■= - T .(a - by + —. 

2 a 2 +b~ 2 b~+c 2 

+Tro6oghopZ c>b>a> 0. 
+Tr6oaghopZL 2 b>c+a. 


,(b - c ) 2 + la , C 2 .(c - a) 2 > 0 


2 c 2 + a" 

Khi nopta seochobg minh 


2b—a 4(2 a-c) 

2 a 2 +b 2 2 c 2 +a 2 

Thafeva^f, destha^r vedtrauladiacn taeg cua c nea ta chaacaa chobg minh khi c = b, 
too laochobg minh 

2b—a 4(2a-fr) 

2 a 2 +b 2 2 b 2 +a 2 

<=> 4b 3 + 2a 2 b - 2ab 2 + 16 a 3 - 8 a 2 b + Sab 2 -4b 3 >0 


<=> 3a(5a 2 - 2ab + 2b 2 ) > 0 (nubg) 


n , 2 b-a 

Do nou- 


4(2 a-c) 
2 a 2 +b 2 2c 2 + a" 


>0 


Va§f 


2 b-a . ,. 2 2 c-b .. , 2 2 a-c . . 2 ^ 

(a-fr) 2 + —^-^.(^-c) 2 +-^--.(c-a) 2 > 

2a"+6 2 2& 2 + c 2 2c 2 + a 2 


2b- 


4(2a + a ) 


. , 2 2a-c . x2 

.(c-a) + —-2 ^-.(c-a) 


+Troo 0 g hop2.2. 2b<c+a. Khi nopta seochobg minh 

2 b-a 6a - 3c 


7 7 7 2 -^ 0 

2a 2 + & 2 2c 2 + a 2 

Thafivay, deatha§r veatrau laohaen taeg cua 
Babnabg thob (3) troithaeh 


(3) 


c nea chaecaa chobg khi c = 2b-a. 


2b-a 9a-6b ^ _ 

- 7 -T - 7 - 7 - — 0 

2 a 2 +b 2 Sb 2 + 3a 2 - Sab 


^lOb 3 -I5b 2 a + 2a 2 b + 15a 3 >0 (nubg) 
Tiep theo, ta seochobg minh 

2 c-b 3 2 a-c ^ n 

- 7 - i +~- - 7 - ^>0 

2 b 2 + c 2 2 2c 2 + a 2 


(4) 
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Tha&va^, vi vebtraulaeham giamtheoa nea ta chaaEaa chobg minh khi a=b, ba£ 
nabg thob troilhaah 

4c-2b 6b-3c 

— 5^—^>0 
2 b 2 + c 2 2 c 2 + b 2 

<=> 5c 3 + 2c 2 b - 2b 2 c + 10b 3, > 0 (nubg) 

Nea c<2a thi ta coibabnabg thoo caa chobg minh nubg. Nea c>2a thi toc2 ba6 
nabg thob trea, vouchuiyiraeg (c-a) 2 <3(b-a) 2 + -.(c-b) 2 , ta cou 


2 b-a . ,. 2 2c-b .. . 2 2 a-c . .o 

(a - by + - T .(b - cY + —r- T .(c - a) 2 > 


2 a 2 +b 2 

f 2b- 


2 b 2 
3(2 a-c) 
" l 2 a 2 +b 2 2c 2 + a 2 


r + 


{b-a) 1 


2 c + c 
2c-b 


3 2 a-c 


2b +c 2 2c +a~ 


\.(c-b) 2 


>0 

Tom la'i, ta luoa cou 

2b- 


/ i \2 2 c-b , 2 2a- 

— i— rj-( a ~b) + ^72—+ 2 
2 a +b~ 2b +c 2c T 

N abg thob xay ra khi vacchadchi a = b = c. 

Bai 18. (Pham Van Thuan) 


j.(c—a) 2 > 0 (npcm) 


a,b,c > 0. Chung minh rSng 


a 2 + b 2 +c 2 Sabc 

- 1 - 

ab + bc + ca (a + b)(b + c)(c + a) 


Chung minh. 

Ta co bat dang thuc can chung minh tuong duong vdi 

Y(a-bf[ - 1 -^- 

“ \2{ab+bc + ca) (a + b)(b + c)(c + a) 

<=> ^ (a - b) 2 ((a + b - c)(ab + bc + ca) - abc ) > 0 


>0 


Bat 

S a = (-a + b + c)(ab + bc + ca) - abc 
S b = (a - b + c)(ab + be + ca) - abc 
S c = (a +b - c)(ab + bc + ca)- abc 

Bat ddng thuc can chung minh tuong duong voi 
S a (b-c) 2 + S b (c-a) 2 + S c (a-b) 2 >0 
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Khong mat tfnh tong quat gia sir a>b>c. The thi ta co S b ,S c > 0. 
Ta co 


S a + S b = 2c 2 (a + b)>0 
Do do, ap dung tieu chuan 2, ta co ngay dpcm. 

Dang thuc xay ra khi va chi khi a = b = c hoac a = b,c = 0 va cac hoan vi. 


Bai 19. (Pham Van Thuan) 

a,b,c> 0. Chung minh rang 


(a+b + c) 2 1 (a i +b i +c i a 2 + b 2 +c 2 ^L 

a 2 +b 2 + c 2 2 I abc ab + bc + ca I 

Chung minh. 

Ta co bat dang thuc can chung minh tuong duong voi 


Y^(a-b) 2 


a 2 +b 2 +c 2 


a + b + c 
abc 


1 

ab+bc + ca 


>0 


Bat dang thuc nay dung do 


a+b+c > 9 

abc ab+bc + ca 


=> dpcm. 

Dang thuc xay ra khi va chi khi a = b = c. 

Bai 20. (Pham Kim Hung) 
a,b,c > 0. Chung minh rang 

la 2 + 5 be lb 2 + 5 ca 2 c 2 + 5 ab > 21 
(b + cf (, c + af (, a + b ) 2 “T 


Chung minh. 

Ta co bat dang thuc can chung minh tuong duong vbi 


2a 2 + 5bc 
(b + c) 2 





8a 2 - lb 2 - lc 2 + 6bc 
(b + c) 2 


>0 
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>4E 


-4y - ~ a _ 3 V 


(b-c)- 


ib + cf ~(b + cf %(b + cf 

f 4(a + b)(a + b + 2c) 3 


>0 


>0 


<=>Y(a-b)‘ 

t y (a + c) (b+c) ( a+bY 

-bf (4(a + bf (a+ b + 2c)-3(a + cf (b + cf) > 0 


Dat 


S a = 4 (b + c) 3 (b + c + 2d) -3 (a + b) 2 (a + c) 2 
S b = 4(a + c) 3 (a + 2b + c)-3(a + bf (b + cf 
S c = 4(a + b) 3 (a + b + 2c) -3 (a + c) 2 ( b + c) 2 
Bat dang thu'c can chiing minh tirong ducng vai 
S a (b - c) 2 + S b (c - a) 2 + S c (a - b) 2 > 0 
Khong mat tmh tong quat gia sir a>b>c> 0. 

Khi do, ta de dang nhan thay S b ,S c > 0. 


Ta co 


S b + S a = 4 (c + a) 3 (a + 2 b + c)- 3 (a + b) 2 ( b + cf + 

+ 4 (b + cf(b + c + 2a) - 3 (a + bf(a + cf 
= 8 c(a + b)((a + cf +(b + cf) + (a- bf(a 2 +b 2 + 4ab + 2ac + 2be - 2c 2 ) 
>0 


Do do, ap dung tieu chuan 2, ta co dpem. 

Dang thuc xay ra khi va chi khi ( a,b,c ) = (t,t,t),(t,t, 0) ( t > 0). 


* Chu y. 


5 

2 


cung la hang so tot nhat ciia bat dang thuc 


a 2 + kbc b 2 + kca c 2 + kab > 3 (k + 1) 
(,b + cf (c + af (,a + bf ~ 4 
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Bai 21. 

a,b,c > 0. Chung minh rang 


i2 2 


-h-1- \-a + b + c>- 

b c a 


a+b + c 

Chung minh. 

Ta co bat dang thu’c can chung minh tucmg du'O'ng voi 
f 3 (a 2 +b 2 +c 2 ) 




a+b + c 




1 2 

Bat 5 =- — 


b a+b+c 


1 


>0 


-A= — 


--a-b-c 


1 


,S= - 


c a+b+c a a+b+c b a+b+c 
Bat ddng thuc can chu'ng minh tucmg duemg voi 
S a (b -c) 2 + S b (c - a) 2 + S c (a - b) 2 > 0 

Ta co 

111 ^ Q ^ 

s+s h + s=-+-+ - 


b c a+b+c a+b+c a+b+c a+b+c 


^a(a + b-c)(a -b + c ) 

S S +S S +S S as®_ 

a b b c c a abc(a + b + c) 2 

a 3 + 3 abc - ^ ob{a + b) 


abc(a + b + cY 
^ a 3 + 3 abc - ^ a H a + b) 

>cyc -— - 

abc(a + b + c) 

>0 (theo bntSchur) 


Tir day, ap dung tieu chuan 5, ta co dpem. 


>0 
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Bai 22. (Pham Kim Hung) 

Cho caa soadoong a,b,c. Chobg minh raeg 
b : 


+ b+— 


a + J \>. 


12(q 3 +b 3 + c 3 ) 
a+b + c 


Chung minh. 

Ta cou 


a + — | +| b + — | +| a + — | > 


12 (a 3 +Z? 3 +c 3 ) 
a + b + c 


v- 2 v- 1 ^ 12(a 3 +b 3 + c 3 ) 

<=> > a 2 +2)-+ V^>^-- 

vc W c vcb a + b + c 

<=» 2^f-^- + ac-2aZ?l+y f %^ + b 2 -2a 2 l+ 

CMC l C J CMC l ^ J 


+ 2| ]> 12(1,3+ ^ +c3) -4(a 2 + fc 2 + c 2 ) 


a + Z? + c 


« E (*-«) 2 4 


4a 2(a + fc) 


Nafc 


S.=^4 


4a 


a + Z? + c 
2(a + Z?) 


-4 >0 


a + Z? + c c 

4b 2 (b + c) 

h-+ —-4 

a+b+c a 


-4 

4 


_ a 2 4c 2(c + a) . 

Zr a + b + c b 

Bafcnabg thoa caa chong minh toong noong vou 

S a (b-c) 2 + S b (c-a) 2 + S c (a-b) 2 > 0 

Coi2 trooag hop xay ra 

+T rooog hop lc>Z?>a>0. Khi nouta couy > 0. 
Ta cou 


b e 4 (a + b) 2 (a+b) 2 (b + c) 

S a + S b =^- + ^ + — -4-|— -4-|— 2 -4_8 >o 

c a a+b+c c a 

... b 2 c 2 - 2a 2c . 2Z? - 

V l —+ — >2, — + — >4, — >2 
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S c + S b — 


c 2 4 (b + c) 2 (a+c) 2 (b + c) 


a + b + c 


8 > 0 


w x a 2 c 1 ^ _ 2a 2b ^ . 2c . . 

Vl —+ —>2, — + — >4,— >2 

b 2 a 2 b a a 

Do nou 

S a (b - cf + S h (c - a) 2 + S c ( a - b) 2 > ( S a + S b )(b -c) 2 + (S c + S b )(a -b) 2 > 0 
+Tr66ag hop Z a>b>c> 0. Khi nouta couS a >1 ,S C >-l. 

Ta cou 

8 b + 4 a 2 (a + b) 4 (b + c ) 


S+2S h =K + K~ 


a + b + c 


-12 >0 


w v 4a+Sb ^ . 2 a 2b ^ . 2c 2a ^ . 

Vl ->4, — + — >4, — + — >4 

a + & + c c a a c 


S+4S h =^r 


b 2 4c 2 \6b + 4a 2 (a + b) 8 (b + c) 


4 c 2 


a+b+c c a 

Sb + 4a 2 (a + b) 8 (b + c) 


16 -fib) 


c 2 a 2 a + b + c c 

Deadaag kieai tra fib ) laehaen noag biea. Do nou 

fib)>f{c) = / ^ Y + — + — -9>2a/32-9>1 
a a c 

+ Kha(haeg2.1. a + c<2b^>2(b-c)>a-c>0Ab-c>a-b>0. 

Nea S b > 0 thi ta coingay iipcm. Nea S b <0, thi 

S a ( b -c) 2 + S b (c — a) 2 + S c (a —b) 2 > (S a + 4S b -1 )(b -c) 2 > 0 
+ Khainaeg2.2. a + c>2b.. Khi nouta secchoog minh 5^+ 2^ >0. Thafeva^f, 
ta cou 


S c + 2s b~—^ + 


2 c 2 Sb + 4c 2 (a + c) 4 (b + c) 


12 = g(c) 


a+b+c b 

+Khamaeg 2.2.1. a>2b. Khi noudo g(c) laehaentaeg nea 

. x ^ /r .v a 2 8 b 4b 2a . _ ^ _ 

g(c)>g(0) = 7T +--H-1- ——12 >0 

b a+b a b 


Vl 


9b a 4b a" a -b -1 

I-->5,- + — >4,—+ —>6,-> — 

b a + b b a b 2 b a + b 3 

+Khamaeg 2.2.2. a <26. Khi noudo g(c) laehaentaeg nea 

g(c)> g(2b-a) = ^j + ^ r + — -^-^>0 (do 2 b>a>b) 
b a a 3b 3 


V a^r 
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S a (b - c) 2 + S b (c - a) 2 + S c (a - b) 2 > (S a + 2S b )(b - c) 2 + (S c + 2S b )(a - bf > 0 

Tom la'i, trong mo'i trooag hop, ta luoa cou 

S a (b-c) 2 + S h (c-a) 2 + S c (a-b) 2 >0 (npcm) 

N atag thob xay ra khi vaachsdchi a = b = c. 

Bai 23. 

a,b,c > 0. Chung minh rang 


L 


29 a 3 —b 3 

6 a 2 -Tab 


<4 (a + b + c) 


Chung minh. 

Ta co bat dang thuc can chiing minh tirong duong voi 


4a <0 


29a 3 -b 3 
6 a 2 + ab 


^ b 3 + 4a 2 b - 5a 3 

<=> > - 2 - - 0 

^ 6 a"+ab 

„ v^ (fc-a)(5a 2 + a fc + fc 2 ) ^ 0 
~. 6 a 2 + ab 

o y, (f.-a)(f ,2 -a 2 ) + y, (f) _ a)a 0 
^ 6a - + ab “ 


i (&-a) 2 (a + &) 
H 6a 2 + ab 


>0 (nuag) 


=> dpcm. 

Dang thuc xay ra khi va chi khi a = b = c. 

Bai 24. 

a,b,c > 0. Chung minh rdng 


I 


4a 3 +5b 3 -3a 2 b + l0ab 2 
3 a+b 


> 5(a 2 + b 2 + c 2 ) -ab-bc-ca 


Chung minh. 

Ta co bat dang thuc can chiing minh tuong duong voi 


I 


4a 3 + 5b 3 - 3 a 2 b + 10 ab 2 
3 a + b 


- (a 2 + 4b 2 - ab) 


>0 
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_L _ T.r, 2 U 


L a' 

~ 


+ b 2 -a 2 b-ab 2 


3 a + b 


3a + b 


>0 


oE (fc-a) 2 (a + fc ) a0 
~ 3 a + b 

=> dpcm. 

Dang thuc xay ra khi va chi khi a = b = c. 

Bai 25. 

a,b,c > 0. Chung minh rang 

Y\————^'3(a 2 +b 2 + C 2 )-ab-bc-ca 
“ 2a+ 36 

Chung minh. 

Ta co bat dang thuc can chung minh tirong duong voi 

y f 3 a 3 -Tib 2 
2a+ 36 " 

^ 3a 3 + lb 3 - (2a + 36)(a 2 + lb 2 -ab 1 _ 

<=> ) -> 0 

™ 2a+ 36 


i a 3 + 6 3 -a 2 6-a6 2 


2a + 3b 


>0 


(6-a) 2 (a + 6) ^ v . 

, 'C a0 < nun 9i 

“ 2a+ 36 
=> dpcm. 

Dang thuc xay ra khi va chi khi a = b = c. 
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Bai 26. 

a,b,c > 0. Chung minh rang 


V ; a >a+b+c 
a 3 +b i 

Chung minh. 

Ta co bat dang thuc can chung minh tirong duong voi 
2(a+b+c) 




4a 4 


-5a + 3b >0 


i y (a-b) 2 (3b 2 +ab-a 2 ) ^ Q 
“ a 3 +b 3 


Bat 

c _3 c 2 +bc-b 2 
^ a ~ b 3 + c 3 

_ 3 a 2 +ac-c 2 

^b~ 3 . 3 

c +a 

c _ 3 b 2 +ab-a 2 
c ~ a 3 +b 3 

Bat dang thuc can chung minh tuong duong voi 
S a (b-c) 2 + S b (c-a) 2 + S c (a-b) 2 > 0 

+ Truong hup 1. a<b<c . Khi do, de thay S c , S a > 0. Ngoai ra, ta cung de dang 
chung minh duoc S c + 2 S b > 0 ,S a + 2 S b > 0 . 

Do do ap dung tieu chuan 3, ta suy ra dpcm. 

+ Truong hup 2. a>b>c. Khi do, de thay S b > 0. 

Ngoai ra, ta cung de dang chung minh duoc 
S b + 2S c > 0 
a 2 S b + 2b 2 S a > 0 


Do do 
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2S a (b-c) 2 + 2S b (c-a) 2 + 2S c (a-b) 2 > 

>(S b +2S c )(a -b) 2 + ^ ~ .( a 2 S b + 2b 2 S a ) 
b" 

>0 (do a-c>—.(b-c)> 0) 
b 


=> dpcm. 

Dang thuc xay ra khi va chi khi a = b = c. 

Bai 27. 

x, y, z > 0. Chung minh rang 


I 


■x: -z 
y + z 


>0 


Chung minh. 

Ta co bat dang thuc can chung minh tuomg du'ong vdi 


^ Ax" ^ ^ Az 2 


-2(x+y + z)>£ — 2(x + y + z ) 

7? c y+z 7? c y+z 




Ax" 
y + z 


(y + z) |>£| ^f— + (y-3z) 


y + z 


^ y Ax 2 -y 2 -z 2 - 2yz > y (y - z) 2 
w y+z & y+z 

^ y Ax" - 2y 1 - 2z" | y (y - z) 2 > y (y - z)~ 
eye y + z eye y + z eye y + z 


Y^4x 2 -2y 2 -2z 2 

<=> --- 

eye y + Z 


>0 


~E 

«E 

eye 


2x 2 -/-z 2 

y + z 

- y 2 y 

y + z j? c 

x 2 - y ? 


>0 


y + z 


-I 


y + z 

2 2 
jc -y 


>0 

>0 
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O£ (*-*) ( * +y) >o 
£ (.y+z)(x+z) 

Day la dieu hien nhien dung. Vay bat dang thuc dugc chung minh hoan toan. 
Dang thuc xay ra khi va chi khi x = y = z .. 

Bai 28. 

a,b,c > 0. Chung minh rang 

y 4 a(fc 2 +c 2 ) ^ 

■Z-fb + ona'+b'+c') 

Chung minh. 

Ta co bat dang thuc can chung minh tuong duong voi 
4 ct(b"+c 2 ) ^ 2 a(b + c)‘ 


t-I; 


2 a{b-c) 2 


,( a-b) 2 + (a-cf 


-<3-7*- 


2a(b + c) 2 


^ (b + c)(2a 2 +b 2 + c 2 ) 2a 2 +Z?“ + c 2 

>5^(a-^) 2 | 


1 1 

r + - 


2c 


2a 2 +6 2 +c 2 a 2 + 2Zr +c 2 (a + b)(a 2 +b 2 + 2c 2 ) 


>0 


Dat 


a 2 + 2b 2 + c 2 a 2 +b 2 + 2c 2 

(b + c)(2a 2 +b 2 + c 2 ) 

1 1 

2b 

2a 2 +& 2 +c 2 ' a 2 + & 2 + 2c 2 

(c + a)(a 2 + 2b 2 + c 2 ) 

1 1 

- T - T -^ + —r-X-z- 

2c 


S a = 

S b = 

S = 

2 a 2 +b 2 +c 2 a 2 +2b 2 + c 2 (a + b)(a 2 +b 2 + 2c 2 ) 

Bat dang thuc can chung minh tuong duong voi 
S a (b -c) 2 + S b (c - a) 2 + S c (a - b) 2 > 0 
Khong mat tmh tong quat gia su a>b>c. 

Ta co 


1 


1 


2b 


2 a 2 +b 2 +c 2 a 2 + b 2 + 2c 2 (c + a)(a 2 + 2b 2 + c 2 ) 
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2a 2 +b~+c 2 a 2 +b 2 + lc 2 a a 2 +lb 2 +c 1 


2 a 2 +b 2 +c 2 a a + 2b +c I a 2 +b 2 +2c 2 aa 2 + 2b 2 + C - 


a(2a +b'+c )(a +2b~+c ) [a~ + b~ + 2c a a +2b~+c 

1 b 1 

a 2 +b 2 +2c 2 a a 2 +2b 2 +c 2 


~ a 2 +b 2 + 2c 2 a 2 + 2b 2 +c 2 


>0 


s=- 


2 a 2 +b 2 +c 2 a 2 + 2b 1 +c 2 a 2 +b 2 +2c 2 
4 1 


" 3a 2 +3b 2 + 2c 2 a 2 +b 2 + 2c 2 
a 2 +b 2 + 6c 2 


>0 

Do do S b ,S c >0. 
Ta lai co 

. S h 


a 2 b 2 a 2 (a 2 + 2b 2 +c 2 ) a 2 (a 2 +b 2 + 2c 2 ) a(b + c)(2a 2 +b 2 +c 2 ) 

1 1 2 


b 2 (2a+b z +c) b 2 (a 2 +b 2 + 2c) b(c + a)(a 2 + 2b 2 + c 2 ) 

1 1 2 


b 2 (2a 2 +b 2 +c 2 ) b 2 (a 2 +b 2 +2c 2 ) ab(a 2 + 2b 2 + c 2 ) 

1 1 2 


a 2 (a 2 + 2 b 2 + c 2 ) b 2 (a 2 +b 2 + 2c 2 ) ab(a 2 + 2 b 2 + c 2 ) 
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112 
+ \^a 2 (a 2 +b 2 +2c 2 ) + b 2 (2a 2 + b 2 +c 2 ) ab(2a 2 + b 2 + c 2 ) J _ ° 

=> a 2 S b +b 2 S a > 0. 

Do do, ap dung tieu chuan 4, ta co ngay dpcm. 

Dang thuc xay ra khi va chi khi a = b = c. 

Bai 29. 

a,b,c> 0 va ab + be + ca = 1. Chung minh rang 

2 7 2 2 3a/3 . 5 

a 2 + b 2 + c 2 H- .abc > — 

4 4 

Chung minh. 

Bat d^ng thuc can chu'ng minh tuong duong voi 

4(a 2 +b 2 + c 2 )(ab + bc + ca) + 3abc^3(ab + bc + ca) > 5 (ab + bc + ca) 2 
<=> 4^a 3 b -5 ^a 2 b 2 - 6 (a + b + c)abc + 3abc^3(ab + bc + ca) > 0 

sym eye 

Ap dung bat dang thuc AM-GM, ta co 
5 , 


-£a 3 b>5j^a 2 b 2 

Do do, ta chi can chung minh 
3 
2 


a 3 b + 3abcy]3(ab + bc + ca) > 6 abc(a + b + c ) 

<=> ^ a 3 b + 2abcyj3(ab + bc + ca) > 4abc(a + b + c) 

<=» 2 abc[a + b + c-yj3(ab + bc + ca )) < ^ a 3 b-2abc(a + b + c) 
abc(a - b) 2 


> - ", c < V (ab + ac)(b - c)‘ 

a + b + c + yJ3(ab + bc + ca) c> , c 

>^(b-c) 2 \ ab + ac 


abc 


a + b + c + y]3 (ab + bc + ca) 


>0 


Dieu nay ro rang dung vi 
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< min {ab,bc,ca} 


a + b + c + y/3(ab + bc + ca ) 

=> dpcm. 

Dang thuc xay ra khi va chi khi a=b = c. 

Bai 30. (Vasile Cirtoaje) 

a,b,c> 0 va a+b + c = 3. Chung minh rang 


“a+bc 2 

Chung minh. 

Ta co bat dang thuc can chung minh tirong duong voi 
2^a(b + ca)(c + ab ) > 3 (a + bc)(b + ca)(c + ab ) 


<=> 3 abc + ^a 2 b 2 > 3a 2 b 2 c 2 + abc\ £ a 


> 3 abc+—.^c 2 (a-b) 2 >3 a 2 b 2 c 2 + abc\ ^a 2 -^a 


<=>9 abc + —.^c 2 (a-b) 2 >9a 2 b 2 c 2 + abc\ a-b ) 


> Y^{a-b) 2 {^abc 2 + ^^ j>0 


3a 2 abc _ , 2 3Zr a&c _ , 2 3c 2 a&c 

Bat S =a"6c +- =ab~c + - ,S r =abc 2 + - 

' a 2 2 2 2 2 2 

Bat dang thuc can chung minh tuong duong voi 

S a (b - c) 2 + S b (c - a) 2 + S c (a - b) 2 > 0 

Khong mat tmh tong quat gia su a>b>c. Khi do, de thay S a > 0. 

Ta co 

3 b 2 abc b 

Sb 2 '' {3b ~ ac) > 0 

S b + ^ +C ^ - abc > 3 be - abc - bc {3 - a) > 0 
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Do do ap dung tieu chuan 2, ta co dpcm. 
Dang thuc xay ra khi va chi khi a = b = c. 
Bai 31. (Nguyen Anh Cuong) 
a,b,c > 0. Chung minh rang 


a 2 +b 2 +c 2 +ab+bc + ca ^ , 

/ -i> 6 

t? 2 a 2 +bc 

Chung minh. 

Ta co bat dang thuc can chung minh tuong duong voi 
^ 2(a 2 +b 2 +c 2 +ab + bc+ca) 


4 >0 


2a 2 +bc 


E -6a 2 + 2 b 2 + 2c 2 + 2ab - 2be + 2ca ^ _ 

- o - >0 

c^c 2 a 2 +bc 

E (3a-b + 2c)(c-a)-(3a + 2b-c)(a-b) 

-9-— ^ 

eye 2a + be 

r (3a-b + 2c)(c-a) r (3a + 2b- c)(a-b) 
-2 STbc -^--° 


2 a z +bc 


r (2a + 3 b- c)(a -b) r (3a + 2 b- c)(a -b) 

<=> 7 -~-—> - o -> 0 

“ 2& 2 +ca “ 2a 2 +bc 

o^(a-fc) 2 (4a 2 + 46 2 + c 2 + 6a6 - 5 be - 5ca)(2c 2 + ab)> 0 


Dat 

S a = (a 2 +4b 2 +4c 2 + 6 be - 5 ab - 5ca)(2a 2 + be) 

S b = (4 a 2 +b 2 + 4c 2 + 6ca - 5ab - 5bc)(2b 2 + ca) 

S c = (4a 2 + 4 b 2 + c 2 + 6 ab - 5ac - 5bc)(2c 2 + ab) 

Bat d^ng thuc can chung minh tuong duong voi 
S a (b - c) 2 + S b (c - a) 2 + S c (a - b) 2 > 0 
Khong mat tmh tong quat gia su a>b>c. Khi do, de thay S b ,S c > 0. 


Ta co 


a 2 S b + b 2 S a = a 2 (4a 2 + b 2 + 4c 2 + 6 ca - 5 ab - 5bc)(2b 2 + ca) + 

+ b 2 (a 2 + 4b 2 + 4c 2 + 6 be - 5 ab - 5ca)(2a 2 +bc)> 0 
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Vi 

a 2 (2b 2 + ca ) > b 2 (2a +bc)> 0 
va 


(4a 2 + b 2 + 4c 2 + 6 ca - 5ab - 5 be) + ( a 2 + 4b 2 + 4c 2 + 6 be - 5 ab - 5ca) > 0 
Do do, ap dung tieu chuan 4, ta co ngay dpem. 

Dang thuc xay ra khi va chi khi a = b = c hoac a = b,c = 0 va cac hoan vi. 


Bai 32. 

a,b,c> 0 thoa ab + be + ca = 1. Chung minh rang 


I 


a 

2 + b 2 +c 2 


>3>/3 

8 


Chung minh. 

Ap dung bat dang Bunhiacopxki, ta co 

y a _ ^ > (a + b + c ) 2 _ ( a+b + c ) 2 

“!2 + b 2 +c 2 “!2 a + ab 2 +ac 2 2 (a + b + c) + ^a 2 b 3(a + b + c)-3abc 

Do do, ta chi can chung minh 

(a + b + c) 2 > 3yf3 

3 (a + b + c)~ 3 abc 8 

<=> 8(a + b + c) 2 + 9yf3abc > 9\f3(a + b + c ) 

o 8(a + b + c) 2 y/ab+bc + ca +9yf3abc > 9^3(a + b + c)(ab + bc + ca) 

<=> 8(a + b + c)y\ab + bc + ca [a + b + c-yjab + bc + ca^ > 


>y[3((a + b + c)(ab +bc + ca)~ 9 abc) 
8(a + b + c)4ab + bc + ca [• 


-c„at>+t>c+ca y {a _ bf y c(a - b f 

v^j3(ab + bc + ca) J 

>Y(a-b) 2 ( *»+» + <»/<* + * + « -V3cl>0 
cyc I a + b + c + yj3(ab + bc + ca) J 


Dat 


S a 


8 (a + b + c)Jab +bc+ca rz 

- , - V3a 

a + b + c + yJ3(ab + bc + ca) 
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_ 8 (a + b + c)V ab + bc + ca /- 

o ^ — I = V 3 b 

a + b + c+ ^3(ab + bc + ca) 

_ 8(a + & + c)V ab + bc+ ca nr 

b c - - , - V3c 

a + Z? + c + yj3{ab + bc + ca) 

Bat dang thu'c can chung minh tirong du'ong vai 

S a (b-c) 2 + S h (c-a) 2 + S c (a-b) 2 >0 

Khong mat tmh tong quat gia sir a>b>c. Khi do, de thay S b , S c > 0. 

Ta chung minh 

a 2 S b + b 2 S a > 0 

<=> 4 (a 2 b + b 2 c + ab 2 +ca 2 +a 3 + b 3 )yjab + bc + ca > 

>yf3 (a+b + c) ( a 2 b + ab 2 ) + 3 {a 2 b + ab 2 )yjab + bc + ca 
<=> 4 (b 2 c + ca 2 + a 3 + b 3 )^Jab + bc + ca + 

+ ( a 2 b + ab 2 )yjab + bc + ca > \/3(a + b + c)(a 2 b + ab 2 ) 

Ta de dang chung minh dirge 

4(a 3 + b 3 )\[ab + ( a 2 b + ab 2 )y[ab > >/3(a + b)(a 2 b + ab 2 ) (1) 

Va 

4 a 2 cy/ab + bc + ca >&c(a 2 b + ab 2 ) (2) 

Tir (1) va (2), ta suy ra a 2 S b +b 2 S a > 0. 

Tir day, ap dung tieu chuan 4, ta co ngay dpcm. 

Bang thuc xay ra khi va chi khi a=b = c. 

Bai 33. 

x, y , z > 0 thoa xyz = 1. Chiing minh rang 

l^y±r>4- x+ 4- y+ 4- z+ i 

eye V X 

Chung minh. 

Bat x = a 2 ,y =b 2 ,z = c 2 ( a,b,c > 0) thi abc = 1 va bat dang there can chirng minh 
tirong dirong voi 
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+C >a+b + c + 3 

eye ® 

h 2 +r 2 

— 2a-2b — 2c>3-a-b-c 

w a 

Su dung bat dang thuc AM-GM, ta co 0>3 -a-b-c . Do do, ta chi can chung 
minh 


V b +C -2a-2b-2c>0 
% a 

^y b 2 +c 2 -2a 2 ^ 


v-i c — a a 


>0 


_ ya 2 -b 2 ya 2 -b 2 ^ 


i ( a-b) 2 (a + b ) 
- ab 


>0 (nuog) 


=> dpem. 

Dang thuc xay ra khi va chi khi a = b = c = \ x = y = z, = \. 


Bai 34.(Vasile Cirtoaje) 

a,b,c > 0. Chung minh r&ng 


y u 

“b +bc + c 

Chung minh. 

* Bo de. Neu a,b,c,x,y,z la sau so thuc khong am thoa mandieu kien a>b>c va 
x>y>z (hoac x < y < z ) thi 

x(a -b)(a -c) + y(b-c)(b -a)+ z(c - a)(c -b)> 0 


Chung minh. 

+ Trircmg hop 1. x > y > z > 0. 

Ta co 
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a-c>b-c> 0 ( 6oa>b>c) 

=> x(a-c ) > yib-c) > 0 
Ma a-b> 0 nen 

x(a - c)(a-b)> y(b-c)(a -b)> 0 
x(a - c)(a -b) + y(b - c)(b - a) > 0 
Matkhac, do a>b>c va z>0 nen 
z(c-a)(c-b)> 0 

Do do 

x(a - b)(a -c) + y(b- c)(b -a) + z(c - a)(c -b)> 0 

+ Trirong hap 2. 0 < x < y < z. 

Ta co 

a-c>a-b> 0 (do a>b>c) 

=> z(a -c)> y(a -b)> 0 
Ma b-c> 0 nen 

z(a - c)(b — c)> y(a - b)(b - c) > 0 
<=> z(c - a)(c -b) + y(b - c)(b - a) > 0 
Mat khac, do a>b>c va x > 0 nen 
x(a-c)(a-b) > 0 

Do do 

x(a - b)(a -c) + y(b- c)(b -a) + z(c - a)(c -b)> 0 
Bo de duo'c ehung minh hoan toan. 

Trd lai bai toan cua ta. 

Khong mat tmh tong quat gia sir a>b>c. Khi do, ta co 
0 < b 2 + be + c 2 < a 2 + ac + c 2 < a 2 + ab + b 2 

=> —— -— - T -—?—“-y > 0 

b'+bc + c a +ac + c a +ab + b 

Ap dung Bo de tren voi x = —r— - j,y = —*— - j, z = —»— - y 

b +bc + c cT+ac + c a +ab + b 


ta suy ra 
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E (a-b)(a-c ) 

_ b 2 +bc + c 2 “ 

V fl2 > y aZ? + ac - be 
“£b 2 +bc + c 2 ~^b 2 +bc + c 2 

y a 2 + be y ab + ac 
^ “b 2 +bc + c 2 ~“b 2 +bc + c 2 


Do do, ta chi can chung minh 
y ab + ac >2 
C y C b + be + c 

ab + ac 2 a 


b 2 +bc + c 2 a+b + c 


>0 


L ab(a—b) —ca(c -a) 

or P^j -y f (c ~ a) >o 

“Z> +Z>c + c “Z? +Z?c + c 2 
^y ab(a-b) y ab{a-b) 

^fZ? 2 +Z>c + c 2 ^fa 2 + ac + c 2 

(nung) 


=> dpem. 

Dang there xay ra khi va chi khi a=b = c. 

Bai 35. 

a,b,c > 0. Chung minh rang 


^3(a 2 + fr 2 +c 2 ) 

“ a+b a+b+c 


Chung minh. 

Tnroc tien ta chu'ng minh bat dang there 


ylxa 2 +b 2 +c 2 ) <Y — 

cvr a + 


a 1 + Zr 
b 


(*) 
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.Ct^b 1 


^3 (a 2 +b 2 +c 2 ) = 


=E 

eye 

= E 


a + b 
a 2 +b 2 (a + b) 


a + b 

C a-bf 


f 3(a 2 + /> 2 + c 2 ) - a-b-c J 

£>-fe) 2 

eye _ 

2 (« + ^) V 3 (« 2 + ^ 2 + c2 ) +a + ^ + c 


= -J>-6) 2 — 


« + £ V 3 ( a2+ ^ 2+c2 ) +a + ^ + c 


2 

>0 




1 


a + & a + & + c J 


(theo bnt Bunhiacopxki) 


=> (*) dung. 

Dang thu'c xay ra khi va chi khi a=b = c. 
Tiep theo, ta chung minh bat dang thuc 
a 2 +b 1 3(a 2 +b 2 +c 2 ) 


a + b 


a + b + c 


+ Cach 1. 

Ta co 


, a 2 +b 2 3(a 2 +b 2 +c 2 ) 


c a+ b 
>(a + b + c )I Y, 


a + b + c 
a 2 +b 2 


a+b 


< 3 (a 2 +b 2 + c 2 ) 


> ^c(ay t ^) Sa2+()2+c2 




a+b 

2 c(a 2 +b 2 ) 

a + b 


>0 


^ y ca(c-a) y bc(b-c) ^ 
a + b ~“ 


a + b 
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ab(a-b) y abja-b) >Q 
w b + c “ c + a 

^( g -A) 2 a0( - ubg) 
jf c (b + c)(c + a) 


> dpcm. 


+ Cach 2. 

Ta co 


, a l +b l 3 (a 2 +b 2 +c 2 ) 


a+b 


a + b + c 


a 2 +b 2 (a + b) \ ?>{a 2 +b 2 +c 2 )-(a + b + cf 


2 

Y^ia-b)' 


a + b 

(a-bf ^_ 

2(a + &) a + Z? + c 

2 1 
a + Z? + c a + & 


a + & + c 




_ y (a-fr) 2 (a + fr-c) 

“ a + b 

b + c-a c + a-b a + b-c 

Bat S a =- ,S b = - ,S C =- 

b + c c + a a + b 

Bat dang thu'c can chung minh tuong du'ong voi 

S a (b-c) 2 + S b (c-a) 2 + S c (a-b) 2 >0 

Khong mat tmh tong quat gia sir a>b>c. Khi do, de thay S b ,S c > 0. 

Ta co 

i 2 n 2 d 2 12 a b ab 2 12 a b ab . ,.2 

b S+a S h =a +b - >a +b - = {a-b ) 

b a+c b+c a b 

Tir day, ap dung tieu chuan 4, ta suy ra dpcm. 

Bang there xay ra khi va chi khi a=b = c hoac a = b,c = 0 va cac hoan vi. 


>0 


152 
















Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Bai 36. (Hojoo Lee) 

a,b,c > 0. Chung minh rang 


I 


a" + 2 be 




1-2 be 


Chung minh. 

* Chimg minh 




be 


a 2 + 2bc 


(*) 


* Bo de. Neu a,b,c,x, y, z la sau so thyc khong am thoa man dieu kien a>b>c va 
x > y > z (hoac x < y < z ) thi 

x(a - b)(a -c) + y(b- c)(b -a) + z(c - a)(c -b)> 0 


Chung minh. 

+ Trirong hop 1. x>y>z> 0. 

Ta co 

a-c>b-c> 0 (do a>b>c) 

=> x(a-c ) > y(b-c ) > 0 
Ma a-b> 0 nen 

x(a - c)(a -b)> y(b- c)(a -b)> 0 
<=> x(a - c)(a -b) + y(b - c)(b - a) > 0 
Matkhac, do a>b>c va z>0 nen 
z(c-a)(c-b)> 0 


Do do 


x(a - b)(a -c) + y(b- c)(b -a) + z(c - a)(c -b)> 0 

+ Trirong hop 2. 0<x<j<z. 

Ta co 

a-c>a-b> 0 (do a>b>c) 

=> z(a -c)> y(a -b)> 0 
Ma b — c> 0 nen 

z(a - c)(b -c) > y(a - b)(b - c) > 0 
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<=> z(c - a)(c -b)+ y(b - c)(b - a) > 0 
Matkhac, do a>b>c va jt > 0 nen 
x(a-c)(a-b ) > 0 

Do do 

x(a - b)(a -c) + y(b- c)(b -a) + z(c - a)(c -b)> 0 
Bo de du'oc chung minh hoan toan. 

Trd lai bai toan cua ta. 

Ta co 


o«E| 

eye 


be 


be 


(ab + bc + ca a 2 +2bc 
bc(a-b)(a-c ) 

{ab + bc + ca)[a 2 + 2bc} 
abc 


>0 

>0 


ab + be + ca 


^ (a-fr)(a-c) >Q 


a + 2 abc 


Khong mat tmh tong quat, gia sir a>b>c. Khi do, ta co 
a 3 + 2 abc >b 3 + 2 abc > c 3 + 2 abc > 0 

- >0 

c + 2 abc b + 2 abc a + 2 abc 

1 1 


Ap dung bo de tren vai x = 


a 3 + 2 abc b 3 + 2 abc c 3 + 2 abc 


ta suy ra dupe 


^ (q-Z?)(fl-c) > ^ 


f 2abc 


Vay (*) dung. 
* Chtmg minh 


1-2 be 




(»») „ £ 


a 2 +2bc a + b + c 


154 

















Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Bat 


y a{ab + ac- 1be) > ^ 

7 + 2 be 

*—.ra(n—h\ *-~,nh(r — t 


^ y ca(a-b ) y bc(a-b) >Q 
“ a 2 + 2 be b 2 + lea ~ 

<=> ^ (a - &) 2 c(lbc + 2 ca - ab)(c 2 + lab ) > 0 

eye 


S a = a(lab + lea - bc)(a 2 + Ibe) 

S b = bilab + Ibe - ca)(b 2 + lea) 

S c = c(lbc + lea - ab)(c 2 + lab) 

Bat dang thu'c can chung minh tirong du'ong voi 


S a (b-c) 2 + S b (e-a) 2 + S c (a-b) 2 > 0 
Khong mat tmh tong quat gia sir a>b>c. Khi do, de thay S a ,S b > 0. 


De thay b(b 2 + lea) > c(c 2 + lab) > 0 nen 


vS b + S c > c(c 2 + lab)(lab + Ibe -ca + Ibe + lea - ab) 
- c(c 2 + lab){ab + Abe + ca) 

>0 

Do do, ap dung tieu chuan 2, ta suy ra ngay dpem. 

Bai 37. (Hojoo Lee) 
a,b,c > 0. Chung minh rang 


I 


a 2 +bc 
b + c 


>a+b+c 


Chung minh. 
Ta co 


I 


a 2 +bc 
b + c 


a + b + c 
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«E 


a + be (b + c ) 
b + c 2 


>E 2a ~ b — >o 


>0 


b + c 
-b 


b + c 


-r- 


L Cl —/? T—1 I 

b + c ^ 

eye 1 eye 

(a — Z?)~ (a + Z?) 


Z? + c 
* 2 -Z > 2 
a + c 


>0 


>0 (nubg) 


^ (b + c\a + c) 

Dang thuc xay ra khi va chi khi a = b = c. 
Bai 38. (Gabriel Dospinescu) 
x, y, z > 0. Chiing minh rang 

3 


T — 




1 


3x +1 x + y + z +1 sym 2x + y +1 

Chung minh. 

1,1 1 

Dat a-x+-,b= y +—,c= z + ~. 

3 3 3 

Khi do, bat dang thuc can chung minh tu'ong dirong voi 
3 


y 1 | 3 ^y 1 

3a a + b + c j^ n 2a + b 


1 | 1 1 1 
3 a a+b+c 2 a+b 2a+c 
^ y (4a + & + c)((2a + b)(2a + c) - 3a(a + Z? + c)) > ^ 
“f a(a + Z? + c)(2a + Z?)(2a + c) 

y (.a-b)(a-c) y (q-Z>)(a-c) 

a{2a + b) “ a(2a + c ) 
y (q-Z>)(fl-c) y (b-a)(b-c) >Q 
“ a(2a + Z?) £ b(a + 2b) 

, *v 2 2bc + 2ca-ab 

o) (a-b) . ->0 

“ ab(2a + b)(a + 2b) 
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_ w _ 2ab + 2ca-bc _ 2ab + 2bc-ca _ 2bc + 2ca-ab 

Dat =-, S, =-, S r =- 

bc(2b + c)(b + 2c ) ca(2a +c)(a + 2c) aZ?(2a + b)(a + 2b) 

Bat dang thuc can chung minh tirang du'ong vai 

S a (b-c) 2 + S b (e-o) 2 + S c (a-b) 2 > 0 

Khong mat tmh tong quat gia sir a>b>c. Khi do, de thay S a ,S b > 0. 


Do b>c nen 

b(2a + b)(a + 2b) > c(2a + c)(a + 2c) > 0 

=*_ 1 _>_ 1 _ >0 

c(2a + c)(a + 2c) b(2a + b)(a + 2b) 

„ _ 2ab + 2bc-ca 2bc + 2ca-ab 

=>5 fe +S r = -+- 

ca(2a + c)(a + 2c) ab(2a + b)(a + 2b) 

> 2 ab + 2be -ca + 2 be + 2 ca - ab 

ba(2a + b)(a + 2b) ab(2a + b)(a + 2b) 
__ ab + 4 be + ca 

~ ba(2a+b)(a + 2b) 

>0 


Do do ap dung tieu chuan 2, ta co ngay dpem. 

Bai 39. (Iran 1996) 

a,b,c > 0. Chung minh rang 


(ab + bc + ca)\ 


1 


1 


1 


l (a + b) 2 (b + cf (c + af 


Chung minh. 

* Cach 1. 

Khong mat tmh tong quat gia su c>b>a> 0. 


Dat 


b + c = 2x 
c + a = 2y <=> 
a + b-2z 


a--x+ y + z 

b-x-y + z => x,y,z la do daiba canh cua mot tarn giac. 
c=x+y-z 


Do c>b>a> 0 nen x > y > z > 0 
Bat dang three can chung minh trd thanh 
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(2xy + 2 yz + 2 zx - x 2 - y 2 - z 2 ) 


o (2xy + 2 yz + 2 zx - x 2 - y 2 - 



>9 


4 



Bat dang thiic can chung minh tirong ducng vai 
S x ( y - zf + S y (z~ x f + S z (x- y) 2 > 0 
Do ^>_y>z>0 va y + z> x nen S x > 0 va S y > 0 
Ta chu'ng minh 


y 2 ^ + z 2 5 z >0 
^y 3 + z 3 >xyz 


Ma y + z > x nen ta chi can chung minh 

y 3 + z 3 >{y + z)yz 
^>{y-zf{y+z )>0 (nubg) 


Tir day, ap dung tieu chuan 4, ta suy ra dpcm. 


* Cach 2. 

Bo de. Neu a,b,c,x, y,z la 6 so thirc khong am thoa a>b>c va x<y<z thi 
x(b -cf (3 be + ca + ab - a 2 ) + y(c - a) 2 (3 ca + ab + bc-b 2 ) + 


+ z(a-b) 2 (3ab+bc + ca-c 2 )>0 


Chung minh Bo de. 


Do a>b>c nen 

3 ca + ab + bc-b 2 >0 
3 ab + bc + ca-c 2 > 0 

Do do 

+ Neu 3 be + ca + ab - a 2 > 0 thi bo de hien nhien dung. 
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+ Neu 3 be + ca + ab-a 2 < 0 thi 

(,b - c ) 2 (3 be + ca + ab-a 2 )< 0 

=» x(b - c) 2 (3bc + ca + ab - a 2 ) > y(b-c) 2 (3bc + ca + ab-a 2 ) 
Lai co z> j nen 

z(a - b) 2 (3ab +bc + ca-c 2 )> y(a - b) 2 (3ab +bc + ca-c 2 ) 

Do do 


= 4y| Y, ab ( a ~ b Y 

>0 


^x(Z?-c) 2 (3Z?c + ca + aZ?-a 2 )> y ^ (Z> - c) 2 (3Z>c + ca + ab-a 2 ) 


Bo de du'O’c chu'ng minh. 

Trd lai bai toan cua ta. 

Ta co 

-i f 4 (ab + bc + ca) 


eye 


-3 >0 


[ (a + by 
(3 a + b)(c-a) (3a + c)(b-c) 

(a + b ) 2 (a + Z?) 2 


>0 


^ y (3a + Z>)(c-a) y (3a + c)(Z?-c) ^ Q 
“ (a + b) 2 “ (a + Z?) 2 

^ y (3a + b)(c-a) y (3a + c)(a-Z?) > ^ 
“ (a + b) 2 £ (a + c) 2 

E 2 3 ab + be + ca — c 2 

(a-b). -^-^>0 

^ (b + c) (a + c) 

o ^(a-Z?) 2 (a + Z?) 2 (3aZ? + Z?c + ca-c 2 ) > 0 


Khong mat tmh tong quat gia sir a>b>c. Khi do, ta co 
(a + b) 2 >(c + a) 2 >(b + c) 2 >0 
Ap dung Bo de tren voi z- (a + b) 2 ,y - (c + a) 2 ,x - (b + c) 2 
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ta suy ra chrgc 

^(a-b) 2 (a + b) 2 (3ab + bc + ca-c 2 ) >0 


=> dpem. 

Bai 40. (Komal) 

a,b,c > 0 thoa abc = 1. Chung minh rang 

1 I 1 3 >f 1 — 1 2 

a b c a + b + c ^a 2 b 2 c 2 Ja 2 +b 2 + c 2 

Chung minh. 

Ta co 


I I i 3 1 j_ i ^ 2 

a b c a + b + c \^a 2 b 2 c 2 ja 2 + b 2 + c 2 


<=> 

<=> 

<=> 


ab + bc + ca- 

ab + bc + ca- 


3abc 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) 


a + b + c a 2 +b 2 +c 2 

9abc l(a 2 b 2 +b 2 c 2 +c 2 a 2 ) 


u + b + c a 2 +b"+c 2 

y c{a -b) 2 > y * c(a -b) 2 (c 2 +bc + ca - lab) 
a + b + c ~ (a 2 + b 2 +c 2 )(a+b + c) 

Y^c(a-b) 2 (a 2 +b 2 + 2ab-bc-ca)>0 


eye 


6 abc 
a + b + c 


Bat 

S a = a(b 2 + c 2 + 2 be -ca- ab) 

S b = b{c 2 + a 2 + lea -ab-be) 

S c = c(a 2 + b 2 + lab -be- ca) 

Bat dang thuc can chung minh tuong duong vdi 
S a (b - c) 2 + S b (c - a) 2 + S c (a - b) 2 > 0 
Khong mat tmh tong quat gia su a>b>c. Khi do, de thay S h , S c > 0. 
Ta co 


a 2 S b + b 2 S a = ab((a - b) 2 (a + b) + 2c(a 2 + b 2 - ab) + c(a 2 +b 2 ))> 0 
Tir day, ap dung tieu chuan 4, ta suy ra dpem. 
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II. Bai tap de nghi. 

Mai cac ban giai cac bai toan sau de lam quen voi phirang phap tren va neu co the 
cac ban hay thu giai cac bai toan nay bang phuong phap khac nhe! 

Bai 1 . 

a) (Old and New Inequalities) a,b,c> 0 va a+b+c = 1. Chung minh rang 


y a 2 + b ^ 
U b + 


b) (Vo Quoc Ba Can) a,b,c >0 va a + b + c = 1. Chung minh rang 


E 


a 2 +5b 
b + c 


>8 


c) (V5 Quoc Ba Can) Voi nhung dieu kien nhu tren, hay tim hang so k Ion 
nhat cho bat ddng thuc 


E 


a 2 +kb 
b + c 


> 3k + l 
2 


Bai 2 . (Vo Quoc Ba Can) 

a) a,b,c> 0. Chung minh rang 


r-i 2 a + 5bc 

b (b + cf 



4 


59 (a-b) 2 (b-c) 2 (c-a) 2 
4 (a + b) 2 (b + c) 2 (c + a) 2 


b) Voi nhung dieu kien nhu tren, hay tim hang so k Ion nhat cho bat dang 


thuc 


2 a + 5 be 

b (b+cf 



4 


k(a - b) 2 (b — c) 2 (c - a) 2 
(a + b) 2 (b + c) 2 (c + a ) 2 


Bai 3 . (V5 Quoc Ba Can) 

a) a,b,c> 0. Chung minh rang 


E 


a 2 +2bc 
b + c 


3 (a + b + c) 
2 


b) Voi nhung dieu kien nhu tren, hay tim hang so k Ion nhat cho bat dang 


thuc 
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I 


a 1 +kbc 
b + c 


(k + l)(q + b + c) 
2 


Bai 4 . (Vo Quoc Ba Can) 

a,b,c> 0 va ab + be + ca = 1. Chiing minh rang 

— + — + — -2(a 2 +b 2 + c 2 )>yf3~2 
b c a 


Bai 5 . (Vo Quoc Ba Can) 

a,b,c> 0. Tim hang so k Ion nhat sao cho bat dang thuc sau dung 


(a + b + c) 


j_ 1 
a b 


1 \ k(ab + bc + co) 
c J a 2 +b 2 +c 2 


>9 + k 


Bai 6 . ( V5 Quoc Ba Can) 
a,b,c > 0. Chung minh rdng 


4(a 4 +b A +c 4 ) + 3abc(a + b + c) >l(a 3 b + b 2 c + c 2 a) 
Bai 7 . (Mathlinks) 
a,b,c > 0. Chung minh rdng 


a 2 > 3(a 3 +b 3 +c 3 ) 
j? c b + c ~ 2(a 2 +b 2 + c 2 ) 


Bai 8 . (Mathnfriends) 
a,b,c > 0. Chung minh rdng 


Y- _ 1 _>_ ?! _ 

a 2 +ab + b 2 2(a 2 +b 2 +c 2 ) + 5(ab + bc + ca) 

Bai 9 . (Olympic 30 - 4 - 2006) 

a,b,c > 0. Chung minh rang 


y a(b + c ) < 6 

jf c a 2 +(b + c) 2 ~ 5 
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Bai 10 . (Mathlinks) 
a,b,c > 0. Chung minh rang 


y a >y a 

j^a + 2b “2 a + b 

Bai 11 . (Stronger than Vietnam TST 2006 - V6 Quoc Ba Can) 
a) x,y,ze [1,2]. Chung minh rang 

' , 9 (x-yfjy-zfXz-xl 


(x+y + z )I - + - + t |>6| 


y + z z + x x + y J xyz(x + y)(y + z)(z + x) 

b) Vbi cac dieu kien nhu tren, hay tim hang so k tot nhat cho bat dang thuc 

(x+y+d |l + l + l 


y + z z + x x + y I xyz(x + y)(y +z)(z + x) 


Bai 12 . (Mathlinks) 
a,b,c > 0. Chung minh rang 


b + C Cl ^2 

“a(b + c) hb + c~: 


Bai 13 . (Diendantoanhoc) 
a,b,c > 0. Chung minh rang 


y__ 1 _>_?__ 

j^a 2 +ab+b 2 ( a+b + c) 2 


Bai 14 . (Gabriel Dospinescu) 
a,b,c > 0 . Chung minh rang 


be 


27 + 1 2 + — II 2 + — I 2 + — |> 6(a + b + c)\ - + -+- 


ab 


Bai 15 . (Belarus 1997) 
a,b,c > 0. Chung minh rdng 


Lb ~ ^b + c 

eye u eye u ‘ c 
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Bai 16 . (Belarus 1998) 
a,b,c > 0. Chung minh rang 

Bai 17 . (Mathlinks) 
a,b,c > 0. Chung minh rang 

Bai 18 . (Mathlinks) 
a,b,c > 0. Chung minh r&ng 


Bai 19 . (Mildorf) 
a,b,c > 0. Chung minh r&ng 

2£a 6 + 16£aV>9jVfc 2 (a : 

eye eye eye 

Bai 20 . (Vasile Cirtoaje) 
a,b,c > 0. Chung minh rang 

y 7(fl 2 +fr 2 +c 2 K 9 

L 4b 2 - be + 4c 2 

Bai 21 . (Mathlinks) 

a,b,c> 0 va ab + be + ca = 1. Chung minh rang 

y, l + aV N 5 
%(a + b) 2 ~ 2 

Bai 22 . (Diendantoanhoc) 

a,b,c> 0 va ab + be + ca = ^. Chung minh rang 



I 


1 

a 2 -bc +1 


<3 


+b 2 ) 
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Bai 23 . (Japan 2004) 

a,b,c >0 va a+b + c = 1. Chungminhrang 




Bai 24 . (Vasile Cirtoaje) 

a,b,c > 0, dat E(a,b,c ) = ^a(a-b)(a-c). Chung minh rang 

a) (a + b + c)E(a,b,c)> ^ab(a-b) 2 

b) f-+|+-Wi,c)>yy-y>fc 

ya b c j ^ ^ 

Bai 25 . (Vasile Cirtoaje) 

x, y, z > 0,xyz = 1. Chung minh rang 

(x + y)(y + z)(z + x) + 7 > 5(* + y + z) 

Bai 26 . (Vasile Cirtoaje) 

a) x, y, z > 0. Chung minh rang 

l eye eye ) eye 

b) Chung minh rang bat dang thuc tren cung dung cho x, ; 
Bai 27 . (Mathlinks) 

a,b,c> 0 va ab + be + ca = ^. Chung minh rang 


ci 


be +1 a + b + c 


Bai 28 . (Vo Quoc Ba Can) 

a) a,b,c> 0. Chung minh rang 


y 2 a 2 + be > 9 

h b 2 +c 2 "2 


b) Voi cac dieu kien nhu tren, tim hang so k tot nhat cho 


R. 


bat d&ng thuc 
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I 


a 2 + kbc 
b 2 +c 2 


3(k +1) 
2 


c) Voi cac dieu kien nhu tren, tim hang so k tot nhat cho bat dang thuc 


I 


2a 2 +bc 
b 2 +c 2 


> 9 k(a-b) 2 (b-c) 2 (c-a) 2 

2 (a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) 


Bai 29 . (Mathlinks) 
a,b,c > 0. Chung minh rang 


I 


1 

b + c 


>-L 


2 a 

3 a 2 +bc 


Bai 30 . 

a,b,c > 0. Chung minh rang 


I 


L 


a 

& + c 


Bai 31 . (VMO 2006B) 

a,b,c > 0 ,abc = 1. Tim k max sao cho 


—y H-y H-y + 3& > (& + l)(fl + Z? + c) 

a“ b C 

Bai 32 . (Vo Quoc Ba Can) 

a) a,b,c> 0. Chung minh rang 

y Q +c > 2 > 4 

a 2 +2bc 

b) Voi cac dieu kien nhu tren, tim hang so k tot nhat cho bat dang thuc 

y (b + c) 2 ^ 4 | k{a — b) 2 {b — c) 2 {c — a) 2 

~.a 2 + 2bc (a 2 +2bc)(b 2 +2ca)(c 2 + 2ab) 

Bai 33 . 

a) (Mathlinks) a,b,c> 0. Chung minh rang 

y _ a - _<1 

jf c (2a + b)(2a + c) 3 
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b) (Vo Quoc Ba Can) Vbi cac dieu kien nhu tren, tim hang so k tot nhat cho 
bat dang thuc 

y. a 2 < 1_ k(a-b) 2 (b-c) 2 (c-a) 2 _ 

" (2a + b)(2a + c) ~ 3 (2a + b)(2b + c)(2c + a)(2a + c)(2c + b)(2b + a) 

Bai 34 . (Mathinks) 

a,b,c >0 va p>3 + yjl. Chiing minh rang 

_9_ 

(p + l)(ab + bc + ca) 

Bai 35 . (Mathlinks) 

a,b,c >0 va p>—2. Chung minh rang 


1 


1 pa~ + bc 


y! ab + (p-l)bc + ca > 3(p + l) 

~. b 2 + pbc + c 2 p + 2 

Bai 36 . (Stronger than Schur - Nguyen Anh Cucmg) 
a,b,c > 0. Chung minh rSng 

a 3 + b 3 + c 3 + 3 abc > abyj2(a 2 +b 2 ) + bcyj2(b 2 +c 2 ) + cayj2(c 2 +a 2 ) 
Bai 37 . (JBMO 2002) 
a,b,c > 0. Chung minh rang 


I 


— > 
b 2 ~ 


L 


b 


Bai 38 . (Mathlinks) 
a,b,c > 0. Chung minh rSng 


E 


ab 

a 2 +b 2 + 3c 2 


Bai 39 . (Pham Kim Hung) 

a) a,b,c > 0. Chung minh rang 


£a 4 + JV&>2 £afc 3 

eye eye l eye J 

b) Chung minh rang bat dang thuc tren cung dung cho a,b,ce Ri. 
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Bai 40 . (Diendantoanhoc) 
a,b,c > 0. Chung minh rang 

eye l eye J l eye J 

Bai 41 . (Vo Quoc Ba Can) 

a) a,b,c > 0. Chung minh rang 


r-i 2 a" + 3 be ^ ^ 
jf c b 2 +bc + c 2 ~ 

b) Voi cac dieu kien nhu tren, tim hang so k tot nhat cho bat dang thuc 


I 


a 2 + kbc 
b 2 +bc + c 2 


>k +1 


c) Vbi cac dieu kien nhu tren, tim hang so k tot nhat cho bat dang thuc 


y 2a 2 +3bc >g+ k{a — b) 2 {b — c) 2 {c —a) 2 

“£b 2 +bc + c 2 ( a 2 +ab + b 2 )(b 2 +bc + c 2 )(c 2 +ca + a 2 ) 


Bai 42 . (Vasile Cirtoaje) 

a,b,c> 0, pG R. Chung minh rang 

(a - pb)(a - pc)(a - b)(a - c) > 0 


Bai 43 . (Mathlinks) 
a,b,c > 0. Chung minh r&ng 


I 


b + c 
a 


>3 + 


(a 2 +b 2 + c 2 )(ab + bc + ca) 
abc(a +b + c ) 


Bai 44 . (Diendantoanhoc) 
a,b,c > 0. Chung minh rang 


J 1 


b + c 
a 


ab + be + ca 

+ — ---- 

a' +b~ +c~ 


>V6+1 
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Bai 45 . (Mathlinks) 
a,b,c > 0. Chung minh rang 


E 


ab + bc + ca 3 

ab + bc + ca + 3a 2 2 


Bai 46 . (Mathlinks) 

a,b,c >0 va a+b + c = 3. Chung minh rang 


\ + \ + \>a 2 +b 2 
a 2 b 2 c 2 


Bai 47 . (Mathlinks) 
a,b,c > 0. Chung minh r&ng 


E 


a 2 +bc 18 a 2 +b 2 +c 2 
a"+(b + c) 2 5 ( a+b + c) 2 


Bai 48 . (Mathnfriend) 
a,b,c > 0. Chung minh rang 


(ab + bc + ca)\ 


1 _ 1 1 

Ua + b) 2 (b + c ) 2 (c + a) 2 


L 9 t 15 (g-fc) 2 (fc-c) 2 (c-a) 2 
I 4 4\a + b) 2 (b + c) 2 (c + a) 2 


Bai 49 . (Mathnfriend) 

a,Z?,c la do dai ba canh cua mot tarn giac. Chung minh rang 


(ab + bc + ca)\ 


1 


1 


1 


l (a + b) 2 (b + c) 2 (c + a) 2 


I 9 + 47 (a-Z>) 2 (fr-c) 2 (c-a) 2 
I 4 4 ' (a + byth + cytc + ay 


Bai 50 . (Vasile Cirtoaje). 

a) a,b,c> 0. Chung minh rang 


+ 3>o 

“ a(Z? + c) 

b) Vdi cac dieu kien nhu tren, tim hang so k tot nhat cho bat dang thuc 

y, b 2 + c 2 - ka 2 + 3 (k - 2) > ^ 

7Z a(b + c) 2 
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Bai 51 . (Toan Hoc Tuoi Tre 1998) 
a,b,c > 0. Chung minh rang 

1 a 2 + b 2 + c 2 ^ a b c ^ _ 1 ab + bc + ca 

- + -> + +-> 2 — - 

2 ab+bc + ca b + c c + a a + b 2 a'+b'+c 

Bai 52 . (Mathlinks) 

a,b,c >0 va a+b + c = 1. Chung minh rang 


rfi 2?^ 8 ( a2+fc2+c2 ) 2 

“(a J (l-a)(l-Z>)(l-c) 

Bai 53 . (Mathlinks) 
a,b,c > 0. Chung minh rang 


2^ a 3 +9^a 2 b + 


[l* 


fl") 

{eye } 

1 l eye 

\ c v c ) 


Bai 54 . (Mathlinks) 

a,b,c >0 va a+b + c = 1. Chung minh rang 


1 1 ^ 10 

- 1 —----— >- 

abc a" +b +c ab + bc + ca 

Bai 55 . (Mathnfriend) 
a,b,c > 0 . Chung minh r&ng 

^ a 3 > a + b + c 
~. 2a 2 + b 2 +c 2 ~ 4 

Bai 56 . (Mathlinks) 
a,b,c > 0 . Chung minh r&ng 


_ > _ 2 _ + _ 1 _ 

j^a 2 + 2bc ab + bc + ca a 2 +b 2 +c 2 


Bai 57 . (Mathlinks) 

a) a,b,c> 0. Chung minh rang 

y ay/a 2 +2be > V3 (ab + bc + ca) 
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b) a,b,c> 0. Chung minh rang 

flV a 2 + 3 be > 2(ab + bc + ca) 

eye 

c) a,b,c> 0. Tim hang so k tot nhat cho bat dang there 

+kbc > \Jk + \(ab + bc + ca ) 

Bai 58 . 

a,b,c >0 va a+b + c = 1. Chung mi nh rang 


ab + be + ca + “•((« + b)yfab + (b + c)y[bc + (c + a)y[ca} < 2 


Bai 59 . 

a) (Mathlinks) a,b,c> 0. Chung minh rang 

b + c > 6 

2 a 2 +bc a + b + c 

b) (Vo Quoc Ba Can) Voi cac dieu kien nhu tren, tim hang so k tot nhat cho 
bat dang there 

(a + fc + c) fejl±iO> 6+ Ka-b)\b-c)\c-af 

I “ 2a 2 + be I (2 a 2 + bc)(2b 2 + ca)(2c 2 + ab) 

Bai 60 . (Mathlinks) 
a,b,c > 0. Chung minh rang 

y _ 1 _<y_^ 

j? c a(b + c) ~. a 3 (b + c) 


E 


Bai 61 . (Mathlinks) 
a,b,c > 0. Chung minh rang 



>3 (a 2 +b 2 +c 2 ) 
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Bai 62 . (Japan 1997) 
a,b,c > 0. Chung minh rang 

y 0 b + c-a ) 2 ^3 
~a 2 +(b + c) 2 5 

Bai 63 . (USA 2003) 
a,b,c > 0. Chung minh rang 

y (2 a + b + c) 2 < g 
“2 a 2 + (b + c) 2 ~ 

Bai 64 . (Poland 1992) 
a,b,c e R . Chung minh rang 

(a + b-c) 2 (b + c-a) 2 (c + a-b ) 2 >(a 2 + b 2 - c 2 )(b 2 + c 2 -a 2 )(c 2 + a 2 -b 2 ) 

Bai 65 . (Mathlinks) 
a,b,c > 0. Chung minh rang 

1 | 1 | 1 3 

Vila 2 +bc yjllb 2 +ca yjllc 2 +ab 2V ab + bc + ca 

Bai 66 . 

a) (Mathinks) a,b,c> 0 va ab + bc + ca = 1. Chung minh rang 

1 +a 2 b 2 | 1 +b 2 c 2 | l + cV > 5 
(a+b) 2 (b + c ) 2 (c + a ) 2 2 

b) (Vo Quoc Ba Can) Voi cac dieu kien nhu tren, hay tim hang so k tot nhat 
cho bat d&ng thuc 

1 + flV 1 + ^ 2 C 2 l + c 2 a 2 5 k(a - b) 2 (b - c) 2 (c — a) 2 
(a+b) 2 (b + c) 2 (c + a) 2 ~ 2 (a + b) 2 (b + c) 2 (c + a) 2 

Bai 67 . (Pham Kim Hung) 
a,b,c > 0. Chung minh rang 

a abc 5 

j^ c ~b + c + 2(a 3 +b 3 +c 3 )~3 
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Bai 68 . (Pham Kim Hung) 

a,b,c > 0. Chung minh rang 

a 3 +b 3 +c 3 54 abc 

-+-^>5 

abc ( a+b + c ) 

Bai 69 . (Pham Kim Hung) 
a,b,c > 0. Chung minh rang 

a 4 +b 4 + c 4 3 abc 2 2 ,2 2 N 

-+-> -.(a 2 + b 2 + c 2 ) 

ab + bc + ca a + b + c 3 

Bai 70 . (Pham Kim Hung) 

a,b,c >0 va ab + bc + ca = l, k>2 + y/3. Chung minh rang 
1 + bc 1 + ca 1 + ab ^12 

-T- 1 - 9 - 1 - j ^ - 

ka~+bc kb +ca kc +ab k+ 1 
Bai 71 . (V5 Quoc Ba Can) 

a) a,b,c> 0. Chung minh rang 

y _ 1 _>_?_ 

~. 4b 2 -bc + 4c 2 l(a 2 +b 2 + c 2 ) 

b) Vai cac dieu kien nhu tren, tim hang so k tot nhat cho bat dang thuc 

y _ 1 _>_?_ 

b 2 + kbc+c 2 ( k+l){a 2 +b 2 +c 2 ) 

Bai 12 . (VMO 1991) 
x > y > z > 0. Chung minh rang 

x 2 y y 2 z z 2 x ^ 2 22 

—— +- 1 - >x' + y+z 

z x y 

Bai 73 . (Mathinks) 

a,b,c > 0. Tim hang so k tot nhat cho bat dang thuc 

v-, a k(ab + bc + ca ) ^ 3 7 

“b + c a~ +b 2 +c 2 2 
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Bai 74 . 

a,b,c > 0. Chung minh rang 

yjabc{y[a + \fb + \[c^ + (a + b + c) 2 > 4^3abc(a + b + c ) 
Bai 75 . (Pham Kim Hung) 

a,b,c > 0. Tim hang so k tot nhat cho bat dang thuc 

a 3 + Z? 3 +c 3 k(ab + bc + ca) > 3 k 
(a + b)(b + c)(c +a) (a + b + c) 2 8 3 

Bai 76 . (Vasile Cirtoaje) 
a,b,c,k > 0. Chiing minh rang 

y, ab + (k - 3)bc + ca > 3(^-1) 

^ (b-cf + kbc k 

Bai 11 . (V5 Quoc Ba Can) 

Chiing minh rang voi moi a,b,c > 0, k > 1 ta luon co 

y a(b + c ) ^ 6 

“ c b 2 +kbc + c 2 ~ k + 2 

Bai 78 . (Vo Quoc Ba Can) 

a,b,c > 0. Tim hang so k tot nhat cho bat dang thuc 

r-i fl( 2 fl + Z? + c) 12 

ka 2 +bc k +1 

Bai 79 . (Toan Hoc Tuoi Tre 2002) 
a,b,c > 0. Chiing minh rang 

(a + b + c) 3 (a + b -c)(a -b + c)(b + c-a)<21 a 2 b 2 c 2 
Bai 80 . (Manlio Marangelli) 
a,b,c > 0. Chiing minh rang 

3 (a 2 b + b 2 c + c 2 a)(ab 2 + be 2 + ca 2 ) > abc(a + b + c ) 3 
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Bai 81 . (Vo Quoc Ba Can) 
a,b,c > 0. Chung minh rang 

b 2 + c 2 - a 2 c 2 + a 2 -b 2 a 2 + b 2 -c 2 

- 5 - +- 9 - + - 9 - ^1 

a + 2 be b + lea c + lab 

Bai 82 . (Toan Hoc Tuoi Tre 2005) 
a,b,c > 0. Chung minh rang 

1 1 1 b + c c + a a + b 

-1-1 — —j-1 2 -1 2- 

a b c a + be b +ca c +ab 
Bai 83 . (V5 Quoc Ba Can) 

a,b,c > 0. Tim hang so k tot nhat cho bat dang there 

(a+b)(b + c)(c + a) + kabc + ^ 

(a + b + c)(ab + bc + ca ) a 3 +b 3 +c 3 9 3 

Bai 84 . (V5 Quoc Ba Can) 

a,b,c> 0. Tim hang so k tot nhat cho bat dang there 

a b c kabc 3 k 

-+-+-+ ^ ~ -^>- + - 

b + c c + a a+b a +b +c 2 3 

Bai 85 . (Mathlinks) 
a,b,c > 0. Chung minh rang 

y _ - _>_ 1 _ 

~. 5a 2 —ab + 5b 2 a 2 +b 2 +c 2 
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MOT TIM TOI NHO VE BAT DANG THLfC 

VodQ uob BaiCaa 

Babnabg thob laamofetrong nhoog lanh voc hay, khouvaaloa cuoa nhabcua toab 
hoc. Ban cobtheadeadaog kiern chobg nooc niea nay qua cab trang web toab hoc, 
trong forum babnabg thob cub cab trang web nay, luoa chieai soaloong baavieb 
nhiea nhab Baaviebsau nay, toaxin giouthiea mofe phoong phap hay, khauhiea 
quauneachobg minh babnabg thob noaxobg ba biea maatoatinh coatim nooc qua 
vies giautoab. Do trinh noacoo hah hep vaenay chadaamofetim toanhouzua toanea 
khoboog trabh khounhoog sai sob mong ban hoc thoag cam. 

Phoong phap nay rabnon giab nhong khauhiea quauvaanounaogiup toagiau nooc 
khaunhiea baa toab khoumaanhoog phoong phap manh khab nho S.O.S, doa 
biea... haohbabloc. 

X in nooc nouso qua veazo soCcua phoong phap nay, noihooc xay dong hoaa toao 
do'a trea 2 Boenea'abco bab sau 

* BoafieaL. (bai hang thob Schur) \/a,b,c > 0 thi 

r >4 pq-r?_ 

9 

trong nou/? = a + b + c,q = ab + bc + ca,r = abc. 

* Boanea2. Va,b,ce R thi toa tai cab soathoc sao cho 

p = a+b + c = 2x 0 + y 0 = 2x x + y x 
q=ab + bc + ca = xl + 2x 0 y 0 = x x + 2 x x y x 
xly 0 <r = abc<xfy ] 

Ngoaara, nea a,b,c> 0 thi y x >0. Trong nou 

+ N ea p 2 > 4q thi y 0 < 0 
+ N ea p 2 < 4q thi y 0 > 0 
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Cab kebquaCtrea chobg minh toong noanon giaa, cab ban nea toi'chobg minh la$r, 
xem nho laebaatap. 

Neahiea roohon tinh hiea quaucua phoong phap nap, cab ban hap cuag theo dob 
cab vi dui'sau 

Vi duil. (Vasile C irtoaje) 

C ho a,b,c > 0 thoa a 2 + b 2 + c 2 = a + b + c. C hobg minh raeg 


ab + bc + ca> a 2 b 2 + b 2 c 2 + c 2 a 2 


Labgau 

Ta coibabnabg thob caa chobg minh toong noong vou 



Do cau2 veacua babnabg thob nap noag baa nea khoag mabtinh toag quab ta cou 



q(\-2qf>q % -2r 


/(r) = 18r + 9q(4q - \){q — 1) > 0 

* Trooag hop 1. 4q < 1 thi (*) hiea nhiea nubg. 

* Trooag hop 2. 4q>l, the&hi theo Boreal, ta cou 


(*) 



Do nou 


f(r) = 18r + 9q(4q -1 )(q -1) > 2(4 q -1) + 9q(4q -1 ){q - 1) 


- (4^ -1)(2 - 3g)(l - 3q) > 0 

=>(*) nubg. 

=> npcm. 
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Vf dui2. (Vasile C irtoaje) 

Cho a,b,c >0 thoa a + b+c = 3. Chobg minh raeg 


P(a,b,c) 


a + b + c > 3 
a + bc b + ca c+ab 2 


Labgau 

U&q = ab+bc+cct,r = abc^>0<q<?>. Ta coibabnabg thob toong noong vou 
3r 2 + 2r(6 — q) — q 2 <0 
ToeBoaneal, ta cou 

3r 2 + 2r(6 - q) - q 2 < 3(xf y 1 ) 2 + (xf y x )(6-q)-q 2 

Do noyneazhobg minh babnabg thoa naocho, ta chaaEab chobg minh 

3(x? y y+(x} yi )(6-q)-q 2 <0 

3 

^P(x l ,x 1 ,y 1 )>- 


3>1+ 1 + 

Ji + x i 2 

2 

Ji 

Jl+ 1 + 

»*(M 

2 

4 * > 


Ji+1 y?-2y 1 +9 2 

<=>(yi —1) 2 (3->0 (nubg) 

=> npcm. 

N abg thoa xay ra khi vaocha&hi a = b = c hoae a = 3,b = c -> 0 vaocab hoab vq 
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Vf dui3. (Pham Kim Huog) 

Cho a,b,c> 0 thoa a+b+c = l. Chong minh raeg 

ab + bc + ca > S(a 2 b 2 +b 2 c 2 + c 2 a 2 )(a 2 +b 2 + c 2 +I6abc) 


Lobgau 

Nab q - ab +bc + ca,r - abc = 


q,r> 0 

1 theathi theo bafcnaug thoa Schur, ta cou 


r > 4<? 1 . Toiacaah nab ta cou 
9 

a 2 b 2 +b 2 c 2 + c 2 a 2 = q -2r 
a 2 +b 2 +c 2 = \-2q 

Do nouba&naug thoa caa choug minh troCthaah 

q > S(q 2 -2r)(16r + l- 2 q) 

/(r) = 8(2 r - q 2 )(l6r + l-2q) + q>0 


Ta COU/ / (r) = 6(32r-(4g-l)(2g + l)) 

Col 2 trooag hop xay ra 

* Trooag hop 1. 1 > 4q => f\r) > 0 => /(r) laehaan noag biea Vr > 0. 


* 


Trooag hop 2. 4q > 1 => r > 


^>0. Do nou 

9 


f\r) = 6(32r -(4^-l)(2^ +1)) > 6^^--(4q-l)(2q + 1) 

_ 2(4g-l)(23-18g) 

3 

>0 


=> /(r) laehaen noag biea Vr > 0. 

Tom la'i, trong mo'i trooag hop, ta luoa cou/(r) laehaai noag biea Vr >0. Do nou 

/(r) ^ / (0) = q{4q - 1) 2 > 0 
=>npcm. 

179 





Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


* Chuiyu 

Caa ban nea chuiyiraeg phoong phap nap chelae biefecoihiea quaunoavounhoog 
ba&naogthoa maiadaa baeg xay ra khi a = b = c hoaetrong basoaa,6,c coimofesoa 
baeg 0, hai soacoa la'i baeg nhau. 
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BA0TAA 


Bail. (Iran 1996) 

Cho a,b,c > 0. Chong minh raeg 


(ab + bc + ca ) 


1 


1 


1 


(,a + bY (b + cY (c + a f 


Bail. (Pham Kim Hung) 

Cho a,b,c laacad soathoc doong thoa mao abc = 1 . Chong minh raeg 
64(1 + a 3 )( 1 + Z? 3 )( 1 + c 3 ) < (a + b + c ) 6 


Ba03 . 

Cho a,b,ce R thoa a 2 + b 2 +c 2 = 9. Tim giailrolon nhafccua biea thod 
P = 2(a + b + c)-abc 


Ba04 . 

Cho a,b,c > 0. Chong minh raeg 


. abc 2 ^ ab + bc + ca 

a) ,—.—^ + ->^—,— T 
a +b+c 3 a +b+c 

4 abc 4 \ ab + bc + ca \ 

Ba05 . 

Cho > 0 . Chong minh raeg 

2 f + ^ +z4 2 2 + >i + ^ 

x7 +/z +rr ^ jr + y +z 


Ba 06 . (Vietnam TST 1996) 

Cho a,b,cG R. Chong minh raeg 

4 4 A 4 d d d 

(a + b) +(b + c ) + (c + a) >—.(a +b +c ) 
7 
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Ba07 . 

Cho a,b,c> 0 . Chong minh raeg 

111 9/1 1 1 A 

—I-1-1-> 4-1-1- 

a b c a+b+c ya + b b+c c + a ) 

Ba 08 . 

Cho a,b,c > 0 thoa ab+bc+ca = 3. Chong minh raeg 

1 1 1 

-T"*-t H- T — 1 

2 + a 2 2 + b 2 2 + c 2 

Bao9 . (Vasile Cirtoaje) 

Cho a,b,c >0 thoa ab+bc+ca = 3. Chohg minh raeg 

1 1 1 ^ 3 

1 ■ a 1 +b 2 1 + c 2 2 

BablO . (Kvant 1993) 

Cho a,b,c,d >0 thoa a+b+c = l. Chohg minh raeg 

3 ,3 3 , • fl 1 d | 

a +b + c + abed >mm<—,— +— ^ 

[4 9 27 J 

Bagll . (M ihai Piticari, Dan Popescu) 

Cho a,b,c >0 thoa a+b + c-l.Choog minh raeg 

5 (a 2 + b 2 +c 2 )< 6(a 3 + b 3 + c 3 ) +1 

Bab 12 . 

C ho a,b,c > 0. C hohg mi nh raeg 

a 2 +b 2 +c 2 + 8 abc > ^ 

ab + bc + ca (a + b)(b + c)(c + a) 

Ba 0 l 3 . 

Cho x,j,z>Othoax + j + z = l. Chohg minh raeg 

xy * yz | ^ ^ 1 

yjxy + yz Jyz + zx yjzx+xy ~ 42 
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Bab 14 . (Pham VaeThuaa) 

C ho a,b,c > 0 . C hong mi nh raeg 

(a + b + c) 2 1 f a 3 +b 3 + c 3 _ a 2 +b 2 +c 2 

a 2 +b 2 + c 2 2 I abc ab + bc + ca 

Babl5 . (Toab Hoc TuoaTreC2002) 

Cho a,b,c£ R thoa a 2 +b 2 + c 2 =1. Tim giaitrolob nha^cua 
P = 3(a + b + c) - 22 abc 

Ba 0 l 6 . (VooQuob BaiCaa) 

Cho a,b,c >0 thoa a + b+c = 3. Chobg minh raeg 

(1 + a k+1 )(1 + b k+1 )(l + c k+1 )>(l + a k )(1 + b k )(l + c k 
Ba 0 l 7 . (Vasile Cirtoaje) 

Cho a,b,c > 0 thoa a 2 + b 2 + c 2 = 3. Chobg minh raeg 
\2 + 9abc >1 (ab + bc + ca) 

Bab 18 . (Vasile Cirtoaje) 

Cho a,b,c > 0 thoa ab+bc + ca — 3. Chobg minh raeg 
a 3 +b 3 +c 3 +7abc >10 

Ba 0 l 9 . 

Cho a,b,c > 0 thoa a+b+c = 3. Chobg minh raeg 

1 1 1 3 

- 1 - 1 -< — 

6 -ab 6 -be 6-ca 5 

Bab20 . (Vasile Cirtoaje) 

Cho a,b,c > 0 thoa a 2 + b 2 + c 2 = 3. Chobg minh raeg 

5(a + b + c) + — >18 
abc 


>4 


biea thoa: 


) Vfc>l 
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HA0 LOA(LOOI), 

HAfil NOB LOANOA LOOI VA®A t NANG THOQ 

VocQ uoa BaiCaa 


I. Cad ndih nghda. 

1. Ndih nghda hacn loa(lodi). 

Hacn soa f(x) nooc go'i I ad oa trea tap [a,b]^ 1 nea vdiimo'i x,y&[a,b ] vaa/oii 
mo'i cap so&hoag aai a,(3 coitoag baeg 1, ta nea cou 

f(ax+$y)>af(x)+Pf(y) 

Hacn soa f(x) nooc go'i I ado on tre a tap [a,b]^l nea vou mo'i x,y&[a,b] vaia/dii 
mo'i cap so&hoag aai oc,p coitoag baeg 1, ta nea cou 

f(ax+$y)<af(x)+Pf(y ) 

Kedquaisau na|r chuog ta thooeg dueg neaihaa biedmofehacn ladoahay loan 
Nea f(x ) khau/i baa hai trea [a,b] thi f(x ) loa(locn) trea [a,b] khi vaocha&hi 

f"(x)<0(f'\x)>0) Vxe[a,6], 

2. Ndih ngh<B hacn noa loanoa lodi. 

Hacn soa f{x) node go'i laonoa loanoa loan trea [a,Z>]<= II nea toa tai duy nhad 
haeg soa c(a<c<b) sao cho f(x ) loatrea [ a,c ] vadocn trea [c,b] (hoae ngdd'c 
la'i). 

II. Modso&inh chad. 

1. Tinh chad 1. 

\b > x> z^- y ct 

Nea f(x ) laemofehaen loen trea [a,b] thi voumo'i \ ta cou 

[x+ y-z ^ a 

f(x) + f(y)>f(z) + f(x + y-z) 
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Ta couV /2 thoa 0<h<x-y thi to a ta'i ae[0,l] sao cho h=a(x-y) 

Do \\oux-h = (l-a)x+ayG [a,b ] nea theo ncnh nghda ham loan, ta cou 
f(x-h) = f((l-a)x+ay) < Q.-a)f(x)+af(y) 

Toong to'i ta couy + /2 = ax+(l-a)ye [a,b] nea theo ncnh nghda ham loch, ta 
cuag cou 

f(y+h) = f(ax+(l-a)y)<af(x)+(l-a)f(y) 

Do hou 

f(x - h) + f(y + h) <f(x) + f(y) (*) 

Rocraag ta coii)<x-z<x-y nea ap dung (*) \i6iih = x-z, ta hoot 
f(x) + f(y)>f(z) + f(x+y-z) 

Tinh chadl hoot choag minh hoaa toaa. 

Toetinh chabl ta suy ra hoot tinh chad2 nho sau 

2. Tinh cha62, 

Nea f{x) laomofeham loan trea [a,b] thi voumo'i x 1 ,x 2 ,...,x n e [a,b] thoa maa 
x l +x 2 +... + x n -(n-l)a<b thi ta COU 

f(Xi) + f(x 2 ) + ... + f(x n )<(n-l)f(a) + f(x 1 +x 2 +...+x n -(n-l)a) 

Choag minh. 

Ta choag minh baeg quy nap theo n. 

Deatha^r khaag ncnh hung cho 1 biea soa 
GiatBoikhang ncnh nubg cho n biea soatod laeta cou 

f(x l ) + f(x 2 ) + ... + f(x n )<(n-l)f(a) + f(x 1 +x 2 +... + x n -(n-l)a) 

Ta sedchong minh khaag ncnh nubg cho n +1 biea soatob lamhbbg minh 
fix j) + f(x 2 ) +... + f(x n+ 1 ) < nf(a) + f(x, + x 2 +... + x n+1 - na ) 

Khoag madtinh toag quab ta cobtheagiaiBOUx n+1 =max{jq,x 2 ,...,^„ +1 }. Afj dung giau 
thiebquy nap, ta cou 
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f(x 1 ) + f(x 2 ) + ...+f(x n )<(n-l)f(a) + f(x l +x 2 +... + x n -(n-l)a) 

Do nouneachobg minh khabg ncnh nubg cho n +1 biea soata chaacaa chobg minh 
f(x l +x 2 + ... + x n -(n-1 )a) + f(x n+l ) < f(a) + f(x 1 + x 2 + ...+ x n+1 - na) 

Do x n+l = max{x,,x 2 ,..., x n+i } va0fr >.*:, > a \/i = l,n nea ta COU 
b> Xl +x 2 +...+x n+l - na > x n+1 > a 
Do noitheo tinh chabl, ta cou 

f(a) + f(x l +x 2 +... + x n+l -na)> 

> /«X + x 2 +... + x n+l - na) + a- x n+] ) + f(x n+l ) 

= f(x i +x 2 +... + x n - (n-l)a) + f(x n+l ) 

Vay khabg ncnh nubg cho n+1 biea soaTheo nguyea lyuquy nap, khabg naih 
nubg voumo'i n> 1. 

Tinh chab2 nooc chobg minh. 

3. Tinh cha62\ 

Nea f(x ) laemofehaen loatrea [a,b] thi voumo'i i* 1 ’* 2G *- a ’^ thi 

[x l +x 2 +... + x n -(n-V)a<b 

ta cou 

f(x l ) + f(x 2 ) + ... + f(x n )>(n-l)f(a) + f(x 1 +x 2 +... + x n -(n-l)a) 

4. Tinh chafi3. (Heaquaucua ncnh lyiLarange) 

+ Nea f(x) khau/i baa 2 trea [ a,b ] vadocn trea [ a,b ] thi voumo'i x,x 0 e[a,b] ta 
cou 

f(x)>f'(x 0 )(x-x 0 ) + f ( x 0 ) 

+ Nea f(x) khau/i baa 2 trea [ a,b ] vadoatrea [ a,b ] thi voumo'i x,x 0 e[a,b] ta 
cou 

f(x)<f'(x 0 )(x-x 0 ) + f (x 0 ) 

Toetinh chabtrea, ta suy ra nooc babnabg thou Jensen noatieag. Cab ban hay thou 

chobg minh la'i baeg cabh sbCdung tinh chab3 xem nho laebabtap. 

Ilf 
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III. OUg dung vao bai hang thoo. 

Cab naih lyusau na|r coutheaxem nho laomofephoong phap chobg minh babnaag 
thob khaihiea quau(ban cuog nea toi'chbbg minh la? xem nho laobaotap, lou yilao 
neachobg minh chubg, ta chaaEaa duog cab tinh chabtrea laenutfi. 

1. Naih lyiiL. 

x 1 ,x 2 ,...,x n la 0n soathocthoa maci 
\) x 1 <x 2 <...<x n 

ii) XjG [a,b ] Vr =1 ,n 

iii) x x + x 2 +...+x n — C (C Iaehaeg so$ 

vagf laemofehaoi trea [ a,b ] thoa ma6/ loatrea [ a,c ] vadocntrea [ c,b ]. 

Na £F = f(x l ) + f(x 2 ) + ...+ f(x n ) 

Khi nou 

F hat min khi X 1 = x 2 = x 3 = ... = x k _ x = a,x k+l = ...= x n e [a,b ] (k = 1,2 ,...,ri) 

F hat max khi X 1 -x 2 - ... = x k _ 1 e [a,b], x k+1 = x k+2 - ... = x n = b (& = 1,2, ...,«) 

2. Nmh lyiiL'. 

x 1 ,x 2 ,...,x n la m soathoc thoa mao 

i) x l <x 2 <...<x n 

ii) x t G [a,b ] V/ =1 ,n 

iii) x 1 + x 2 +...+jc„ = c (C laehaeg so$ 

vagf laemofehaoi trea [a,b] thoa mao/ locn trea [ a,c ] vadoatrea [c,b]- 
Ua£F = f(x 1 )+f(x 2 ) + ...+f(x n ) 

Khi nou 

F nat max khi x ] =x 2 =x 3 =... - x k _ t = a,x k+1 =... = x n e [a,&] (k = 1,2,...,«) 

F nat min khi x, - x 2 =... = e [a,b],x k+1 - x k+2 = ... = x n = b (k- 1,2 
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3. Ncnh Iyi2. 

x v x 2 ,...,x n la 0 n soathoc thoa maa 

i) Xy <x 2 <...<x n 

ii) x t e (— oo,+oo) Vz = 1 ,n 

\\\) x l + x 2 + ...+x n = C (C laehaeg so$ 

vagf laemofehaen trea [a,b] thoa mao/ loatrea (-°°,c] vadocntrea [c,+ °°). 
Na §F = /(x 1 ) + /(x 2 )+...+/(x n ) 

Khi nop 

F na'tminkhi x x <x 2 = x 3 = ... = x n 
F fiat max khi x, = x 2 =... = x n _ x < x n . 

4. Ndih Iyi2\ 

x 1 ,x 2 ,...,x„ la 0 n soathoc thoa mao 

i) x 1 <x 2 <...<x n 

ii) x ( . e (-oo,+oo) V/ = 1 ,n 

\\\) x l + x 2 +...+x n -C (C laehaeg so$ 

vagf laemofehaen trea [ a,b ] thoa maa/ locn trea (-°°,c] vadoatrea [c,+°o). 
Na §F = /(x 1 ) + /(x 2 )+...+/(x„) 

Khi nop 

F fiat max khi x x < x 2 = x 3 =... = x n 
F na't min khi x x = x 2 =... = x„_ x < x n . 

IV. M ofesoeap dung. 

Vi dull. (VMEO 2004) 

Cho tarn giab nho'h ABC. Tim giaitronhoCnhabcua biea thob 
P = tgA+ 2tg5 + 5tgC 

111 


L oegiau 






Xebhaen soa/(x) = tg* v6uxe^0,yj. 

Ta cou 

f'(x) = tfx + \ 
f"(x) = 2tgjc(tg 2 jc+1) > 0 

=> /(jc) laehaen loan trea j 

Do noutheo tinh cha&haen loan, ta cou 

/(A) > /(arctg3) + f'(arctq3)(A- arctg3) = 3+10(A- arctg3) 
Toong to[ ta cou 

/(5) > /(arctg2) + / / (arctg2)(fi - arctg2) = 2+5(5 - arctg2) 
=> 2/(5) > 4+10(5 - arctg2) 

/(C) > /(arctgl) + / / (arctgl)(C- arctgl) = 1 + 2(C - arctgl) 
=> 5/(C) > 5+10(C - arctgl) 

Do nou 

P = /(A) + 2/(5) + 5/(C) 

> 12 + 10(A + 5 + C - arctg3 - arctg2 — arctgl) 

= 12 (vi A+5+ C = arctg3 + arctg2+arctgl =7i) 


N aug thou xay ra khi vaochaddni 


A = arctg3 
5 = arctg2. 
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Vf dui2. 

Cho caasoadoong a,b,c thoa 2\ab + 2bc+Sca<\2. Tim giaitronhoCnhabcua biea 
thoa 

„ 1 2 3 

P=-+-+- 
a b c 


L degiau 

12 3 ox 

Nafejc = -,y = -,z = -, baotoaa chuyea vea 

a b c 

x,y,z> 0 thoa 2x+Ay+lz<2xyz. Tim giaitronhomha&cua biea thoa 


P=x+y+z 

Khoag mabtinh toag quati ta chaaEaa xetitrooag hop 2x + 4y+lz = 2xyz laenuu(ta'i 
sao?). Nab x — yjlm,y = ^-.n,z-—^-.p thi ta cou m+n + p = mnp . Do noptoa 
ta'i tam giaonhon ABC sao cho m = tgA,« = tgfi,/? = tgC. Khi nouta cou 
P = ^j-.(14tgA+7tg£ + 4tgC) 


Xebhaen soa/0) = tg* vouxej^O,^- 
Ta cou 


f'(x) = t.q 2 x+l 

f"(x) = 2tgjc(tg 2 jc+1) > 0 

=> f(x) laehaen loan trea j 

Do noptheo tinh chabhaen loan, ta cou 

/(A)>/[arctg^|+/ / [arctg 


3^7 

7 


A-arctg 




l)l 
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3s/l 16 f . . 3y/l 

= +—. A-arctg^— 


> 14/(A) > 6a/7 + 32( A-arctg 


Toong to( ta cou 


f(B)>f\ arctg 


5yfl 


_ 5V7 32 

7 7 


|+/ I arctg 
5 V 7 


5>/7 


5-arctg 


5^7 


5-arctg 


> 7/(fi) > 5>/7 + 32| - arctg ^ 


/(C) > / (arctg V7) + /'(arctg V7)(c- arctg V7) 
= V7 + 8(c — arctgV7) 

=> 4 /(C) > 4V7 + 32(c - arctgV7) 


Do nou 


P = (A) + 7/(5) + 4/(C)) 

14 


>—.(15V7+32| A + 5+ C- arctgarctg-arctg V7 j 


= y (vi A + 5 + C = arctg^-+arctg^- + arctgV7 =71) 


b = *. 
5 



. 3^7 

A = arctg 

fm = 3 

N aog thoa xay ra khi vaochadchi • 

B — arctg j 

5 

« = -<=> i 
2 


C = arctgV7 

[5 = 2 


Va§f 


m 
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min P = 


15 


Vf dui3. (Pham Kim Hueg) 

Cho >0 thoa a l a 2 ...a n =1. chobg minh raeg voumo'i fc>0thi 

1 1 1 


(1 +a l f (1 + a 2 ) k 


(1 + a n y 


-> min<U,— 


I 1 -?} 


Chong minh. 

Nea n = 1 thi bafcnabg thoa naocho hiea nhiea nubg. 

Nea n = 2 

+ Nea 0< k <1 thi ta cou 

1 1 1 1 _ 1 1 
(1 + a/ + (1 + a 2 ) k ~\ + a x + \ + a 2 ~ l + a, + 1 + J_ 

a i 


+ N ea k > 1 thi ta cou 

—-— r + —-— T = a ' + \ ifc-y (theo batmaug thoa Holder) 

(1 + Oy) k (1 + a 2 ) k (a 1+ 1)* 2 k ~ l 

Xehn> 3 


Ta chobg minh bafinabg thoa nuag cho giaitrotouhan 1 = ^<^>k = log 2 n. 

Do n>3 nea n-l>k >1. 

Khi nou 

+ Vm > k, ta coi 



n 

2T 


+ Vm < k, ta coi 


1 


tia+^r 


>-L 


1 


s'a +a,y 




1 


bra+a.r 


>i 


m 
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Khoag mafctinh toag qua£igiai£6u0<a 1 <a 2 <...<a n . 


N a§ x l - lna p x 2 =ln a 2 , 


,x n = In a n thl 


jx } <x 2 <... < x n 

[xj + x,, + ... + x n =0 (do a ] a 2 ...a n =1) 


Xetihaen soa f(x) = - r 

(e'+l)‘ 


Ta cou 


rw= 


ke x .(ke x -1) 


(e x +l y +1 
f"(x) = 0dx = -]nk 

Toenouta cou/ loatrea (-°°,-lnk] vadocn trea [-ln£,+°o) 
=>Theo Ncnh Iyi2, ta cou 

„ A 1 A l 


^ , =E 

tr(l + « ; ) tf(l + e*‘) ; 


na'tmin khi x, <x. 


4-^ 


“ [(V + l/ ' (^ (n_1)f + iy 

I n-1 x ( "- 1} * 

1 (* + !)* (*"~ X +1)* 


(*> 0 ) 


(x = e f >l) 


Tiep theo, ta sectim min cua ham soag(x) = 


Ta COlV(x) = (n-l)fc 


n-1 


(x+iy (x n ~ l +iy 


( 1 ) 


- voux>l 


[(x n_i +i) w (x+iy 

g 7 ( X )=o <=> = (x n ~ l +iy 


{n-\)k-\ 

Ox k+1 .(x+l) = x n ~ 1 +l (2) 

1 

Nafc? = x* +1 =>i>l. Khi nouphoong trinh (2) tro fhaah 

t (n-l)k-l (jk+l + ^ _ t (n-l)(k+l) + ^ 

^ t tn-l)(M)_ t nk_ t tn-X ) k-l +l=0 


1)3 
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X ebhaoi soa hit) = - t nk - +1 vou t > 1 

Ta coiih' (0 = r ( " _,) *~ 2 .((n - l)(k +1 )t n - nkt k+l - (n -1 )k +1) 
h! (t) = 0 (n -1 )(k +1 )t n - nkt k+l -(n-l)k + l = 0 

Xebtiep hacn soam(t) = (n-l)(k + l)t n -nkt k+1 -(n-l)k+l vou/>l 
Ta COL im! (t) — n(k + Y)t k ((n — Y)t n ~ k ~ l - k) 

Chuiyiraeg n-l>k nea m / (t)>n(k + l)t k ((n-l)-k)>0 
=>w(0 laehaen noag bieatrea [l,+oo) 

Ta lai COUm(l) - (n-l)(k + l)-nk-(n-l)k + l = n(l-k) < 0, lim m(t ) = +oo 
Nea phoong trinh m(t) = 0 coinghieai duy nhab/ 0 >1 
=> Phoong trinh h'(t) = 0 coinghieai duy nhab/ 0 >1 
Bang biea thiea cua h(t) 


1 


h'd) 


0 + 



Cae cou/ao bang biea thiea, ta cou 

h(t) = 0 col2 nghieai phaa biefelaefl. vae^ >t 0 >1 

Do noug / (x) = 0 cou2 nghieai phaa bieblaol vaaf +1 >1. 
Bang biea thiea cua g(x) 


i ■+* 

X 1 t x 


.k +1 


g 7 (*) + 0 



1M 


Cae cou/ao bang biea thiea, ta suy ra 
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g(x) > minjg(l),limg(x)j = 1 Vx>l 


T6b( 1) vaeO), ta suy ra npcm. 

Vi dui4. (Vasile C irtoaje) 


Cho n>3,n&N,0<k< 


2n—1 
'( ft - 1) 2 


va0flj,a 2 ,...,a n > 0 thoa a l a 2 ...a n - 


raeg 


L oegiau 


i + i + + i < n 
yj 1 + ka } yjl + ka 2 y]l + ka n 4k +1 


N at y. = ka { (i = l,n) => y$ 2 —y„ = k n VOU k = yjyiy 2 —y n — 

natag thoa caa chobg minh troCthaah 

1 1 1 ^ « 


2ft -1 

in- 1) 2 


V 1+ >i V 1+ ^ V 1+ ^ 

Khoag mattinhtoag qua&giauBOuO< ^ < y 2 


Nat x l = ln y v x 2 = In y 2 ,...,x n = ln y n thl 
1 


x 1 <x 2 < ...<X n 

x l + x 2 + ... + x n -n\nk (do 


Xetihaen soa/(x) = 


(e x + iy 


1/2 


Ta COU fix) = eX ‘ (eX 2 X \ f"(x) = 0 X = In 2 
4(e x + 1) 5/2 

Tocnouta cou/ loatrea (-°o,in2] vadocn trea [ln2,+°o) 

=>Theo Ncnh Iyi2, ta cou 

P = V --— Tjy = Y --—T7T- na't max khi x = x~ =... = x 

%0 + yf 2 ' 2 


ft~l < 1 

47V\ + yle nhlkHn - l)t + \ 

ns 


(t<lnk) 


(3) 


1. Chobg minh 


. Khi nou bat 


a l a 2 ...a n = 1) 
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n -1 


yfx + l y}x n 1 + k n 


{x = e < k ) 


( 1 ) 


Tiep theo, ta sectim max cub haen soag(jc) = 


n — 1 


Vx+i V* n 1 +&” 


Ta coug / (x) = ^^. 


k n x : 


(. x n ~ l +k n ) 2 (x + l) 2 


g\x) = 0^>k n x 2 .(x+l) 2 =(x n ~ 1 + k n ) 2 

2 n n- 3 

<=> A: 3 x 3 .(* +1) = + k n 


( 2 ) 


2 2 

Na£f = * 3 =^t<k 3 . Khi nouphoong trinh (2) tro fhaah 

2n n-3 /" 3 \ 3CiHt) ' 

2 . r 2 +l =f 2 +k n 


3(n-l) 2n n 2n n-3 

<*f^-kJt i -kJi T +k n = 0 

"3foH!) 2n n 2n n-3 2 

Xetihaen soah(t) = t 2 -k 3 t 2 -k 3 t 2 +k n \/6ut<k 3 


Ta COUA / (0 = -i 3 -| 3(«-l>''-«& 3 ? 2 -(n-3)& 3 


h! (0 = 0 <=> 3(n -l)?' 1 -nk 3 1 2 —(n — 3)k 3 =0 

2n 3 2n 2 

Xe&tiep hacn soamO) = 3(«-l)?' 1 -«£ 3 ? 2 -(«-3)fc 3 voiif <& 3 


o 1 /” 2n-3 2n 

Ta COUw / (0=-^ : ^.| 2(n-l)f 2 -A: 3 


m ' (t) = 0 <=> t 0 = 


2(n -1) 
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Do 0<k< 


2n—l 
(n- 1) 2 


nea t 0 <k 3 . Qua t Q thi m 7 (0 noadaa tooaai sang doong nea 


m(t) nghoch biea trea (0,f 0 ] vaenoag biea trea 


Ta lai COUm(0) — 3 — n <0,m\ k 3 |= nk 3 (2 — k) > 0 | do 2 > > k 


Nea phoong trinh m(0 = 0 coinghiean duy nha&Oc^ <k 3 . 


=> Phoong trinh h'{t) = 0 coinghieai duy nha6 0<r 1 <k 3 
Bang biea thiea cua hit) 


t 

0 

h k 2/3 

h\t ) 

- 

o + 

Kt) 



Cae cou/ao bang biea thiea, ta cou 

h(t) = 0 col 2 nghieai doong phaa biefelaefe 2/3 vaer 2 <t 1 . 

Do noug / (x) = 0 coi2 nghieai doong phaa biefelaoA: \ia&l /2 < t? 2 < k. 
Bang biea thiea cua g(x) 



Cae cou/ao bang biea thiea, ta suy ra 

g(x) < max{g(0), g(fc)} = \/x<k (3) 


To 0 (l) vao(3), ta suy ra npcm. 


in 
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Vi dui5. (VodQuoa BaiCaa) 


Cho caa soathoc x,y,z thoa 


(-V3,V3) 
x+y+z =1 


Tim giautrolob nhafc vaogiautro 


nhomhafccua biea thoo 


P(x,y,z) 


x 2 +\ y 2 +l z 2 +1 


L oegiau 

Khoag mafctinh toag quatt ta coilheagiatebCu< y < z 


Xebhaen soa/(*) = ^— vouxe (S,y/3) 
x + 1 v ' 

Ta cou 


f'\x) = 


x(x 2 -3 ) 


(* 2 +ir 

f"{x) = 0^x = 0vx = ±j3 


Qua 0 thi f"(x) noadaa toodoong sang aai nea f{x) locn trea (-V3,o] vaoloa 
trea [o,V3). 

Do noptheo Ncnh lyuL', ta couP(x, y,z) = f(x)+f(y)+f(z) natmax khi 

(x = y = z ^\x = S,y = Z v \x=y = -y[3 
\x + y + z = l \x + y + z = l \x+y + z = l 


Hay 


c = S 


V3 + 1 N 


= y=-y/3 
= 1 + 2^3 


(loa'i) 


Ta laT cou 


1^3 3 3 ) 10 


ns 
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^^+171+0 5 + 4^9 

[ 2 2 J 4(4+73) 10 

Do nou 

9 

maxF(^,y,z) - —. 

Cuogtheo Ncnh lyiiL\ta couP(jc,y,z) = f(x)+f(y) + f(z ) na'tmin khi 

(x=y = z v [x = y,z = S v \y = z = S 

|X+y + Z=l | X + } ; + Z= l [jC+J + Z = l 


Hay 


1 

x=y=z=-v 


_ l-S 
2 \ 




7c = 1 - 2>/3 
J = z = 73 


(loa'i) 


Ta la'i cou 


1 1 1 

3’3’3 


_9_ 

'lO 


1-73 1-V3 


,s 


5-473 

4(4-73) 


Va§f 


min P(x,y,z ) = 


5-473 

4(4-73)' 


Ke&luaa 


max P(x, y, z) = — 


min P(x, y, z) = 


5-473 

4(4-^) 


m 
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M\ dui'6. (C rux mathematicorum) 

Cho caa soakhoag aan x l ,x 2 ,...,x n {n> 2) thoa x l + x 2 + ...+x n = 1. Chong minh 
raeg 



Chong minh. 

Xebhaen soaf(x) = J—— vfiujce [0,1]. 

Vl + x 


Ta cou 


f „( X ) - ---- gi?)^*** 

(1 + X)\l-X)yl(l + X)\l-X) 

f ,, (x) = 0^x = - 
2 

Qua ^ thi f"(x ) noadaa toadoong sang aan nea f(x) loon trea ^0,^-J vadoatrea 
^,lj. Do noptheo Ncnh lyifl.', ta cou P = f(x l )+f(x 2 )+...+f(x n ) na'tmax khi 


U ~ x 2 —... = = 0,x m+1 - x m+2 =... = x n (m = 0,n — 1) 

]*! + *2 + =1 


Hay 



1 (m- 0,n-l) 

n-m 


+ Nea m = n- 1 thi ta cou 


^ = /(*i) + f(x 2 ) + ... + f(x n _ i) + /(*„) 
<(n-l)/(0) + /(l) 

— n — 1 


< w — 2 + 


vs 


a) 
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+ Nea m<n- 1 thi ta cou 

P = f (*,) + f(x 2 ) + ...+ f (x n _i ) + / (x n ) 


<m/(0)+(n-m)/ 



-n-t + t 


= m + (n- - 

— w + 1 



= g(0 

Trong nour = «-me [2,«]. 

Ta cou 

t 2 -J(t + i) 3 (f-l> 

> 4 -(t+l) 3 (t-l) 

V(f+l) 3 (f-l) (r + V(« + l) 3 (»-l)) 

__ -2t 3 + 2t 2 + l _ 

+ (? 2 + V(? + l) 3 (?-l)) 

<0 (do r >2) 

=> g(r) laehaen nghoch biea trea [2,n\. 



^P<n-2+^= ( 2 ) 

V 3 

Tob( 1) vaia(2) suy ra trong mol trooag hop, ta luoa cou 

P<n-2+-^= 


=> npcm. 
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Vf dui 7. 

Cho caa sosthoc doong a,b,c thoa abc = 1. Choag minh raeg 

—^-h—^-1—^-<3 

a 2 —a+ 1 b 2 -b +1 c 2 -c +1 


Nhaa xet 

Ta coutheanafc a = e x ,b = e y ,c = e z (x,y,ze 1 ) thi ta coux + y+z = 0. Nea nay, 

nea laen theo each laen trea, ta seoxetihaen soa fit) = 1 , — neaxem f(t) cou 

e ‘ -e* +1 

laohacn noa loanoa locn hay khoag. Nhong ruuthay, fit) la'i khoag phaulaohacn 

noa loanoa locn. Thafevap, ta cou f"(t) = e ^ e ~ 3e ~ 3< ; +1 \ Deatha^f f"(t) 

0 -e f +l y 

cou2 nghieai phaa biefenea fit ) khoag phaulaohacn noa loanoa locn. Vajjr phau 
laen sao ba§r giog Laen thesna 0 nea/66't qua noina|f? Sau na|r giauphap cub toacho 
vaa ne&rea 
Chohg minh. 

Ta coiBoanesau 

BoaneaVoumo'i soathoc doong a,b,c thoa abc = 1, ta cou 

Pia,b,c) = ^ -+ ^—>1 

a +a +1 b +b +1 c +c +1 


Choag minh. 

Do a,b,c> 0 \ld0abc = l nea to a ta I x,y,zeR sao cho a=e x ,b = e y 

nouta coixc+y + z = 0 va 0Pia,b,c) = fix) + fiy) + fiz) vou f{t) = — 

e 

Ta cou 


,c = e z . Khi 

_L_ 

+ e l + 1 ' 


f"it) = 


e'jAe’ 1 +3e 2t -3e l - 1 ) 
ie 2t +e‘+ 1) 3 
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Deatha^r f"(t) = 0 coiduy nhaSmodnghiean t 0 vaoqua t 0 thi f"(t) hoadaatdoaan 
sang ddong nea fit) loatrea i~°°,t 0 ] vadocn trea |> 0 ,+°°) nea theo Nmh Iyu2, ta 
cou P(a,b,c) na'tminkhi x<y = z. Do nopta chaa:aa choag minh 


f(x) + 2f(y)>l 

1 


e 2x +e x +l e 2y +e y +l 
V6llx,yel thoa x + 2y = 0. 

Ta cou 

2 1 


>1 


(*)*> 


1 


1 


m~ + m +1 
2 

m 2 + m +1 m 4 + m 2 +1 
2 


> 1 (m = e y ) 


>1 


>1 


m' + m + l (m“ + m + l)(m“-m + l) 
o 2(m 2 - ra +1) + m 4 > m 4 + m 2 +1 
<=> (m-1) 2 >0 (nuag) 

Toena§r, ta suy ra nooc 

P(a,b,c) > 1 

Boaneanooc choag minh hoaa toaa. 

Naagthooxay ra khi vaachadchi a = b = c = 1. 

TroQa'i badtoaa cub ta 

ToeBochedrea, thay a,b,c laa loot bou-^-r.-V, ta hoot 

a 2 b 2 c 2 


(*) 


1 , 1 1 " 
h ¥ + c J+ c 2 + 


> — i ~-1—~- 1—^~ > 1 

a 4 + a 2 +l & 4 +& 2 +l c 4 +c 2 +l 
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a 2 + 1 b 2 +1 c 2 +1 

0 0 4 + « 2 +l + fe 4 +6 2 + l + c 4 + c 2 + l 
.. 2(a 2 + l) 2(f> 2 +1) 2(c 2 +1) ^ 

a 4 + a 2 + l b“+b 2 +1 c 4 +c 2 + l 

(a 2 + a +1) + (a“ — a +1) (Z? 2 + b +1) + ( b 2 —b + 1) 

^ (a 2 + a + l)(a 2 - a +1) (b 2 +b + l)(b 2 -b + 1) 

, (c 2 +c + l) + (c 2 -c + l) ^ 1 
(c 2 + c + l)(c 2 -c + l) 

-l+flV-]s4 

\^ c a 2 -a + 1J ^a 2 +a + lJ 

Lai ap dung Boanectrea, ta cou 
^ 

cyc CL + CL + 1 

Nea to 0 (**), ta suy ra nooc 

cyc a — a +1 
=> npem. 

N aog thou xay ra khi vaechaddii a = b = c = 1. 
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Babtap. 


Bail. (VMEO 2005) 

Cho a,b,c laocab soathoc doong cho troob va 0x,y,z Ia 0 cab soathoc doong thoa 
mao ax+by+cz = xyz. Tim giaitronhoCnhabcua biea thob 
P=x+y+z 


Bail. (Pham Kim Huog) 

Cho a,b,c laocab soathoc khoag aai. Chobg minh raeg 


b + c 


b 

c + a 


a + b 


> min-12,^4 Vfc>0 


Bail. (Crux mathematicorum) 

Chobg minh raeg voumo'i so&hoag aai a,b,c ta cou 




48 a 
b + c 


48 b 
c + a 




48c 
a + b 


>15 


Bai4. 

Cho tarn giab khoag tuoABC. Chobg minh raeg 

cos 2 A cos 2 B cos 2 C ^ 1 

- 1 - 1 -> — 

cosA + 1 cosfi + 1 cosC + 1 2 


Bail. 

Xebcab soathoc khoag aai x l ,x 2 ,...,x n thoa mao 


x l +x 2 + ... + x n 
n 



Chobg minh raeg 

1 1 1 ^ n 

-- 7 + ...1 - y >- y 

1 + Xj 1 + x 2 1 + x n \ + r 

H5 
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Ba 06 . 

Xeticao soathoc khoag aai x v x 2 ,...,x n thoa mao 

x l +x 2 + ... + x n I n -1 

n \n 2 -n +1 


Choog minh raeg 


1 1 1 ^ n 

- y H- y + ... H- y < - y 

1 + Xj 1 + x 2 1 + X n 1 + r 


Ba07 . 

Xeticab soathoc khoag aai x l ,x 2 ,...,x n thoa mao 


4 


x } x 2 ...x n 


= p< 


1 

n -1 


Choog minh raeg 


1 | 1 | 1 < n 

1+Xj l + X 2 1 + 1 + p 


Ba 08 . 


Xeticab soathoc khoag aai x l ,x 2i ...,x n thoa mao 


njx 1 x 2 ..jc n 



Choog minh raeg 

1 1 1 n 

(l + *i) 2 + (1 + X 2 ) 2 + "' + (l + x n ) 2 - (1 + pf 

Ba09 . 

Cho tarn giab ABC. Tim giaitronhomhafkua cad biea thod 


P = sin A. sin 2 B. sin 3 C 

Q = sin m Asm"B.sin^ c ( m,n,p laiacab so&hoc doong cho trood) 
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CAti BA0TOAM CHON LOC 

—-oOo—- 


Baetoah 1. (Pham K im H uag) 

Cho a,b,c laocab soathoc khoag aai. Chobg minh raeg 

ab be ca ^a+b + c 

-+-+-<- 

a + 4b + 4c b + 4c + 4a c + 4a + 4b 9 

L oegiau 
* Cabh 1. 

Ta coibabnabg thob caa chobg minh toong noong vou 

ab(4a + 4b + c)(4a + b + 4c) < 

<(a + b + c)(4a + 4 b + c)(4a + b + 4 c)(a + 4b + 4c) 

<=> 4JV +16^ab 3 >llJV6 + 3jVfc 2 + 6JV 2 bc 

eye eye eye eye eye 

o4^a 4 +ll(a-b)(b-c)(c-a)(a + b + c) + 5^ab 3 >3^a 2 b 2 +6^a 2 bc 

eye eye eye eye 

K hoag mabtinh toag quab giaCBOu« = min {a,b,c} 

N a %b = a + x,c = a + y 
Khi noqta cou 

^ a 4 = 3a 4 + 4(x + y)a 3 + 6(x 2 + y 2 )a 2 + 4(x 3 + y i )a + x 4 + y 4 
^ ab 3 = 3a 4 + 4(x + y)a 3 + 3(x 2 + y 2 + xy)a 2 + (x 3 + y 3 + 3xy 2 )a + xy 3 
^ = 3a 4 + 4(x + y)a 3 + 2(x 2 + y 2 + 2xy)a 2 + 2 (x 2 y + xy 2 )a + x 2 y 2 

a 2 bc = 3a 4 + 4(x + y)a 3 + (x 2 + y 2 + 5xy)a 2 + {x 2 y + xy 2 )a 

(a - b)(b - c)(c - a)(a + b + c)- -xy(x - y)(3a + x + j) 

= -3xy (x - y)a - x 3 y + xy 3 


in 
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Do nopbabnabg thob caa chobg minh toong noong vou 

21(x 2 + y 2 - xy)a 2 + ( 2lx 3 + 21 y 3 - 45 x 2 y + 36xy 2 )a + 

+ 4x 4 + 4 y 4 -11 x 3 y - 3 x 2 y 2 + I6xy 3 > 0 


<=> 21 (x + y - xy)a~ + (2br + 2ly - 45 x y + 36xy~)a + 

+ (x-2y) 2 (4x 2 + 5xy+ y 2 )> 0 (nubg) 

=> npcm. 

N abg thob xay ra khi vaechadchi a=b = c hoae a = 0,b = 2c vaecab hoan votoong 
obg. 

* Cadh 2. 

Ta cou 


3 ab 


a + 4b + 4c 


+ b j=4(a + Z? + c).]T — 


+ 4b + 4c 


Do nopbabnabg thob caa chobg minh toong noong vou 


. 1 


(*) 


4a + 4b + c 4b + 4c + a 4c + 4a + b 3 

Khoag mabtinh toag quab ta coitheagiaiE6ua+6+c = 3. Khi nopta cou 

(*)<^ — + — + — <i 
4-c 4-a 4-b 

o £ a(4 - a)(4 -b)<(4- a)(4 - b)(4 - c ) 

<=> a 2 b + b 2 c + c 2 a + abc < 4 

Nho va§f, neachobg minh babnabg thob naccho, ta caa phaDchobg minh 

a 2 b + b 2 c + c 2 a + abc< 4 (**) 


Khoag mabtinh toag quab ta coitheagiaCBOu^ naei gioa a va 0 c. 
Do nou 

c(a — b)(c—b) < 0 
o b 2 c + c 2 a < be 2 + abc 

<=> a 2 b + b 2 c + c 2 a + abc < a 2 b + be 2 + 2abc = b(a + c) 2 


ns 
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M adkhab, ap dung bab natag thob A M -G M, ta cou 

2b(a+c) 2 =2b.(a+c).(a + c)<^ 2b + ^ a + C ^ + ^ a + C ^ j =8 

=> b(a + c) 2 < 4 

Va§f 

a 2 b + b 2 c + c 2 a + abc < 4 
=>npcm. 

N abg thob xay ra khi vaechadchi a=b = c hoae a = 0 ,b = 2c vaecab hoab votoong 
obg. 

Baetoab 2. (Pham K im H uag) 

Cho a,b,c laocab so&hbc khoag aai thoa mad a+b+c = 3. Chobg minh raeg 

36 (ab + bc + ca) > (a 3 + b 3 + c 3 )(a 3 b 3 + b 3 c 3 + cV) 

L oegiaii 

N ad f(a,b,c) = 36 (ab + bc + ca) - (a 3 + b 3 + c 3 )(a 3 b 3 + b 3 c 3 + c 3 a 3 ) 

Khoag mabtinh toag quad giateoua >b>c >0 
Khi nouta cou 

ab + bc + ca> a(b + c) 

a 3 + (b + c) 3 >a 3 +b 3 +c 3 > 0 

a 3 (b + cf = a 3 b 3 + ac + 3 a 3 b 2 c + 3 a 3 be 2 > a 3 b 3 + a 3 c + b 3 c > 0 
=> (a 3 + (b + c) 3 ) a 3 ( b + c) 3 > ( a 3 + b 3 + c 3 )(a 3 b 3 + a 3 c 3 + b 3 c 3 ) 

=> 36 (ab + bc + ca)-(a 3 +b 3 + c 3 )(a 3 b 3 +a 3 c 3 + b 3 c 3 ) > 

> 36 a(b + c) - ( a 3 + (b+ c ) 3 ) a 3 (b + c) 3 

Do nou 

f(a,b,c)>f(a,b + c, 0) 

= f(a,3-a,0) 

= 36a(3 - a) - a 3 (3 - a) 3 (a 3 + (3 - a) 3 ) 

= 9a(3 - a)(a 2 -3a + 2) 2 (a(3 - a) +1) > 0 


21 ) 



Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


=>f(a,b,c)> 0 (npcm) 

N aog thoa xay ra khi vaiachadchi ( a,b,c ) = (2,1,0). 

Baotoah 3. (Pham K im H uag) 

Cho a,b,c,d> 0 thoa mao a+b+c+d = 4. Choog minh raeg 

(1 + a 4 )(1 ■+ b 4 )(1 + c 4 )(1 + d 4 ) > (1 ■+ a 3 )(1 + b 3 )(1 + c 3 )(1 ■+ d 3 ) 

L degiau 
+ Caah 1. 

Khoag mafctinh toag quatigiaiEoua >b>c>d >0 
* Trodog hop 1. a>3=>Z? + c + d<l=>0<6<l,0<c<^,0<d<^. 
=> (1 + a )(1 + b 4 )(1 ■+ c 4 )(1 ■+ d 4 ) - (1 ■+ a 3 )(1 ■+ b 3 )(1 ■+ c 3 )(1 ■+ d 3 ) > 



= |.( a 3 - 2)>0 


=> (1 + a 4 )(1 ■+ b A )(1 ■+ c 4 )(1 ■+ d 4 ) > (1 ■+ a 3 )(1 ■+ b 3 )(1 + c 3 )(1 ■+ d 3 ) 
* Trooog hop 2. 3>a>b>c>d>0 

Ta coibafcnaog thoa caa choog minh toong noong vou 
£(2ln(l + a 4 )-2ln(l + a 3 ))>0 

Xe&haen soa/(x) = 2ln(l+x 4 )-2ln(l+x 3 )-x+l v6iiO<x<3 
Ta cou 

z 8x 3 6x (x-l)(-x 6 + x 5 + x 4 + lx 2 +jc + 1) 

} x 4 + l~ x 3 +l~ ~ (x 4 +l)(x 3 +l) 
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Deahay/ / U) = 0 chas:oi2 nghieai doong phaa biefeladL va 0 t o e (2,3). 

Qua 1 thi/ ; (x) noadaa toeaai sang doong, qua^ 0 thi/ ; (jc) noadaa tbodbong 
sang aai nea 

f(x ) > min{/(l),/(3)} = min{0,2(ln41-Inl4-1)} = 0 Vxe [0,3] 

=> 21 n(l + X 4 )-21 n(l + ! 3 )>^-1 Vx6 [0,3] 

^£(2ln(l + a 4 )-2ln(l + a 3 ))>£(a-l) = 0 

=> npcm. 

N abg thob xay ra khi vaachadchi a = b = c = d = 1. 

* N haa xeh 

Baeg cabh laen hoao toao toong to)' ta coikebquateau 
Choa,b,c,d >0 thoa mao a+b+c+d = 4. Khi nouta cou 

(1 + a k+1 )(1 + b k+1 )(1 + c k+1 )(l + d k+1 )>(l + a k )(l+b k )(l + c k )(l + d k ) \/k>2. 

+ Caoh 2. 

Ta seochbbg minh bafcnabg thob nacbaeg phoong phap phao chobg. 

Giausbungbot la'i toa ta'i boa soakhoag aai ( a,b,c,d ) thoa a+b + c+d = 4 sao 
cho 

(1 + a 4 )(l + Z? 4 )(l + c 4 )(l + d 4 )<( 1 + a 3 )(l + b 3 )( 1 + c 3 )(l + d 3 ) 

Khoag mabtinh toag quati ta coitheagiateoua <b<c<d. 

Nab F k = (1+ a k )(l+b k )(l+c k )(l+d k ). Theathi theo babnabg thob Bunhiacopxki, 
ta cou 

F 4 .F 2 >F 3 2 ,F 3 .F 1 >F 2 2 ,F 2 .F 0 >F 1 2 (1) 

Theo giauthiebphao chobg thi 

F 4 <F 3 (2) 

Tob( 1) vao(2) ( ta suy ra hoot 

F 4 <F 3 <F 2 <F 1 <F 0 = 16 (3) 
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TO0(3), ta C0Ud<2. 

Neadaa toumaa thuaa vou(3), ta sebchobg minh 

F 3 >Fi (4) 


Thafeva^f 

(4) <=> (1 - a + a 2 )( 1 - b +b 2 )( 1 - c + c 2 )(l - d + d 2 ) > 1 


3 , (2a -1) 2 

4 4 


<=> 1 + 


(2a-1) 




(2b-l) 2 


3 | (2d-lf 

4 4 

(2d-\f 


^a + x 2 )(l + y 2 )(l + z 2 )(l + t 2 )>\ 1 + 


x+y+z+t 


(5) 


TrnnnfWl _ 2 « “ 1 _ “ 1 _ 2c “ 1 _ ^ ~ 1 
9 ,/3 ,y_ £ ,Z ~\/3 ‘ 


ToehobxetibaSnabg thob 

(1 +A^Xl + fi 7 ) >| 1 + | ~~~ 


( 6 ) 


<=> -.(A-B) 2 (S-A 2 -6AB-B 2 ) >0 


Ta tha^f nea A+B<2 thi ba&nabg thob trea nubg. 

T 00 a <b<c<d<2, ta deadaag chobg minh hoot \ x + t<2 _ do noptheo (6), ta 

[y + z<2 


cou 


(l+x 2 Xl+» 2 )> 



(!+/)(!+z 2 )> 1 + 


y + z 
2 
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TO! 


>(l + x 2 )(l + y 2 )(l + z 2 )(l + t 2 )> 


.. \x+t< 2 ,x + t y + z 

^nu b rnn_ lZ _* 


X + t 

~Y~ 


y+z 

2 


ta cou-+——— <2. Do noutheo (6), ta la'i cou 

y+z <2 2 2 



=> (5) nubg 
=> (4) nubg. 


Toena^f daa nea maa thuaa. 

Va^r ta phaucou 

(1 +fl 4 )( 1 + b 4 ){\ +C 4 )(l +d 4 )>( 1+fl 3 )(l+ b 3 )( 1+C 3 )(l+rf 3 ) (npcm) 


N abg thob xay ra khi vaocha&hi a = b = c = d = 1. 

* Ghi chuu 

Ngoao2 cabh chobg minh trea, ta coa coimofecabh chobg minh noa laschobg minh 
babnabg thob manh hon nho sau 

Cho a,b,c,d> 0 thoa mao a+b + c+d = 4. Khi nouta cou 

(1 + a 2 )(l + b 2 )(l + c 2 )( 1 + d 2 ) > (1 + a)(l + b)(l + c)( 1 + d) 


Chong minh. 

Ta coibabnabg thob caa chobg minh toong noong vou 

f(a,b,c,d) = ( 1 + a 2 )(l + b 2 )(l + c 2 )(l + d 2 ) - (1 + a)( 1 + b)( 1 + c)(l + d) > 0 

Ta coiNhaa xebsau 

Nhaa xet Nea a+b<2 \iam>x>b thi 
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f(a,b,c,d)>f(x,a+b-x,c,d ) 

Thafcva^f 

f (a,b,c,d) - f (x,a +b -x,c,d ) = 

= (a- x)(x - b)((c +1 )(d +1) - ( c 2 +1 )(d 2 +1 )(ab - x 2 + ax + bx - 2)) 

Toenafr, soCdung giaithieb ta deadaag chobg minh nooc 

f(a,b,c,d)> f(x,a + b-x,c,d) 

N haa xebnoo'c chobg minh. 

TroGa'i babtoab cub ta 


Khoag mabtinh toag quab ta coutheagiausoua <b<c<d vaonafc x = - 


thi ta coua + c<2 vast >x>a. Do noutheo Nhaa xetitrea, ta cou 

f(a,b,c,d)>f(a + c-x,b,x,d) (1) 


^ (a + c- x) + b + x 

Chuiyiraeg * = -- y -nea nea 


[ x = m.m{x,b,a + c-x) 
x = max{x,b,a + c-x} 


thl ta COIk 


-a+c-x nea f(a + c-x,b,x,d)-f(x,x,x,d ) 

GiaCsoChgooc la'i, khi noicoi2 trooag hop xay ra 

b<x<a + c-x (2) 

b > x > a + c - x (3) 


La'i soCdung Nhaa xeb ta nooc 

(2) => f (a + c-x,b,x,d) > f(x,a + b + c-2x,x,d)~ f(x,x,x,d ) 

(3) =» f (a + c-x,b,x,d) > f (a+b + c -2x,x,x,d ) = f(x,x,x,d ) 

Torn la'i, trong mo'i trooag hop, ta luoa cou 

f (a + c-x,b,x,d) > f(x,x,x,d) 

=> f(a,b,c,d) > f(x,x,x,d) 


M afckhab, ta cou 


f(x,x,x,d) = 


=f 



3 3 ) 
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= —.(d~l) 2 (d 6 - 22 d 5 + 223 d 4 -1268 d 3 +4210 d 2 -7564J +6364) 
729 

>0 

Nea toia(4), ta suy ra hoot 
f(a,b,c,d) > 0 
=> npcm. 


Baetoah 4. (Pham K im H uag) 

Cho x ll x 2 ,...,x n laiacab soathoc doong thoa mad 


Chong minh raeg 


±*,=±- 

i=i i=i x i 


j-fxf + n-l 

L oegiaii 

Nea n = l,n = 2 thi babhang thon naccho tro&hanh hang thon. 


Xeb«>3 


Nad y = — (i = \, n ) thi Yy i =y —. Khi nopbabnang thob caa chobg minh toong 

Xi M M Ji 

noong vou 

f — 

«E— 

S ( n - 1)>;'+1 

Giafeorngoot la! Y -— 5 —<1. 

ft , (#!-l)y? + l 

N ad a, =-^- (i = 1 ,«) thi a. >0 V/ = l,n, V a. < 1 va0_y. = ——Vi = l,n 

(n - l)yf +1 ' tf \ (n-!)£!,. 
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I" _ . 

N a§ h = —— V/ = l,n,a = V a. 
' n-l tr' 


Ta cou 


<1=> 1-a, = (n-l)fc,. Vi = !,«=> j ( . = 




Ta chobg minh 




1 -a. 

(n -1 )a i ]l a t 


(*) 


Vi =l,n 


Thafeva^f, ta cou 

Vw-l-I ]( 


\b i W ] _ y 1 (n - V)b i - (n -1 )a t 
Ia t ]jb t J yja.(n-l)b t 

-(n-l)a. 




= L 


= L 


^.(a-ap ^/a.Ca-a,) 

£ a, 

k*i,k* j 


i<i<7<« yja^j(a - a^ici - cij). ( ■sja i (a-a i ) + ^a ; .(a-a ; .) j 


>0 


= £ 


(a t ~ cij ) 2 (a -at—a j) 


i<i<j<n ^jciidj (a - a t )(a - a,). (^/a, (a - a,) + ^a ; (a-a ; )) 



>(*) nubg. 
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Va§f Yy. > V — >Y P>f-.Niea na§r trauvougiaCthiefc 

M MFi tp 

V a§f ta phaucouY-— > 1 (npcm). 

5 +l 


Baotoan 5. (Pham K im H uag) 

Cho a,b,c laiacab soethoc doong thoa mao abc = 1. Chobg minh raeg 

i. 81(1 + a 2 )( 1 + b 2 )( 1 + c 2 ) < 8(a + 6 + c) 4 

ii. 64(l + a 3 )(l + & 3 )(l + c 3 ) <(a+b + c) 6 


L oegiau 

i. Nafc /(aAc) = 8(a + 6 + c) 4 -81(1 + a 2 )(l + b 2 ){ 1 + c 2 ) 


Troob hebta chobg minh raeg 

^>8^2x + 4j -81(l + x 2 ) 2 |\ + ^j>0 

8(2x 3 +1) 4 - 8U 4 (1 + x 2 ) 2 (1 + x 4 ) > 0 
l) 2 (47x 10 + 94x 9 -2lx* + 120.x 7 + 

+ 99.x 6 + 78x 5 + 87.x 4 + 96x: 3 + 24x 2 +16x: + 8) > 0 (n ubg) 


Va§l 


f{^} 0 (t) 

Tiep theo, khoag mabtinh toag quabgiaiEoua >b>c. Ta chobg minh 

f(a,b,c) > f [4ab ,y[ab ,c) 


08 (a + b + c ) 4 - 81(1 + a 2 )(l + b 2 )( 1 + c 2 ) > 

> 8(2 Jab + c ) 4 - 81(1 + ab) 2 ( 1 + c 2 ) 

<=>8 ^(a + b + c) 2 +(c + 2y[ab^ + 2 cj> 

> 81(a -Z?) 2 (l + c 2 ) 


m 
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<=> 8^(a + Z? + c) 2 +[c + 2y[ab} + + 2 cj- 

-8l(V^+V^) 2 (l + c 2 )>0 

«8 f (yfa + yfb^ +c-2y[ab \ + {c + 2yfab ) |(Va+V&) +2 c 


-81 (yfa + yfb) (1 + c 2 )>0 (**) 

Na §t = (y[a+\[b^ =>t>4yfab>4>4c 

Xebham soa g(t) = 8 ^jt + c- 2y[abf + (c + 2 4ab)~ j(f + 2c) -81/(1+ c 2 ) 


Ta caa chobg mi nh g(t) > 0 
Ta cou 

g'(t) =8^(t + c-2y[ab'} +(c + 2y[ab ) j+16(/ + 2c)(/+ c-2VaZ?)-81(l + c 2 ) 
> 8^4y[ab + c-2yfab^ +{c + 24ab ) 

+ 16^4 yfab + 2c)(4Va& + c-2Va&)-81(l + c 2 ) 

= 3^16(c + 2 Jab') - 27(1 + c 2 ) j 

= 3 [64ctb - 27 + 64cJab - 1 lc 2 ) > 0 
=> g(t) noag biea. 

=> g(t) > f[4jab) = 4^8 [c + 2jab') -81(1 + c 2 )Jab^j 

= 4^i + 2fj -81^1 + ^jj (t = Jab> 1) 

4(64r* - 81/ 7 + 96? 6 - 33/ 3 +1) w ^ 

=-t->0 V/>1 

t 6 

=>g(t)> 0 

=>(**) nubg. 

=> f(a,b,c)> f{y[ab,Jab,c)-f{Jab, Jab, j>0 (do (*)) 
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=> npcm. 

ii.Troob hebxin nooc nhae lai khoag chobg minh keSquateau 

Cho cab soethoc doong a,b,c. Khi noptoa ta'i cab soathoc x 0 ,y 0 ,x l ,y l (x 0 ,x l ,y l > 0) 

sao cho 

2x 0 + y 0 -2x 1 + y l -a + b + c 

Xg + 2x 0 y 0 = xf + 2x l y l - ab + bc + ca 

4y 0 ^ ahc ^ x h\ 

Ngoabra 

+ N ea (a + b + c) 2 > 4 (ab + bc + ca) thl y 0 < 0 
+ N ea (a + b + c) 2 < 4(ab + bc + ca) thl y 0 > 0 

TroQa'i babtoab cua ta 

Ta coibabnabg thob caa chobg minh toong noong vou 

64 l + ^ 3 +5;flV+flW \<(a + b + c) 6 


<=> 64 2 + ^fl 3 + ^a 3 b 3 |< (a + b + c) 6 

^ eye eye J 


<=> 64^2 a 2 b 2 c 2 + abc £ a 3 +^a 3 b 3 j< (a+b + c) 6 
Khoag mabtinh toag quabgiausoua+Z>+c = l. Na£ q = ab+bc+ca,r = abc . Khi 


nopbabnabg thob caa chobg minh toong noong vou 

2 r 2 + r( 1 -3 q + 3 r) + q 3 - 3qr + 3 r 2 < — 

64 

o/(r) = 8r 2 + (l-6 ? )r + ? 3 --i r <0 


Ta cou 


f'(r) = I6r + l-6q 
f"(r) = 16 >0 
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=>f(r) laehaen loon. 

* T rooog hop 1. Aq > 1 => j 0 > 0 => 0 < x 0 < ^ 
=> f{r) < max{f(x^y 0 ),f(xfy ] )} 


Ta coi 


/(4>o) = 

= 84 yl + (1 - 6(4 + 2x 0 y 0 ))x 2 y 0 + (x 2 0 + 2x 0 y 0 ) 3 - J- 

64 

= ( 2x o ~ 1X10244 ~3684 + 264 4 ~ 6Q 4 + 2x 0 +1) < 0 < x <- 

64 0 - 2' 

T oong toi ta coif (4)4 ^ 0 
=>/(4<0 

* Trooog hop 2. 4g<l 

^/(r)smax{/(0),/(*?*)} 


( 1 ) 


Theo trea, ta coif ( 4)4 <0 


Ta la'i coif(0) = q 3 -< --= 0 


64 


1 


64 


=> fir) < 0 

T 00 ( 1 ) vac(2) ta suy ra npcm. 

Baotoao 6. (Greece 2002) 

Cho a,b,c> 0 thoa a 2 +b 2 +c 2 = 1. Chbbg minh raeg 


( 2 ) 


b 2 + 1 c 2 + 1 a 2 +1 4 


>—.(ay[a +by[b + c-\/c) 


L oegiaii 

Afl dung bafcnaog Bunhiacopxki, ta cou 


ni 



Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


a _y a 3 ^(aja+by/b + cyfc) 
£ a V + a 2 " £ (a 2 + a 2 b 2 ) 

[a4a +byfb + cVc) 
(a\[a+b\lb +cy[c^ 


l + -.(a 2 +b 2 + c 2 ) 2 
3 

(a-s/a + bfi + cyfc^ 


= ^.(a\fa+b\[b + c4c^ 


> npcm. 


N abg thoa xay ra khi vaechadchi a = b = c = 

Baetoan 7. (Vasile C irtoaje) 

a) Cho a,b,c> 0. Chobg minh raeg 


S' 


(ab + bc +ca) 


1 1 

- + - 


1 


l a(a+b) b(b + c ) c(c + a) J 2 
b) Cho a,b,c,d >0. Chobg minh raeg 


(ab + be + cd + da)\ 


1111 

- + - + - + - 


a(a+b ) b(b + c ) c(c + d) d(d + a ) 


L degiau 

a) A fj dung bafc nabg thoa A M -G M , ta cou 


1 1 1 

- + - + 


a(a+b ) b(b + c ) c(c+a ) ijabc(a + b)(b + c)(c + a) 


Do nouta chaaEaa chobg minh 
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2 (ab + bc + ca ) > 3 ljabc(a + b)(b + c)(c + a ) 

<=> a(b + c) + b(c + a) + c(a + b)> 3 %Ja(b + c).b(c + a).c(a + b ) 

Niea na§f hiea nhiea nuag theo bntAM-GM . 
npcm. 

b) A p dung ba6 naag thoa A M -G M, ta cou 

-^ + ^> . 2 _*_ 

a(a + b ) c(c + d ) jac(a + b)(c + d) (a + c)(a + b + c + d) 

Toong to'[ ta cou 

- * - 

b(b + c ) d(d + a) (b +d)(a + b + c + d) 

Do nou 

1 1 1 1 

- 1 - 1 - 1 -> 

a(a+b ) b(b + c ) c(c + d ) d(d + a ) 

> _ * _ + _ * _ 

(a + c)(a + b + c + d) (b + d)(a + b + c + d) 

8 

(a + c)(b+ d) 

8 

ab + bc + cd + da 

Suy ra 

(ab + bc + cd + da)\ ---+---+---+--- >8 (npcm) 

\^a(a+b) b(b + c ) c(c + d ) d(d + a) J 

Babtoaa 8. (Vasile Cirtoaje) 

C ho a,b,c > 0 thoa abc > 1. C hoag minh raeg 

a*’J? c .c a > 1 

L degiau 

Do a,b,c> 0 Ma0abc>l nea nafc a = ka',b = kb',c = kc' VOU k > \,a',b',c‘ > 0 va0 
ab'c =1. Khi houba&haagthba caa chobg minh toong noong vou 


m 
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a 1 b' J a 1 b' c' 

k b ' c ' a ' .a 1b ' b' c ' .c a ‘ >1 

Do k>\ nea ta chaaEaa chobg minh 

j_ y_ i_ 

a! b ' b' c ' .c' a ' >1 

Do nogkhoag mabtinh toag quaticoitheagiaiBouaZjc = 1. Khi nogbabnaag thob caa 
chobg minh toong noong vou 

alna blnb clnc ^ n 

-+-+- >0 

b c a 


Col 2 trooog hop xay ra 
* T rodflg hop 1 . a>b>c=$ In a >ln b > Inc 

+ T roooghop 1 .1. 0<6<l=>->->- 
b c a 

=>Theo bafcnabg thob Chebyshev, ta cob 

fllna blnb clnc 1 (a b c Y, , . , . „ 

-+-+->-. —+ - + — (In a + In & + In c) = 0 

b c a 3 yb c a j 

+ Trooog hop 1 . 2 . b > 1 => \nb > 0 

Ta coibafcnabg thob caa chobg minh toong noong vou 

a In a blnb clnc 

- + - 1 

b c 

(a-b)lna (b-c)lnb (c-a)lnc v 

<=>- 1 1 

b 


1 >lna + lnZ? + lnc 


->0 


<=> ( a-b ) 


>0 


(Ina Inc i „ j In b Inc 

--+(*-c)- 

y b a J y c a 

(a-b)(alna-blnc) (b-c)(alnb-clnc) 


ab 


- + - 


>0 


ac 


Choiyiraeg a>b>c vai fabc = 1nea c <1 vaiz&> b > 1 = 


Inc < 0 
In a >lnZ? > 0 


alna-Mnc > 0 
a In b -clnc >0 


m 
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( a-b)(alna-blnc ) + (b- c)(aIn b-c Inc) > ^ 
ab ac 


* Trooog hop 2. a<b<c =>c > 1 > a > 0 

Theo trea, ta coibafcnaog thob caa chobg minh toong noong vou 

(a-b)(alna-blnc) + (b-c)(alnb- clnc) > ^ 
aZ? ac 

(Z? - a)(b In c - a In a) (c - b)(c In c - a In b) 

<=>-1-> 0 

ab ac 

Do a<b<c nea lna < In b < Inc V30lnc > 0. 

jMnc-alna > alnc-alna = a(lnc-lna) >0 
[clnc-alnZ? > alnc-alnZ? = a(lnc-lnZ?) > 0 
(Z?-a)(Mnc-alna) + (c-Z?)(clnc-alnZ?) > ^ 
ab ac 


Torn la'i, ta luoa cou 


alna blnb clnc 


>0 (npcm) 


N abg thob xay ra khi vaocha&hi a = b = c = 1 . 

Bafctoao 9. (Pham K im H uag) 

Cho a l ,a 2 ,...,a n >0 thob a l a 2 ...a n = 1. choog minh raeg voumo'i fc>0thi 


1 1 1 ^ . 
- r -\ -T + ...H- r > nun 

a+ai)* a+« 2 ) a+«„) 




L oegiau 

+ Cabh 1. 

Ta coiBoaneffiau 


Boaneajq,^, laon soathoc doong thoa mao 


) <* 2 <...<x n 

i) X i : G (—00,+00) Vi —l,n 

ii) x l + x 2 +... + x n - C 
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v asf laemofehaen trea (-oo,+oo) thoa mao/ loatrea (-oo, c ] vadocn trea [c,+°o) 

Na HF = f(x 1 )+f(x 2 ) + ...+f(x n ) 

Khi ho iiF na't min khi x x <x 2 =x 3 =... = x n . 

Choag minh. 

GiaCBoCbc 1 ,jc 2 ,...,jc i e (- 00 ,c], do/ loatrea (-°°,c] nea 

f(x l ) + f(x 2 ) + ... + f(x i )>(i-l)f(c) + f(x l + x 2 + ... + x i -(i-l)c) 

M afckhab do / loan trea [c,+° °) nea 

(.'-l)/(c)+/(^,)+/(^ 2 ) + ...+ /(x,)>(«-l)/f (i ~ 1)C + JM+ f » 2 + - +X ” 

l n-1 

Do hou 

F = £/( % )>(«-l)/f (i - 1)C + ^ + ^ + - + ^ l + /(x, + x 2+ ... + x,- (i -l)c) 

I n_1 J 

Boaneanooc chobg minh. 

TroQa'i babtoab cub ta 

Nea n = 1 thi babnabg thob naocho hiea nhiea nubg. 

Nea n = 2 

+ Nea 0< k <1 thi ta cou 

1 | 1 > 1 1 _ 1 1 _ 

(1+flj)^ (1 + a 2 )^ 1+flj l+fl 2 1 + flj 1 

+ N ea fc > 1 thi ta cou 

—!—i r +— 1 — r = + l , (theo babnabg thob Holder) 

(1 + Oy) k (1 + a 2 ) k (a 1+ 1)* 2 k ~ l 

Xebn> 3 

Ta chobg minh babnabg thob nubg cho giaitrotouhan 1 = ^<^>k = log 2 n. 

Do n>3 nea n-l>k >1. 

Khi nou 

ns 
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+ Vm > k, ta coi 
1 

m _i I “ n j- /7 
i 

+ Vm < fc, ta coi 


y 

fea+« ! r 


“f (! + «/) 


1 | n V n 

T^* 2 f “r 


f—>E^—r^E—— >1 
sa+a.rj rrc+«,> sa+o,)" 

Khoag mafctinh toag quatigiaiB6uO<a 1 <a 2 <...<a n . 

ix l < x 2 <... < x n 


Na§ x 1 - \n.a v x 2 =ln a 2 ,...,x n = ln a n thl 


x 1 + x 2 + ... + x n =0 (do a x a 2 ...a n =1) 


Xetihaen soa f(x) = 


1 


(e x +i r 


Ta cou 


/"(*) = 


ke x .(ke x - 1) 


(e x +l ) k+2 
f"(x)=0^x = -lnk 

Toenopta cou/ loatrea (-°°,-lnk] vadocn trea [-in£,+«>) 

=> Theo Boane&rea, ta cou 

P = Y—-— r = y —-— r na'tmin khi x, <x 2 = x, = ... = x„ 
&<X + a t ) k tT(l+^)* 123 


> min P > min 


[ n — 1 1 

{(e+\) k + (e~ {n ~ Y)t +\)‘ 

,{n—V)k 


. f n-1 

= min \ 


l (* + !)* (* +D* 


Tiep theo, ta sectim min cub ham soagO) = 


(t> 0) 


(x = e‘ >1) 


( 1 ) 


n-1 


(x + l) k (. x n ~ x +l) k 


n< 
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( x («-D*-i l \ 

Ta COUg (x)=(n-l)k\ -7-7-7--7-7- 

[(x"- 1 +l)* +1 (x + l) k+1 j 
g'(x) = oo x {n - x)k ~\(x +1)* +1 = (x n - x + l)* +l 

(n-l)£-l 

<^> * k+l .{x +1) = x n ~ l + 1 (2) 

1 

Na &t = x k+1 =>t>l. Khi nouphoong trinh (2) tro fhaah 

^ t (n-l)(k+l) _ t nk _ t (n-\)k-\ + ^ = Q 

X ebhaen soa hit) = t (n ~ m+l) -t nk -t (n ~ X)k ~ l +1 vou t > 1 

Ta COU h! ( t) = t (n ~ [)k ~ 2 .((« - 1)(& +1 )t n - nkt k+l -(n -1 )k +1) 
h! (t) = 0 (n -1 )(k +1 )t n - nkt k+l - {n - l)k +1 = 0 

Xebtiep haien soam(t) = (n-l)(k + l)t n -nkt k+1 -(n-l)k + l vour>l 
Ta COU m' ( t) = n(k + l)t k ((n -1 )t n ~ k ~ l - k) 

Chuiyiraeg n-\>k nea m'(t)>n(k + l)t k ((n-l)-k)>0 
=>m(t) laehaen noag bieatrea [1,-h>°) 

Ta lai COUm(l) - (n-l)(A: + l) -nk-(n-\)k + \ - n(l — k) < 0, lim m(t) - +°° 
Nea phoong trinh m(t) = 0 comghieai duy nhab? 0 >1 
=> Phoong trinh h!(t) = 0 coinghieai duy nhabr 0 >1 
Bang biea thiea cua hit) 


t 

1 

to +oo 

h 1 it) 

- 

0 + 

hit) 

0 

_+o° 


Cae coiyao bang biea thiea, ta cou 

in 
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h(t) = 0 cote nghieai phaa biefelaoL va^ >t 0 >1 
Do noug / (jc) = 0 cote nghiean phaa biefelaol vaa* +1 >1. 
Bang biea thiea cua g(x) 


g'(x) 


+ 0 - 


g(x) 


Cae cou/ao bang biea thiea, ta suy ra 

g(x) > min|g(l),Iim g(x)| = 1 Vx>l (3) 

T00(1) vaia(3), ta suy ra npcm. 

+ Cadh 2. 

fia£/(r) = ———f 

(i + U 
Ta coibocheaau 

BoaneaNea 0 <a<b<c<d va md =bc thi 

f( a ) + f (d) > min{/ (b) + f(c), 1} 

Chong minh. 

N a£ m = 4ad = Jbc va0g(O = f(mt)+ /^— j= (mt + l)~ k + +1 ] voii mo'i soa 

A ~ C d V 

doong j. N afc = — ,t 2 = —. Ta coil < t x < t 2 . 

m " m 

Neachoog minh Bomeata caa choog minh g(r 2 )>min{g(r 1 ),l} 

Deatha^r limg(0=l. 

Xetitinh non niea cua hacn g trea khoaag [1,+°°), ta cou 

m 
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g'(t) = + 1) k 1 + + 1 

( \ fe4 

g'(t)>0<=>(mt + l) k+1 >t 2 .\ — + 1 


<=>t k+l -mt + mt l+k -1<0 


Xetihaen soah(t) = t k+1 -mt+mt l+k -l vou/>l. 
Ta cou 

h( 1) = 0 

, 2 — \-k — 

h (t) =- .t k+1 -m-\ - ,mt k+1 

k +1 1 + k 


h\ 1) = 


2k (1 


k + l k 


h"(t ) = 2(1 * V 1+ * .(f-mfc) 

(1 + kf 

Tu 9 thuoa vao cab giaitrocua m vaefc, ta coicab trooog hop sau 

* Trddag hop 1. k=l,m<l. Khi nopta cou/z(0 = (l-m)(?-l) >0 Vr >1, do nou 
h> 0 trea khoaog (1,+°°). 

* Trddag hop 2. k=l,m>l. Khi nopta couh(t) = <0 Vr>l, do nou 

h< 0 trea khoaog (1,+°°). 

* T rooag hop 3. k < l,m < —. K hi hop ta cou h" > 0 Vr > 1, vi //( 1) > 0 vaor > 1, 

k 


nea h' >0 trea khoaog (l,+oo). Vi /?(!) = 0 nea h >0 trea khoaog (1,+°°). 


* Trooog hop 4. k<l,m>~. Khi nopta cou//(l)<0 vac// 7 <0 trea (1 ,mk). Do 
k 

nousuy ra h! <0 trea V i h(l)-0 nea h< Otrea (1 ,mk]. Trea khoaog 

(mk,+° o), ta cou// 7 >0,coinghca/z laehaen loon trea (mk,+°°). Vi h{mk )<0 vao 


m 
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lim h(t) = +°° nea toa tai duy nhabmofisoathoc p> 1 sao cho h< 0 trea (1 ,p) va 0 

h> 0 trea ( p ,+°°). 

Trong cab trooag hop noutrea 

+ Nea h(t 2 )>0 thi h >0 trea (r 2 ,-K>°) ( too lao^ 7 <0. Suy ra ham g non 
niea giamtrea khoaag [t 2 ,+°°) va0g(r 2 )> lim g(t) = l. 


+ Nea h(t 2 )<0 thi h >0 trea khoaag (1 ,t 2 ), hay Va£ g laoham 
non niea taeg, suy ra g(tj < g(t 2 ). 

Boaneanooc choag minh hoaa toan. 

TroQa'i bantoan cua ta 

Ta sebchobg minh babnang thob nabcho baeg quy nap theo n. 

N ea n = 1 thi bab hang thob naocho troithanh hang thob. 

Xebn>2. Go'i m laotrung binh nhaa cua a v a 2 ,...,a n thi ta coum = l.Ta cou bab 
hang thob caa choag minh toong noong vou 

/(^i) + / (a 2 ) + ... + / (o n ) > min{n/(m),l} 

Nea n — 2 thi ta C0Umin{2/(ra),l} = minj^plj 

+ Nea Ocfccl thi ta cou 

1 11 1 1 1 

- r H - t —- 1 -—- 1 - — 1 

(1 + flj) (1 + fl 2 ) 1 + flj l + a 2 1 + flj 

«1 


+ Nea k> 1 thi ta cou 

— r +— 1 —, = cl] + 1 > J . (theo babnang thob Holder) 

(1 +<h) k (1 + a 2 f o ai +l) k 2*- 1 

Va§r khabg ncnh hung khi n = 2. 


HI 
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Giausoukhabg ncnh nubg cho soacab biea beuhon n (n> 2). Ta seochobg minh 
khabg ncnh nubg cho soabiea baeg n. Deatha|f raeg trong dap a v a 2 ,...,a n luoa 
choa it nhabmofesoakhoag lob hon m vaot nhabmo&soakhoag nhoihon m . Khoag 
mabtinh toag quab ta coitheagiaLBOuaj <m<a 2 . 

Kyihiea jq = min jra, : ^j,x, = max|m,^-|. 

Khi nogta cou^ < ^ < x 2 < a 2 va 0 c^ 2 = a x a 2 . Toiznap, theo kebquauzua boanebtrea, 
ta cou 

b>l 


/(«!> + f(a 2 ) > min{/(^) + f(x 2 ), 1} = min \ f(m ) + / 


Trung binh nhaa cub (l ^,a 3 ,...,a n cueg baeg ra vacBoabiea Ia0n-l<n neatheo 

ra 

giaCthiebquy nap, ta cou 

f^^^+f(a 3 ) + ... + f(a n )>rmn{( n -l)f(m),l} 

Suy ra 

f(a x ) + f(a 2 ) + ... + f(a n )> 

> min |/(ra) + / j,t| + /(a 3 ) + ... + f(a n ) 

= min j/(m)+ / j+ /(a 3 ) +... + /(a„),l + f(a,) +... + /(a„)j 

> min |/(m) + /1j+ /(a 3 ) +... + /(a„ ),1 j 

> min { / (ra) + min {{n- 1)/ (ra), 1}, l} 

> min{n/(ra),l} 

=> /(«i) + /(a 2 ) + - + /(«„) ^ min{n/(ra),l} 

=> khabg ncnh nubg vousoebiea soabaeg n. 


HI 
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Theo nguyea lyiquy nap, ta suy ra khabg ncnh nubg voumo'i 
ta caa phauchobg minh. 

Baetoan 10. (Moldova 1999) 

Cho a,b,c >0. Chobg minh raeg 

ab be ca ^ a b 

-1-1-^-1-h 

c(c + a ) a(a + b ) b(b + c) c + a a+b 


L degiau 

Na §x =—,y = -,z = — thi ta cou*,y,z>0 va 0 xyz = l. 
b c a 


Khi nopta cou 

v. ab 


j£c(c + a) ] + c + Z 

a 

r—i a r—i 1 r-i 1 

r i n Q 1 , 

eye is ' u eye 1 + ^^ 4 


Do nopbabnabg thob caa chobg minh toong noong vou 


x y 
-+ ^—+ 

y+l z +1 


<=> 


E— 

y+ 




x 

y + i 


x + l x+1 y + l 

Ea+*)a +y) 

(l + x)(l+y)(l + z) 

3+2 

eye eye 


1 

z +1 


A p dung babnabg thob Bunhiacopxki, ta cou 


I 


x 

y+i 


T —;> 

v -L -V-V7 


x + xy y(x + xy) y^ + ^xy 


in 


n. Na§r chinh laeniea 


c 

b + c 










Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Do nopneazhobg minh bafcnabg thoa naocho, ta chaaEaa chobg minh 


3 + 2 


Y, x+ H x y 



( \ 

2 f \ 

-1 

E* 

2 +E^ + E^ 


L* 3 * J 

1 ^ eye eye J 


( \ 

3 / \2 / \ 

H 

E* 

+ 

M 

M 


J 

1 ^ eye J \ eye J 


(e*1 

k*y}\ 

E^l 

j 

\ eye J I 

j 


eye eye 

So idling bafcnabg thoa AM -GM vaogiaCthiefc ta deadaog chobg minh nooc cab ba6 
nabg thoa sau 
Y,x>3 
Y,xy>3 


>3| J> 

Do nopta cou 


( 1 ) 

( 2 ) 

(3) 

(4) 


Te4«i 

E*Y E^l 

Jyeye J \ 

^cyc \eye J 


Me* \Lxy 


E* E* HE 

eye J y eye J ^ eye 

E*] M s 9 S> 

eye J l eye J eye 


-Ms 


I> \>9£x 


233 
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Coag cab babnabg thob (1), (2), (3) vae(4) vebtheo vearoachia caChai veazho 3, ta 
thu nooc 

[l>] + [l>] [L*>'] a3 L- r+3 L*>' +3 (L x lL^] + f 

l eye J l eye J l eye J eye eye l eye J\ eye J l 

Nabg thoo xay ra khi vaochadchi x = y = z = l^ a = b = c. 

Baetoan 11. 

Cho a,b,ceR thoa (a-b)(b-c)(c-a)* 0. Chobg minh raeg 

(l-g 2 )(l-fr 2 ) | (l-b 2 )(l-c 2 ) | (l-c 2 )(l-g 2 ) ^ 1 

( a-b ) 2 ( b-c ) 2 ( c-o ) 2 


L oegiati 

Ta coibafcnabg thoo caa chobg minh toong doong vou 



m 1 -ab 1 -be 1 -ca ... . 

Nafex =- ,y = -,z =-thi ta cou 

a-b b-c c-a 

(x +i)(j+I)(z+i)=(jc-iXy- iXz -1) 

=> xy + yz + zx = -l 


Khi nou 

(*) <=> x 2 + y 1 + z > -2(xy + yz + zjc) 
<=>(x+y + zf >0 (nubg) 

=> npem. 


(*) 


IU 


3M 
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Baetoan 12. 

Cho a,b,c > 0 . Chong minh raeg 

2 a + b 2 b + c 2 c + a 


L oifgiau 

Khoag mafctinh toag quaticoifheagiateoua = ma x{a,b,c} 


Col 2 trooag hop xay ra 

* Trooag hop 1. a>b>c 

A2a + b>2b + c>0 „ „ 

Khi nouta coin . Do nou 

[2a + b>2c + a>0 

y/c-yfa + yfa-yfb + yfb-yfc > y[c-yfa + yfa-y/b + yfb-yfc 
2 a + b 2b + c 2 c + a 2 a + b 2 a + b 2 a + b 

* Trooag hop 2. a>c>b 

N x \2c + a >2b + c >0 „ x 

Khinogtacom . Do nou 

12 a + b ^ 2Z? + c > 0 


yfc-yfa + yfa-yfb + yfb-yfc > y[c-yfa + yfa-y/b + yfb-y[c 
2 a + b 2b + c 2 c + a 2 b+c 2b + c 2 b + c 

Tom la'i, ta luoa cou 


yfc-yfa yfa-yfb yfb - yfc 
2 a + b 2 b + c 2 c + a 

N aog thou xay ra khi vamhadchi a = b = c. 

* Nhaa xeti. 

Baeg each lam hoa 0 toa 0 toong to'i ta cou 


>0 (npcm) 


c n -a n a n -b n 

- 1 - 

2 a + b 2 b + c 


b n -c n 
2 c + a 


>0 


\/a,b,c,n > 0 


ns 
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Baetoan 13. 

Cho a,b,c >0. Choag minh raeg 


T 2 ~r ———j - o 

~. b"-bc + c 2 

trong noui > 0 laehaeg soacho trooa. 

L oegiau 

Khoag ma^tinh toag quatigiaCsoCia >Z? > c > 0. 

Ta coibafinaag thoo caa choag minh toong noong vou 

2 1 1 


(a”-b n ) 


b -be+ c a -ac + c a -ab + b 

1 1 


+ (b n -c n )\ 


b -bc + c a -ac + c a -ab + b 


>0 


Do a>b>c> 0 nea 


-ab + b >b -bc + c >0 
a 2 -ac + c 2 >b 2 -bc+c 2 >0 


_ 2 
^ b 2 -bc + c 2 


1 

a 2 - ac + c 2 


1 

a 2 -ab + b 2 


>0 


Do nopta chaa:aa choag minh 


b 2 -bc + c 2 a 2 -ac + c 2 a 2 -ab + b 2 


b 2 -bc + c 2 a 2 -ab + b 2 a 2 -ab + b 2 a 2 -ac + c 2 
<=> (a- c)(a + c-b){a 2 -ac + c 2 )>(b-c){a-b-c)(b 2 -bc + c 2 ) 


+ Nea a<b+c thi ta corngay npem. 


a-c>b-c >0 


+ Nea a>b + c thl ta cou\a + c-b>a-b-c>0 


a 2 - ac + c 2 >b 2 -be + c 2 > 0 


=> (a -c)(a + c-b)(a 2 -ac + c 2 )>(b-c)(a -b-c)(b 2 -bc + c 2 ) 

=> npem. 


Hi 
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N abg thob xay ra khi vaochadchi a = b = c. 

Baotoan 14. (Toan H oc T uoaT re(E006) 

k k _ 

Cho ...,a n laacao soathoc doong thoa mao <Jj(i +1) V& = 1,«. Chobg 

M 1=1 

minh raeg 

11 1 ^ n 

— +— + ...+— > - 

a x a 2 a n n +1 

L otbgiau 

Troob he& ta chobg minh bocne&au 

BoaneaCho «>3,ne N. Khi nogvouhai day so&hoc (*„) \ia0iy n ), ta coi 

X*,^ = X(*i -*m)-X t,-+*„X y> 

1=1 i =1 j -1 1=1 

Choag minh. 

Ta cou 

X (Xf -x i+l ).±yj + x n X y. = 

'-I 7=1 <=1 

i=l ;=1 1=1 y=l 1=1 

=v,+£ >, - £ x m ■£ y i- x » ■£ y .+*. -E * 

1=2 7-1 *-i 7=1 1=1 1=1 

= ^lTi + £ x i X >7 _ £ x i X - v 7 + | X Ti “ X Ti 

= ^ 1 + X^(Xt7-Xt J 

1=2 ^ 7=1 7=1 

= x J} + Y, x l yi+ x nyn 

=x™ 



m 
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Va§i K i y i = Y d (x i -x i+l ).'£y j +x n .'£y r Boanesnooc chobg minh. 
TroQa'i babtoab cub ta 

+ Nea n — l thi hiea nhiea ta colh->- (do giatthie^^ < 2) (1) 

Oj 2 

+ Nea n = 2 thi theo giafhie^ ta cou hT 1 _ 2 => _2 

[a! + a 2 <8 [^<8-^ 


Do nou 


111 1 

— + — >—+- 

a, a,, a, 8 - a 


a i(8~ a i) 

8 

—af + 8flj 


-(a 1 -2f + 4fl 1 +4 


_ 2 
“ 3 

+ Nea n >3 

A|pj dung ba£nabg thob Bunhiacopxki, ta cou 


It-I 



1 


( 2 ) 


(n + 1) 2 y a, 


y 1 

ki\i + 1) 2 


A(j dung boanea/oux =- ;y i =a i \/i = l,2,...,n, ta coi 

! /(/+1) 1 ‘ 


y_ Sl _= 

hi 2 (i + 1) 2 


23S 
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1 


1 


mni+iy a+iya+zy \% J n\ n +\y tr 




1 


2-l, a i 




1 


%{i\i + iy (i+l)\i + 2 y 


Lai ap dung boanea/oiuc,. = . 2 1 2 ,y t =i(i+l) Vi =1,2,...,n, ta coi 

Y TTT^T = t -2, 1 1 ,2 - / ( / + 1 ) 
tTKi+i) 0 + 1) 

= V 7-r-^].EiO‘+D + ^—“-y.V/(z' + l) 

tT/ 2 0 + l) 2 (i+l) 2 (/ + 2) 2 n 2 (n + l) 2 tr V 


i^ ( + i)+ „w£ i(i+i)(9t) 


(3) 


Do nouY 2 ‘ 2 <Y—— = — 

& i ( i + 1) i(i + 1) n + 1 

Suy ra 

Y^l > n 2 1 >” 2 1 _ « 

“I a i ~ (n + l) 2 ' y a t ~ (n + 1) 2 Y n "I n + 1 

tr/ 2 o+i ) 2 U+iJ 

Va? f±> — 
tfa ; . n + 1 

T 60 ( 1 ), (2) vae(3), ta suy ra npcm. 

Nang thoaxay ra khi vaachsdchi a. = z(z+l) Vz=l,2,...,n. 

* Nhaa xeii 

Baeg caoh laen hoaa toa 0 toong to'( ta coike&quateau 

(b l <b 2 <...<b n 

(a n ),(b n ) laehai day soathoc doong thoa mao \ * * —. 

\Y a i ~Y^ Vfc=l,n 




Khi nouta cou 
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Baetoah 15. (Pham Kim Hueg) 

Cho ft>4,fte N va 0a l ,a 2 ,...,a n >0 thoa a x a 2 ...a n =\. Chobg minh raeg 


L degiau 

+ Cabh 1. 


1 3« 

I-1- 

& CLi + Clry + ... + Q, 


->ft + 3 


Nat f(a v a 2 ,...,a n ) = — + — + + -—-. Ta caa tim min/. 

aj a 2 a n a l +a 2 + ... + a n 

GiaCE6u/6iibo56oa(x 1 ,x 2 ,...,x n ) thoaik^...^ =1 thi f(x l ,x 2 ,...,x n ) = mmf. 

Khoag mafctinh toag quatigiaCEOuOc^ <x 2 <...<x n . 

Tachobgminh raeg \\eaf(x l ,x 2 ,...,x n ) = min/ thi x l = x 2 = ... = x n _ v 

Thafeva^f, giaiBOLbcj = x 2 =... = x i (l<i<ft-3).Ta chobg minh x i+x = x t =... = x l . 

GiaCEoCngooc la'i x /+1 >x,.. Ta seochobg minh 

f(x v ...,x i ,x i+v ...,x n )>f(x l ,...,x i _ 1 ,jx i x i+1 ,ylx i x i+l ,x i+2 ,...,x n } 


3 ft 


111 1 
o—+ ... + —+-+ ... + — + — 

X, X X +1 X n X +... + X+x +1 +... + X. 


2 1 

+ / -* 
Jxxm x i+2 


1 1 
-+ ... + — 


1 1 
>— + ... +-+ 


3ft 


x, +... 4- x | + 2 Jx ; x.,i + x,, + ... + x„ 


3ft(7^-v^)' 

X i X i +1 (^i X,- + X,. +1 +... + X n )(xj +..,+ X ( ._j + 2yjx t X i+l + X j+2 + ... + X n ) 

<=> (Xj +... + X i + X i+l + ... + X„ ) ( Xj + ... + X ( _! + 2^x ; x i+1 +X 1+2 + ... + X„ j >3ftX / X, +1 
<=> (ix, + x i+1 + x,. +2 +... + x„) (O' - l)x ( + 2 > /x i x i+1 + x /+2 +... + x„) > 3ftx,x I+1 

Ta COU 

fx n > X n _! >... > x 1+1 > x ( . = X M = ... = X, > 0 

11 < i < ft - 3 


III 










Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


ix j + x M + x i+2 + ... + x n > ix i + (n- i)x M > (n- i)x i+l > 3x i+l > 0 

=> ■ ,- 

(i -\)x t + 2^x i x j+] + x i+2 +... + x n > nx t > 0 

=> (ix i + x i+l + x i+2 +... + x n ) ((i - l)x i + 2yjx { x i+l + x i+2 +... + x n ) > 3nx i x i+1 

Va 9f(x 1 ,...,x i ,x M „..,x n )>f(x 1 . X n ). Niea nap voalyu 

vi f(x v x 2 ,...,x n ) = minf. Vap ta phaocob^ = x { =... = x l . 

Baeg lap Inaa toong to \ ta hi nea ke&qoaosao r\eaf(x v x 2 ,...,x n ) = minf thi ta 

phaucoux n _ 2 = x n _ 3 =... = jcj. 

Tiep theo, ta seochobg minh x n _ l =x n _ 2 =... = x 1 . 

GiaLEOingooc la'i x n _ l >x n _ 2 

Khi nopta seochobg minh 

f(x l ,x 2 ,...,x n _ 2 ,x n _ 1 ,x n )>f(x 1 ,x 2 ,...,x n _ 3 ,ylx n _ 2 x n _ l ,ylX n _ 2 x n _ x ,x n ) 

<=> ((w - 2)x n _ 2 + x n _ x +x n )((n-3)x n _ 2 + 2^Jx n _ 2 x n _ ] + x n ) > 3 nx n _ 2 x n _ x 
Do x n >x n _ x >x n _ 2 = x n _ 3 = ...=x 1 >0 nea 

(n - 2)x n _ 2 + x n _ x +x n > 2x n _ x + (n- 2)x n _ 2 > 0 
(n - 3)x n _ 2 + 2 Jx n _ 2 x n _ x +x n > x n _ x + (n- l)x n _ 2 > 0 
=> ((n- 2)x n _ 2 + x n _ x +x n ){^n-3)x n _ 2 + 2 3 Jx n _ 2 x n _ l + x n ) > 

> (2x n _ x + (n- 2)x n _ 2 )(x n _ x +(n-l)x n _ 2 ) 

Do nopta chaacaa chobg minh 

(2x n _ l +{n- 2)x n _ 2 )(x n _ x + (ft -l);t n _ 2 ) > 3 rtx n _ x x n _ 2 
2x\_ x - 4x n _,x n _ 2 + (n 2 -3 n + 2)x 2 n _ 2 > 0 (n Pag) 

V a§f ta COP f(x v x 2 ,...,x n _ 2 ,x n _ l ,x n ) > f [x v x 2 ,...,X n _ 3 , ^X n _ 2 X n _ x , ^X n _ 2 X n _ x ,X n Y 

Niea nap voelyb/i f(x l ,x 2 ,...,x n ) = \mnf. Vap ta phaOcoiu^ =x n _ 2 = ...=x v 
N ho vap, ta hi nea kefcqpaO 

l\lea/(x 1 ,x 2 ,...,x„) = min/ thl x n >x n _ 1 = x n _ 2 = ...-x l . 

n\ 
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> min f(a l ,a 2 ,...,a n ) > 

> min/(—,x" _1 ] (jc>1) 
yx x x ) 

. \. .. 1 3 nx 

= min < ( n - l)x + + — - 


(*>1) 


( 1 ) 


Tiep theo, ta sectim min cub ham soag(jc) = (n-l)x+-^+ ^ nx — voux>l 


Ta coug / (x) ; 


_ (n - l)(x n - l)(x 2n - {n + 2)x n + (n -1) 2 ) 


x n (x n +n- 1) 

Theo babnabg thoa AM -GM, ta cou 

x 2n + (n -1) 2 > 2(n - \)x n > (n + 2)x n (do n > 4) 

=>^ ; (x)>0 \/x>l 

=> g(x) noag biea trea [l,-k>°). 

=> g(,x) > g(l) = n + 3 \/x>l 
T 00 ( 1 ) vaia(2) ( ta suy ra 

min f(a v a 2 ,...,a n ) > n + 3 


( 2 ) 


1 1 

>—+ —■ 
a, a. 


1 3 n 

.. H-1- 

a n a,+a 2 +... + a n 


> n + 3 (npcm) 


Nang thoa xay ra khi vaachsdchi ^ = a 2 =... = a n =1. 

+ Caoh 2. 

Ta seochobg minh kebquaCmanh hon nho sau 

Cho n sodhocdoong a ] ,a 2 ,...,a n thoa a l a 2 ...a n =l. Khi nogta cou 

11 1 k ^ k 

a x a 2 a n a x + a 2 +...+ a n n 

V6ii& = 4(n-1) (nourieag nea n>4 thi k>3n) 

Ta seochobg minh baeg doa biea. n = l,n = 2 laocabtrooag hop taan thooag nea 6u 
nay ta seckhoag xebtou Ta sedcetitrooag hop n> 3. 


HI 
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N f (cLy,Ct 2 —-1-K..H-1— 


a, a 2 a„ a 1 +a 2 + ... + a„ 


k 

- n - 


Ta coiNhaa xetisau 


(i) Nea 


, a,<x<a 2 


a \ a 2 ~ l 


thi 


f(a v a 2 ,...,a n ) > f\ x,-^,...,a n 


(ii) Nea (1-^X1-a 2 ) 


ka x a 2 


Ws 


a ; . + a,a 2 +1 


f(a l ,a 2 ,...,a n ) > f(l,a l a 2 ,...,a n ) 

Choag minh Nhaaxet 

Nectiea vies trinh ba§f xin nooc kyihiea A = ^a r 

(=3 

(i) Ta cou 

_ 1 1 1 1 JC 1 k k 

<h a 2 x a x a 2 a l +a 2 +A x+ <¥h + A 


+ a 2 + A)^x + -A-+ A kafa j 

a l a 2 (a l +a 2 + A)(x 2 + Ax + a x a 2 ) 

A fj dung ba&nang thobAM -GM, ta cou 


(a l +a 2 +A)\ x+^-^+A \>n > 4(n-l) = & > 


Do nou 


f{a v a 2 ,...,a n )>f\ x,^%..,a n 


>0 thi 


(i) nooc choag minh. 


243 
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(ii) K hai triea toong toinho trea, ta cou 


f(a l ,a 2 ,...,a n )-f(l,a l a 2 ,a 3 ,...,a n ) = 

_ (1- ajXl- fl 2 )[( a i + a 2 + ^)(1 + ctya 2 + A) - ka x a 2 ] 


a } a 2 (a { +a 2 + A)(l + A + a x a 2 ) 

>0 


=> f(a v a 2 ,...,a n ) > /(l,^a 2 ,<^,...,a n ) 

(ii) noofc chobg minh. 

Nhaa xebnooc chobg minh hoae toaa. Lou yijaeg cab biea binh nabg 

nea a v a 2 trong Nhaa xeticoithe&hay baeg a,., a. (/* j) tujpr yu 
TroGa'i babtoab cub ta 

Ta secchobg minh raeg luoa cobtheanoa vebtrooeg hop trong n biea coun-l biea 
khoag lob hon 1. 

Thabvap, giaCBoCtrong n biea coinhiea hon 1 biea lob hon 1, khoag mabtinh toag 
quab ta coitheagiaiB6Qa0a 1 ,a 2 .Xeb2 trooeg hop 



. Khi noptheo Nhaa xeb(ii), ta 


cou 


f(ai,a 2 a n ) > 

N ho va§f, ta coutheathay boasoa (a v a 2 ,...,a n ) bou boasob&a^aj,nea/ 
khoag taeg. Khi nogsoebiea baeg 1 taeg lea it nhablaiaL. 



K hi nouvoumo'i a ; . < 1 < a 2 ( a i luoa toa ta'i vi a x a 2 ...a n =1) ta nea cou 


[t a i 

I Y, at+OjOj+l 


J 


Tha&va^f, ta cou 


m 
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^ a i + a \ a j + 1 ^ a i + a i a j +l — a l -a j 

__ i=\ _ 

kaftj ka x aj 


=> ka^aj < 


Do noiKl-^Xl-a,.) 



X>, 

+ 1 — a x 

-dj 

- 



+ 1 



ka x aj 



t*. 

+ l—a x 

~ a 2 

> 

i =1 


+ 1 



ka x a 2 



t a < 

+ a x a 2 T 

-1 



ka x a 2 


,]( 

E 

a t + a x a 

7+1 ] 

A 



J 

ka x 

.,-1 

e4 

L a i + a i a j+ l 

_ 

1 

v- A 

)\ 


(ii), ta coutheathay boasoa^,^,...,^) bouboasoa(l,a 2 ,.. v 


>0. Soudung Nhaa xe£i 
,a x aj,...,a n ) nea/ khoag 


taeg. Khi noiEO&iea baeg 1 cuog taeg lea it nha6laefl.. 

Torn la'i, nea vaa coe 2 biea lob hon 1 thi ta luoa coutheathay boasoanang xetibou 
mofe boasoakhaa maosoabiea baeg 1 taeg lea it nha6 laol nea/ khoag taeg. Viea 
thay theaiap chsEobtheanboc thb'c hiea khoag quaun laa (vi coikhoag quaun baeg 
1). Do nousau mofesoaboob hoo han (khoag quaun), ta secnoa babtoab vebtrobeg 
hop trong n biea coun-1 biea khoag lob hon 1. 

Tiep theo, ta seochobg minh cobthe&hay n-l biea khoag lob hon 1 boutrung binh 
nhaa cua chubg. Thafeva^f, khoag mafctinhtoag quab q\a(Bd\h l <a 2 <...<a n _ 1 <l. 

N ab x = n ^ja x a 2 ...a n _ x <1. Nea a x -xv a n _ x =x thi a x = a 2 -... = a n _ x -x. Nea toa 


tai dj (1< j<n- 1) sao cho a. *x thi ta cou a x <x<a n _ x . SouJung Nhaa xeb(i), ta 
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cobtheathay boasoaO^,^,...,^) bou boasoa^jc,^,..., ° ia ”~ 1 ,a n j nea/ khoag taeg. 
Khi nogsoabiea baeg x taeg lea it nhaGlaol. Ta cuog chuuyuraeg <^-<1 

X X 

nea vies thay nho trea vaa nam bao trong n biea coun-l biea khoag lob hon 1, 
hiea noucho phep vies thay theanho trea coutheathoc hiea liea tiep. Tuy nhiea, 
viea thay theaia^r chaaEoitheahoot thoc hiea khoag quaun laa (vi coikhoag quaun 
baeg *). Do nogsau mo&soalaa thay (khoag quaun), ta noa hoot veatrooeg hop 
trong n biea coun-l biea khoag lob hon 1 baeg nhau. 

Cuoacueg, neachobg minh ba&nabg thob naocho, ta chaa:aa chobg minh 



o#(X) = 


n — 1 


■+x n + 


1 n 


-n--> 0(0<*<1) 


x 


nx + 


Ta cob 



=> g(x) nghoch biea trea (0,1]. 
=>*(*) £*(1) = 0 Voce (0,1] 
=> npcm. 


Nabg thob xay ra khi vaocha&hi ai = a 2 =... = a n = 1. 


m 
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Baetoan 16. 

Cho a,b,ceR thoa (a - b)(b - c)(c - a) * 0. Chobg minh raeg 

(a —2b) 2 + (a —2c) 2 (b-2c) 2 + {b-2a) 2 (c- 2a) 2 + (c - 2b) 2 

C b-c) 2 (c-a) 2 (a-b) 2 

L degiau 

Ta cou 


y (q-2fr) 2 + (q-2c) 2 ^ 22 

% (b~c) 2 

2q 2 - 4 (b + c)a + 4 b 2 + 4c 2 
<=> / -~-> 22 

q 2 - 2(b + c)a + 2b 2 + 2c 1 ^ 

~ (b-c) 2 

_ y a 2 -2(b + c)a + (b + c) 2 +(b-c) 2 
h (b-c) 2 



m b + c-a c +a-b 

Nafe.x =-,j =-, 

b — c c-a 


- thi ta cou 


(X- 2)(y — 2)(Z-2) = (x + 2)(y + 2)(z + 2) 
=> xy + jz + zx - -4 


Ta coibafcnabg thoa cab chobg minh toong noong vou 

x 2 + y 2 + z 2 >S 

^>x 2 + y 2 + z 2 > ~2(xy + yz + zx) 

<=>(x + ^ + z) 2 >0 (nubg) 

=> npcm. 


2 4 1 


>22 
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Baetoan 17. (APM0 2005) 

C ho a,b,c > 0 thoa abc = 8. C hobg minh raeg 

a 2 | b 2 | c 2 ^4 

yl(l + a 3 )(l + b 3 ) yl(l + b 3 )(l + c 3 ) Va+7)0+7) “ 3 

Labgau 

Ta cou 



Thafeva^, ta cou 

(*) <=> (2 + x 2 ) 2 > 4(1 +x 3 ) 

<=> x 2 (x-2) 2 >0 (nubg) 

Va§f (*) nubg. 

Do nou 

ci~ 4fl 2S(a,b,c) 2 

h.]h7n*\n+h 3 ) ~^(2 + a 2 )(2 + fc 2 )~36+^(aAc)~ 1 , 36 

S(a,b,c ) 

trong hoilS(a,Z?,c) = 2(a 2 + 6 2 + c 2 ) + a 2 b 2 + b 2 c 2 + c 2 a 2 
Theo ba&nabg thoa AM -GM, ta cou 
a 2 +b 2 +c 2 >3^1 (abc) 2 =12 
a 2 b 2 +b 2 c 2 +c 2 a 2 >3 yj(abc) 4 =48 
=> S(a,b,c) > 72 

Do nou 


^Vo+^ja+fc 5 ) 1+ 36 i+M 3 

S(u.b.c) 72 

=> npcrn. 

N aug thoa xay ra khi vaocha&hi a = b = c = 2. 


m 
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Baetoan 18. (Vasile C irtoaje) 

Cho a,b,c> 0. Chobg minh raeg 

a 2 | b 2 | c 2 ^ 2 

3b 2 + 3c 2 - 2bc 3c 2 + 3a 2 - 2ca 3a 2 +3b 2 - lab ~ 3 


Labgau 

A(j dung babnabg thob Bunhiacopxki, ta cou 


^ 3b +3c -2bc jf c a(3b 2 +3c-2bc) 


> (a 2 +b 2 + c 2 ) 2 

~£a 2 (3b 2 + 3c 2 -2bc) 

(a 2 +b 2 + c 2 ) 2 

6 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) - 2abc(a + b + c ) 


Do nopneachobg minh babnabg thob naocho, ta chaaEaa chobg minh 

_ (a 2 +b 2 +c 2 ) 2 _ > 2 

6(a V + b 2 c 2 + c 2 a 2 ) - 2abc{a + b + c) ~ 3 

3 (a 2 + b 2 + c 2 ) 2 > 12 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) - 4abc(a + b + c) 

<=> 3 [a 4 +b 4 +c 4 + abc(a + b + c) - 2(a 2 b 2 + b 2 c 2 + c 2 a 2 ) J + abc(a + b + c)> 0 
Theo babnabg thob Schurthi 

a 4 + b 4 + c 4 + abc(a + b + c )>^ ab(a 2 +b 2 ) 

>2(a 2 b 2 +b 2 c 2 +c 2 a 2 ) (theo AM-GM ) 


Va§r ta cou 

3[a 4 + b 4 + c 4 + abc{a +b + c)~2(a 2 b 2 + b 2 c 2 + c 2 a 2 )J + abc(a + b + c)> 0 


=> npcm. 

N abg thob xay ra khi vaocha&hi ( a,b,c ) = (t,t, 0) it > 0). 


in 
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Baetoan 18. (Vasile C irtoaje) 

Cho a,b,c> 0. Chobg minh raeg 

a 2 b 2 c 2 

—;-~-7 H ~ -7 

b -bc + c c -ca+a a -ab+b~ 


Labgau 
+ Caah 1. 

Afj dung bafcnabg thob Bunhiacopxki, ta cou 


I 


b 2 


-bc + c 2 


y _^_ 

jf c a 2 (b 2 -bc + c 2 ) 


> (a 2 +b 2 +c 2 ) 2 

~ ^a 2 (b 2 -bc + c 2 ) 


_ (a 2 +b 2 +c 2 ) 2 _ 

2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) - abc(a + b + c) 


Do nouneazhobg minh bafcnabg thoa naocho, ta chaaEab chobg minh 

_ (a 2 +b 2 +c 2 ) 2 _> 2 

2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) - abc{a +b + c ) 


(a 2 +b 2 + c 2 ) 2 > 4(a 2 b 2 + b 2 c 2 + c 2 a 2 ) - 2 abc{a + b + c ) 

<=> [a + b 4 +c 4 + abc(a + b + c)- 2 (a 2 b 2 +b 2 c 2 + c 2 a 2 )~] + abc(a + b + c)> 0 

Theo bafcnabg thob Schurthi 

a 4 + b 4 + c 4 + abc(a + b + c) > ^ ab(a 2 +b 2 ) 

> 2(a V + b 2 c 2 + c 2 a 2 ) (theo A M -G M ) 


Va§f ta cou 

| ~a 4 +b 4 +c 4 + abc(a + b + c)- 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 )J + abc{a + b + c)> 0 


=> npcm. 

N abg thob xay ra khi vaocha&hi ( a,b,c ) = (t,t, 0) it > 0). 


2SI 
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+ Caoh 2. 

Khoag mabtinh toag quaticoitheagiate6u0<a<&<c. 

v Aa 2 -ac< 0 fo <c 2 -ca+a 2 <c 2 

Khi noyta coik 

[a 2 -ab< 0 [0 <a 2 —ab + b 2 <b 2 


Do nou 


a 2 b 2 c 2 ^ a 2 b 2 c 2 

~~2 - 2 ^ 2-2 ^ 2- 2 — —2- 2 ^ 2 ^ 2 

b -bc + c c -ca+cr a -ab+b b~-bc+c c b 

>^- + 4^2(theoAM-GM) 

c b 

=> npcm. 


N ahg thob xay ra khi vaechadchi ( a,b,c ) = (t,t, 0) (t > 0). 
Baetoab 19. (VME0 2004) 

Cho x,y,z >0 thoa x+y+z = 1. Chobg minh raeg 




Labgau 

K hoag mabtinh toag quabcoitheagiateoux > y > z > 0 
^0<x-y<x+y-2z = l-3z 
Ta seochobg minh 

y/x + u 2 +^y + v 2 <^2(x + y) + (u + v) 2 

trong nou* = 

Vl2 yfl2 

Thafeva^f 


(*) 


(*) <=> x+y + 2uv > 2yj(x + u 2 )(y + v 2 ) 
<=> (x - y) 2 + 4(u - v)(jcv - yu) > 0 


2 S1 
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<=> o-;y) 2 -^.<>-;y) 2 (* + ;y-z)>0 
^(x-y) 2 (3 + z~x-y)>0 (nubg) 
Va§f (*) nubg. Do nou 




<p(x + y)+ (x+y i2 2z) +Jz + (1 - V3 (npcm) 


N abg thob xay ra khi vaocha&hi * = j = z 


1 


Babtoan 20. 

Cho x,j,z>0 thoa x+y+z= 1. Tim giaitrolob nhabcua biea thob 


f(x, y, z) = x n y+y n z + z n x 

trong r\oun>2,ne R laehaeg soa:ho troob. 

Labgau 

GiaCsou/otiboaBoa(jc 0 , y 0 ,z 0 ) thi f(x 0 ,y 0 ,z 0 ) = maxf. 

Khoag mafctinh toag quabcoitheagiaiE6(k 0 =max{x 0 , 3 ; 0 ,z 0 }. 
K hi nounea y 0 < z 0 thi ta cou 


/Oo> Z 0 » To) - /(*o> To> z 0 ) = (Zo - ToK + (To - Zo ) x o + T 0 Z 0 ” “ T 0 ”z 0 = g( x o) 


Ta cou 

g'( x o) = »(Zo - ToK _1 + To ~ Zo ^ »(z 0 -ToK"* + To “ Zo = (n-l)(z£ - To) ^ 0 
=> g(x 0 ) noag biea. 

=> gC*o) - ^(z 0 ) - 0 
=> f(x 0 ,z 0 ,y 0 )>f(x 0 ,y 0 ,z 0 ) 

Do nopkhoag mabtinh toag quab ta chao<ebx> j> z>0 laenuu 
Theo babnabg thob Becnulli, ta cou 
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(x + z) n = x n .^l + —j > x".^l + — j= x n + nx n ^>0 

Do nouta cou 

f(x + z,y,0) = (x + z) n y 

> (x n + nx n ~ 1 z)y 

>(x n + 2x n ~ 1 z)y (do n > 2) 

= x n y + x n ~ l yz + x n ~ x yz 

>x n y + y n z + z n x (do x > j > z > 0) 

- f(x,y,z) 

Ta la'i cou 

f(x+z,y,0) = (x + z) n y 
= (i -y) n y 

= -.(ny).(l-y) n 
n 

<1 ( ny + n(\ - y) Y + ' 
n [ n +1 J 
_ n n 
~(n + l) n+1 

Do nou 


fix, y, z) < 


(n + ir 


Naog thob xay ra chabg han khi x = —-,y = —-,z = 0. 


Kebluaa 


max / = 


n' 1 

(n + l) n+1 ' 


2S3 
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Baetoan 21. (VodQuoa BaiCaa) 

Cho a,b,c > 0 thoa a+b+c — 3. Tim giaitronhomhafccua biea thoa 

b c 


p = 


by[ab + 2 cyfbc + 2 a4ca+ 2 


Labgau 

Ta cou 


2P=Y. 


2 a 


rlii 


2 a 


by/ ab + 2 cy C ^ by/ cib + 2 

a 3 ' 2 b 3 ' 2 
a l/2 b 3/2 + 2 


a + £a 


=3-1 


L rW' 1 

, (theo bnt AM -GM) 

= 3—.Ya*b 

3 “ 

1 y a 2 + 2a^ + 3a 4/ V /3 
3 ~ 6 

= 3 - (a 2 + 2afc) - ^ a 4/ V /3 

18 eye O C y C 

= 3-—.(a + fc + c) 2 --.£a^V 3 

18 6 C y c 

= Liv 0 v 

2 6 *? 

= ---YabJV 
2 

^5 ly, afc(a + fe + l) 

"2 6*? 3 

= — .VaZ?(4-c) 

2 18 ^ 

= — -— ,{A(ab +bc + ca)~ 3 abc) 

2 18 


(theo bnt AM -GM ) 


M afckhaa, ap dung bafcnaog thoo Schur, ta cou 
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a 3 + b 3 + c 3 + 3 abc > ^ ab(a + b) 

=> a 3 +b 3 + c 3 + 3 ^ ab(a + b) + 6abc > 4 ^ ab(a + b) + 3 abc 


<=> (a + b + cf >4^ab(a + b) + 3abc 
<=> 27 > 4^ ab (3 - c) + 3 abc 


<=> 27 > 12 (ab + bc+ ca ) - 9 abc 
=> 4 (ab + bc + ca) - 3 abc < 9 

=^2P>-~ —.(4 (ab + bc + ca )-3 abc) >--—.9 = 2 
2 18 2 18 

=>/>>l 

Naag thoa xay ra khi vaochadchi a = b = c = 1. 

Va§f min p = 1. 

Baotoan 22. (VodQuoa BaiCaa) 

C ho a,b,c > 0. C hong mi nh raeg 


27 + 


b 2 c 2 


+ 2 


- + 2 


a 2 b 2 


+ 2 >36 


b+c c+a a+b 


Labgau 

Ta coiBomesau 
Boaneax,j,z>0. Khi nodta coi 

( X 2 + 2 )(y 2 + 2 )(z 2 + 2) > 9(xy + yz + zx) 


Chodg minh. 

Theo nguyea lyuDirichlet, ta coutrong 3 soax 2 -l,y 2 -1 va& 2 -l luoa toa ta'i it 
nha&2 soazuag daa. Khoag ma&tinh toag quaticoCtheagiaCBOujc 2 —1 va 0 y 2 -l cuag 
daa. 


2 S S 


=>(x 2 -l)(); 2 -l)>0 

=> x 2 y 2 >x 2 +y 2 -1 
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=> x 2 y 2 + lx 2 + 2y 2 + 4 > 3(x 2 + y 2 +l) 

<=> (x 2 + 2 )(y 2 + 2) > 3(x 2 + y 2 +l) 

Do nou 

(x 2 + 2 )(y 2 + 2 )(z 2 + 2) > 3(x 2 + y 2 + 1)( Z 2 + 2) 

= 3{x 2 + y 2 + 1)(1 +1 + z 2 ) 

>3(x+y + z) 2 (theo bnt Bunhiacopxki) 
> 9 (xy + yz + zx) 

Boaneanooc chobg minh hoaa toaa. 

N abg thoa xay ra khi vaocha&hi x = y = z = l. 

TroGa'i babtoab cua ta 

Apdung Bosnedirea vou x = ^,y = ^,z^^~, ta coil 

a 2 b 2 c 2 


bV 2 YcV 

a A b 


a 2 b 2 


+ 2 >9 


be ca ca ab ab be A 9(a 3 + b i + c 3 ) 


2 - i,2 U2 ' 2 2 ‘ 2 


a 2 b 


abc 


Do nopta chaaEaa chobg minh 


7+9 ( a! ±! ^ 1 r_a_ + j ! _ 


<=>3 + 


Chuiyiraeg 


abc 

a 3 +b 3 + c 3 


yb+c c+a a+b 

^ .( a b c 

>4 -+-+- 

[ b + c c + a a + b 


a'+tf + c 5 
abc 


(a + b + c).^ (a - b) 2 


-+3 


2p!— + _^ + ^U=y 

[b + c c + a a+b 1 ^ 


( a-b ) 2 
c (a+c)(b+c) 


- + 3 


Do nou 


3 + - — +c -4.V- 

nbtr' ^ h 


2S( 
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(a + b + c).^(a-b) 2 
= 3 + 3 +-^-2| £ 


2 abc 


(■ a-bf , 

(a + c)(b + c) 


=iy. 
2'^ 


(a - &) 2 ((a + b + c)(a + c)(& + c) - 4abc ) 
abc(a + c)(b + c) 

(a -&) 2 ((a + c) 2 (& + c)-4aZ?c) 


2 ^ a&c(a + c)(Z? + c) 

S l y (a -fe)*(4ac(fr + c)-4ate) (thM b (^ t A M , GM , 
2 ^ a&c(a + c)(& + c) 


= 2-L 


c(a-b) 2 
b(a + c)(b + c ) 


>0 


>3 + a +fc +C >4| 


abc 


b + c c + a a + b 


> npem. 


N aag thob xay ra khi vaachsdchi a = b = c. 

Bactoan 23. (VodQuoa BaiCaa) 

Cho 0<x,y,z<^ tho&jc + y + z = l. Chong minh raeg 


— < x 3 + j 3 + z 3 + 4xyz < 

4 


9_ 

32 


Labgau 

Troob hefc ta chong minh 

x 3 + y 3 + z 3 + 4xyz > — 

4 

<=> 4x 3 + 4y 3 +4z 3 +16xyz > (x + y +z) 3 
<=> x 3 + y 3 + z 3 +yxyz > J^xy(x+ j) 

Theo bnt Schurthi 

x 3 + y 3 + z 3 + 3xyz > + j) 


(*) 


2 S 1 
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=>(*) nuhg. 

Tiep theo, ta sebchoag minh 

, , , 9 

x + y + Z+ 4 xyz < — 

23 

o 3(xy + yz + zx) - Ixyz > — 
o3x(y + z) + ^(3-7x)>^ 

Khoag mafctmhtoagquatigiaLEbuc >y>z=>^<x<^ 

Col 2 trooog hop xay ra 

13 3 

* T rooog hop 1. - <x<-=>0 <z<y<- 


z >0 


. 9 3 , 9 3 12 3 

=> yz>-+-(y + z) =- h—( 1—x) =-x 

49 7 49 7 49 7 


Do nou 


49 7 49 32 


3x(j + z) + (3- lx)yz > 3x(l - x) + (3 - 7x)( — -—x j = — > — 


3 1 

15 Trooog hop 2. -<x<-. Khi noita coi 


3x(j + z) + (3-7x)yz>3x(l-x) +—(y + z) (3-7x) (theo bnt AM-GM ) 

= 3x(l-x) +—(1-x) 2 (3-7x) 

4 

1 - 23 23 1 

= —(l-2x)(28x 2 -6x + l) + —>— (d0x<-) 

32 32 32 2 

Tom la'i, ta luoa cou 


1 9 

-<x 3 +y 3 + z 3 +4xyz<— (npcm) 


2 51 
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Baetoan 24. (J ack G rafunkel) 

Timhaagsoafc nhomha&sao cho ba&naag thoasau nuagvoumoi x,y,z>0 


jx+y v y+z y/z + x 


< kyjx+y + z 


Labgau 


Ta seochoag minh batmaag thoa naocho nuag khi k = ~. Na§r chinh laohaeg soato^ 

4 

nhaticua batinaagthba naocho vi ta comaag thoa xay ra khi x = Q,y = 3,z = 1. 
N&x+y=c 2 ,y + z = a 2 ,z + x = b 2 (a,b,c>0) => a 2 ,b 2 ,c 2 lacnoadabba canh cub 
mofetam giaa (coithesuy biea). 

Batinaag thoa caa choag minh trouthaah 


-a z +b z +c z a —b+c a z +b z -c z 


< -^ r .']a 2 +b 2 +c 2 (1) 

2V2 


K hoag ma&tinh toag quati ta coitheagiateoua >b,c. 
Af) dung ba£naag thoa Bunhiacopxki, ta cou 


a + Jb 2 


-<\la 2 + b 2 +c 2 


Do nopneachbiig minh (1), ta chaacaa choag minh 

-a 2 +b 2 +c 2 a 2 -b 2 + c 2 a 2 +b 2 -c 2 ^ 5 


<=> a+b + c + 


< —\a + 'Jb 2 +c 2 \ 
a b 4 l I 

(a + b + c)(a-b)(a-c)(c-b) ^ 5 

abc 4 ' / 


<=> 4abc(a + b + c) + 4(a + b + c)(a -b)(a - c)(c - b) < 5abc^a + yjb 2 +c 2 j 

i$r suy ra khoag ma&tinh toag quati ta chaacaa xetitrooag hop a>c>b laer 
u 

4 abc{a +b + c) + 4(a + b + c)(a -b)(a- c)(c-b)< 5 abc|a + \jb 2 + c 2 j 


IS) 
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<* f (a) = 4a 3 (c -b)- a 2 bc + 4bc(c 2 -b 2 ) + 

+ a[4b i + 4 b 2 c + 4be 2 - 4c 3 - 5bcjb 2 + c 2 j < 0 

Do a 2 ,b 2 ,c 2 laonoadaoba ca'hh cua mofetam giao (coutheasuy biea) nea ta cou 
a < yjb 2 +c 2 . Do nopta caa choag minh f(a)< 0 vou b < c < a < \lb 2 + c 2 (2) . 

+ N ea b = c thi 

/ (a) = ■ -ab 2 [(a ■- b) + (5'V2 - 7 )bj <0 

+ Nea b<c thi f(a) laomofehaEn na thoo baa ba coiheasoacao nhafcvaothap nha£ 
doong.Ta cou 

lim f(a) - -°o 

/( 0)>0 

lim f(a)- + oo 

Ta la'i cou 

/(c) = -be 2 (5 ylb 2 + c 2 - 4b - 3c) < 0 

Vi 25(b 2 + c 2 ) - (3c + 4b) 2 - (3b-4c) 2 > 0 

Ngoaera, 

/|V& 2 +c 2 j = lbc[4b\jb 2 +c 2 -5b 2 -c 2 ^ 

= -2bc{\jb 2 +c 2 -2bj 2 
<0 

Do nou/ couba nghieai phaa biefe (1 nghieai aai, 1 nghiean thuoa (0,c) vaol 
nghieai khoag nhoihon \lb 2 +c 2 ). Do c<a<\lb 2 + c 2 nea f(a)< 0. 

=> npem. 


Hi 
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N abg thoa xay ra khi vaochadchi 


a = yjb 2 + c 2 
y/b 2 +c 2 = 2b 


a = 2 
b = 1 < 
c = V3 


x = 0 

y =3 


Va^f 


k : 


5 

4' 


Baetoan 25. 

Cho a,b,c>OthoQ abc = 1. Chobg minh raeg 

Z? + c c + a a + & ^ 1 1 1 

—q-*—5-1— t ~7 "I ——T 

a +bc b +ca c+ab a b c 

Lobe/ait 

Trooa hefc ta chobg minh cab Bocfiessau 
BoaneaL. y,z > 0. K hi nopta coi 

(xy(x +y) + yz(y + z) + zx(z + x)) 2 > 4(xy + yz + zx)(x 2 y 2 +y 2 z 2 + z 2 x 2 ) 

Chong minh. 

Ta cou 


(xyU +y) + yz(y + z) + zx:(z + x)) 2 -4(xy + yz+ zx)(x 2 y 2 + y 2 z + z 2 x 2 ) = 

= ^x 2 y 2 (x- y) 2 + 2xyz(x 3 + y 3 + z 3 + 3xyz - + y) - yz(y + z) - zx(z + x)) 


Do 


Y J x 2 y 2 {x-yf 


>0 


x 3 + y 3 + z 3 + 3 xyz-xy(x + y)~ yz(y + z) - zx(z + x) > 0 (theo bnt Schur) 


Nea 

(xyO + y) + yz(y+ z) + zx(z + x)) 2 -4 (xy + yz+ zx)(x 2 y 2 + y 2 z + z 2 x 2 ) > 0 
=^(xy(x + y) + yz(y + z) + zx(z + x)) 2 >4{xy + yz + zx)(x 2 y 2 +y 2 z 2 +z 2 x 2 ) 

Boaneal nooc chobg minh hoaa toaa. 


2(1 
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BoaneS. x,y,z > 0. K hi nouta coi 


x\y + z) f fU+x) | z 2 (x+y) ^ 2(x 2 + y 2 + z 2 ) 
x 2 +2 yz y 2 +2zx z 2 +2xy x+y+z 

Chong minh. 

Ta cou 

x 2 (y + z ) _ 2 yz(y + z) 

x 2 + 2 yz ^ x 2 + 2 yz 
y 2 (z + x) _ | 2zx(z + x) 

y 2 +2zx y 2 + 2zx 

z 2 (x+y) =jc[y 2xy(x + y) 

Z 2 + 2xy z 2 +2xy 

Do nou 


y x 2 (y + z) 
“ X 2 + 2yz 


2 (x+y + z)-£ 


yz(y + z) 
x 2 + 2yz 




x 2 (y + z) < 2(x 2 + y 2 + z 2 ) 
x 2 + 2yz x + y + z 


*=>(x + y + z)-£ 


yz(y + z).x +y +z 


2 yz x+y + z 

x 2 + y 2 + z 2 


^yy*y±A> x+y+z _ 

“ X~ +2yz X + y + z 

y yz(y + z) > 2{xy + yz + zx ) 

“ x 2 + 2yz x + y + z 

A(j dung babnaog thob Bunhiacopxki, ta cou 


y yz(y + z) = y (xy(x+y)) 2 
“ x 2 + 2yz “ (z 2 + 2xy)xy(x + y) 

^ (xy(x + y) + yz(y + z) + zx(z + x)) 2 

£(z 2 + 2xy)xy(x+y) 


m 
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_ (xyQ + y) + yz{y + z) + zx(z + x)) 2 
2(x + y + z)(x 2 y 2 + y 2 z 2 + Z 2 x 2 ) 
2 2 ( 2+38 + 00 (lheoBoSleil) 
x + y + z 

BoeneaZ nooc chobg minh hoaa toaa. 

BoaieaB. a,b,c > 0. K hi nopta coi 


b + c 


a + b 


3 


3 


^ 1 1 1 

-<— + — + — 
a “ b“ c 


l/a + l/b + l/c 

Chohg minh. 

, 1 1 1 
Nae^ =—= —,z = - 
a b c 


'l/a + l/b + l/c 


>x,y,z> 0. Khi nopta cou 


'l/a + l/b + l/c 


b + c 


x\y + z)(x+y + z ) 


a + be. 


3 


l/a + l/b + l/c 


Toong to( ta cou 

c + a 


< lSZ±^±I±H (theobntAM-GM) 

2x + 4xyz 

_ x+y + z x 2 (y + z) 

2 x 2 + 2 yz 


y (z + x) 


b +ca. 


3 


‘l/a + l/b + l/c 
a + b 

3 ! 

7 . - 

l/a + l/b + l/c 


y-+2zx 
z 2 (x+y) 


z +2xy 


Do nou 


y_ a-t-c _ < x+y + z y x (y + z) 

‘a’+bc. - 3 -" 2 


b + c 
"l/a + l/b + l/c 
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.x+y + z 2 (x 2 + y 2 +z 2 ) n 

<—-—---- (theo BosneS) 

2 x+y+z 


= x+y+z 
1 1 1 

a" b 2 c 2 

BoaneaB node chobg minh hoaa toaa. 

TroGa'i babtoab cub ta 
A fj dung ba&nabg thobAM - HM, ta cou 

3 ^ 3 


yfabc > 


>l>- 


l/a + l/b + l/c l/a + l/b + l/c 


(do abc- 1) 


Do nou 


y b+c <y 

a 3 + be ^ 


b + c 


> npem. 


°yc a + be.- 


-<\+\+\ (theo Bomea3) 
a b c 


l/a + l/b + l/c 


Nabg thob xay ra khi vaachsdchi a = b = c = 1. 

Baotoan 26. (VodQuoa BaiCaa) 

Cho a,b,c >0 thoa (a + b)(b+c)(c+a) >0. Chobg minh rabg 


\a"+bc \b 2 +ca \c 2 + ab ]j ]j y 

Labgau 


abc(a + b){b + c)(c + a) 

(i a 2 +bc)(b 2 + ca)(c 2 + ab ) 


Nab x = .l^- ( 2 b + c \ y = J b [ c+a \ z = J c [ a + b ' > ■ Khi noubafcnabg thoa cab chobg 
V a + be M b +ca \ c +ab 


minh toong noong vou 

x + y + z>yj 2 + 2y/l + 4 xyz 
Ta seochobg minh 


( 1 ) 

( 2 ) 
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Khi nouta cou 

(x + y + z) 2 = x 2 + y 2 + z 2 + 2(xy + yz + zx) 

>2 + 2{xy + yz + zx) 

= 2+2 -\jx 2 y 2 + y 2 z 2 + Z 2 x 2 + 2xyz(x + y + z) 

>2 + 2 
= 4 

=> x+ y+ z > 2 

Vaado nou 

{x+ y+ z) 2 >2 + 2\jx 2 y 2 + y 2 z + z 2 x 2 + 2xyz(x + y + z) 

>2 + 2yjx 2 y 2 +y 2 z 2 + z 2 x 2 +4xyz 
> 2+2^l + 4xyz 
=> x+ y + z>^2 + 2^l + 4xyz 

Na|f chinh laeniea chubg ta cab phauchobg minh. 

Va§r nhiean vuicua chubg ta ba| gio&hadaochobg minh tinh nubg nae cub cab bab 
nabg thob (1) vaia(2) noa thoa 

* Chong minh (1). 

a(b + c) b(c + a) c(a + 6)^ 0 

<=> —2- 1 2- 1 2-— ^ 

a" + be b +ca c +ab 

Ta COU 

a(b + c) 2 -( a ~ ^) 2 (^ _ c ) 2 ( c ~ a ) 2 + abc(a + b)(b + c)(c + a) > ^ 
a 2 + be (a 2 + bc)(b 2 + ca)(c 2 + ab) 


E 


=»E 


a(b + c ) 
a 2 + be 


>2 


V ajjr (1) nubg. 

* Chobg minh (2). 

2 x ab(a + c)(b + c) + bc(b + a)(c + a ) + ca(c + b)(a + b ) 

(a 2 + bc)(b 2 + ca) (b 2 + ca)(c 2 + ab) (c 2 + ab)(a 2 + be) 


ns 
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Ta COU 



ab(a + c)(b + c ) 2 abc(a + b)(b + c)(c + a) > 

r - ? ^ 777Z 7 ~ Z 7 ^ ZZ7Z ZZ~? 7T — ^ 


y. ab(a+c)(b + c) 

^ “(a 2 +bc)(b 2 +ca) 

Va§f (2) nubg. 

=> npcm. 

N abg thoa xay ra khi vaocha&hi ( a,b,c ) = (t,t, 0) it > 0). 

Baotoan 27. (VodQuoa BaiCaa) 

Choa,b,c>0 thoa a+b + c = l \i30ia + b)(b + c)(c+a) >0. Chobg minh raeg 


a 2 + 5b b 2 +5c c 2 + 5a 0 

-+-+- >8 

b + c c+a a+b 


Labgau 

Ta coiBoanesau 



Boaneax,j,z laiacab so&hoc thoa 


. Khi nouta cou 


[xy + yz + zx > 0 

x(b-c) 2 + y(c-a) 2 + z(a-b) 2 >0 \/a,b,c& R 


Boanebtrea chobg minh rabnon giao (chaacaa duag tam thoa baa hai laonboc) nea 
oCna|r ta khoag nhae la'i chobg minh cua nou 
TroGa'i baatoab cua ta 

Ta coibafcnabg thob caa chobg minh toong noong vou 



Chuiyiraeg 



( a-b) 2 (a + b + c ) 
(a + c)(b + c) 




(a + c)(b + c ) 


( a-by 


(theo gt) 
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Y^(a-b) 3 


3 (a + b)(b + c)(c + a) 




X >-*) 3 



3(o + b)(b + c)(c + a) 


eye 


Do nopbabnabg thob caa chobg minh toong noong vou 



“ (a+c)(b + c) 3 (a + b)(b + c)(c + a) 
o£(a-6) 2 (46-a)>0 


Nafc S a =4c-b,S b =4a-c,S c = 4b-a. Khi nob bab nabg thob caa chobg minh 
toong noong vou 

S a (b - cf + S b (c - af + S c (a - bf > 0 

Col 2 trooag hop xay ra 

* Trooag hop 1. a>6>c>0=>S fc >0.Khi nopta cou 

S a +S b =4a-b + 3c>0 
S b +S c = 3a + 4b-c>0 

Chuiyiraeg (a-cf > (a-bf +(b-cf. Do nou 

S a ( b-cf + S b (c- af + S c (a-bf > (S a + S b )(b-cf + (S b + S c )(a -bf > 0 

* Trooag hop 2. 0<a<b<c=3>S a ,S c >0. Nea S b > 0 thi ta corngay npcm, do 
nobtachaaEaa xebs fo <0 laenuu 

+ Trooag hop 2.1. 2b > c. K hi nopta cob 
S a + 2S b -Sa-b + 2c>0 
S c + 2S b =6a + 4b-2c>0 


m 
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M afckhab, theo babnatag thob Bunhiacopxki, ta cou 

(c - af < 2(a - bf + 2(b - cf 

Do nou 

S a (b - cf + S b (c - a) 2 + S c (a - bf > (S a + 2S b )(b - cf + (S c + 2 S b )(a-b) 2 > 0 

+ T rooog hop 2.2. c > 2b 

- T rooog hop 2.2.1. a + (V3 - l)c > V3 b 3 {b - cf >{c- of. 

Khi nopta cou 

S a + 3 S b - 12 a-b + c> 0 
Do nou 

S a (b - cf + S b (c - af + S c (a - bf > ( S a + 3 S b )(b-cf> 0 

- Trooog hop 2.2.2. a + (V3-l)c< f3b^b> 

Khi nouta cou 

S a + Sfo + S c = 3(a + b + c) ^0 

S a S b + S b S c + S c S a = (4c - b)(4a -c) + (4 a - c)(4b -a) + (4b - a)(4c - b) 


= 13(aZ? + be + ca) - 4 (a 2 +b 2 +c 2 ) 
>Ubc-4(b 2 +c 2 ) 



_ c 

"7 

>o 


Afj dung bosne^rea \ib\ix = S a ,y = S b ,z = S c , ta suy ra 
S a (b - cf + S b (c - af + S c (a - bf > 0 
Tom la'i, trong moi trooog hop, ta luoa cou 

S a (b-cf + S b (c-af + S c (a-bf >0 (npcm) 
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N abg thob xay ra khi vaocha&hi a = b = c = ~. 


Baetoan 28. (Pham Kim Huog) 

Cho a,b,c> Othoa (a+b)(b+c)(c+a) >0. Chobg minh raeg 


aib + c ) | b(c + a ) | c(a + b) >2 
a 2 +bc b 2 +ca c 2 +ab 


Labgau 

Ta col2 cabh giau 

* Cabh 1. (tham khao loegiaubabtoab 26) 

* Cabh 2. 

Khoag mafctinhtoag quaticoitheagiateoua >b>c. 

Babnabg thoa caa chobg minh toong noong vou 

(a - b)(a -c) + (b- c)(a - c) < b(c + a) 
a 2 +bc c 2 +ab b 2 +ca 

Ta cou 

(a-b)(a-c) ( b-c)(a-c ) f a-b b-c 

- 777 -+- 2 . , =(a-c)\ -T— + ^— 


a 2 + be c 2 +ab 


—2- 1 2- 

a + be c +ab 



_{a-c)(2ab-b 2 -ac) 
a 2 b 

< 2 ab-b 2 - ac 
~ ab 

Do nopneazhobg minh bafcnabg thoa naocho, ta chaaEaa chobg minh 

lab -b 2 -ac < b(c + a) 
ab b 2 + ca 

<=> (lab-b 2 -ac)(b 2 +ca) < ab 2 (c + a) 

<^=> {a-bfb 2 + a 2 c 2 >2(a-b)bac (nubg theo bntAM -GM ) 


=> npem. 
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N ang thoa xay ra khi vaocha&hi ( a,b,c ) = (t,t, 0) it > 0). 

Baotoan 29. (Pham Kim Huag) 

Cho a,b,c >0 thoa a+b + c — 2. Tim giaitroloa nhafccuaCbiea thoa 


P = (a 2 - ab + b 2 ){b 2 -bc + c 2 )(c 2 -ca + a 2 ) 


Labgau 

Khoag mafctinh toag quatigiaCEbua>6>c>0. Khi nouta coi 

0< a 2 -ac + c 2 < a 2 
0<b 2 -bc + c 2 <b 2 

Do nou 

P < a 2 b 2 (a 2 -ab + b 2 ) = v 2 (u 2 -3v) (trong hoik = a + b,v - ab) 

A p dung balraag thoa A M -G M, ta cou 



4u 6 _ 4(a + b) 6 ^ Aja + b + cf = 2 8 


243 243 243 243 


% 



max P = - 

243 

Babtoao 30. (VocQuoa BaiCaa) 

Cho x,y,z>OthoQxy + yz + zx+xyz = 4. Chohg minh raeg 


5*+l + 5;y+l + 5z+l > 2 


Labgiau 
Ta cou 


2+ x 2 + y 2 + z 


nt 
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(2 + x)(2+ y) + (2 + y)( 2 + z) + (2 + z)(2 + x) 

(2 + x)(2 + y)(2 + z) 

12 + 4{x + y + z) + (xy +yz + zx) 

8 + 4(jc + y + z) + 2(xy +yz+ zx) + xyz 
S + 4(x+y + z) + (xy+yz + zx) + 4 
8 + 4(x + y + z) + 2(xy + yz + zx) + xyz 
% + 4(x+y+z) + (xy+yz+zx) + (xy+yz + zx + xyz) ^ heQ ^ 
% + 4(x+y + z) + 2(xy + yz + zx) + xyz J 

8 + 4(.x+ y + z) + 2(xy + yz + zx) + xyz 
8 + 4(x + y + z) + 2(xy + yz + zx) + xyz 


= 1 




Do nou 


a 


5x+l 5(1-2 a) | 1 5-9 a 


a 


Toong to'[ ta cou 


a 


5y +1 5-9 b 

1 _ c 

5z + l ~ 5-9c 


111 a b c 



5x + l 5y + l 5z + l 5-9 a 5-9 b 5-9 c 



III 
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1 5 

-1— 

3 9 


1 1 1 
5-9a 5-9 b 5-9 c 
9 


3 9 (5 - 9a) + (5 - 9b) + (5 - 9c) 
__1 5 

3 + 15-9 (a + b + c) 

_1 5 

3 + 15-9 

~2 


Va^f 


1 1 1 i . 

-+-+->- npcm 

5x+l 5y + l 5z+l 2 


Nabg thob xay ra khi vaachadchi x-y=z= 1 . 

* Nhaa xeii 

Coitheana|f laomofebabtoab khoag khoinhong niea nae sae cua noichinh lacouchoa 
t 60 giauthie 6 xy + yz+zx+xyz = 4 ta coithe&uy ra noo't nabgthob 


1 1 1 

-+-+- 

2 + x 2 + y 2 + z 


Vaochinh nhoonabg thob na§f maebabtoab cua ta nactromea cot kyonon giab. Baeg 
cabh soudu'hg nabg thob nay, ta coitheadeadaag chobg minh nooc cab kefcquateau 


(1) x + y + z>xy + yz + zx 


( 2 ) 


1 

2 + x' n 


- 1 —<— 1 1 — Vm>l>n>0 

2+y m 2 + z m 2 + x n 2 + y n 2 + z n 


in 
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Baetoan 31. (VodQuoa BaiCaa) 

Cho a,b,c >0. Chobg minh raeg 

(,b + c-a ) 2 (c + a-b ) 2 (a + b-c ) 2 > 3 (a 2 +b 2 +c 2 ) 

2a 2 +(b + c ) 2 2b 2 + (c + a ) 2 2c 2 + (a + &) 2 2(a + & + c) 2 


Labcjau 

Do caChai veacua ba&nabg thoo naocho noag baa nea khoag ma&tinh toag quati ta 
coitheagiaCBOua +b+c = 3. 

Khi nopbafcnabg thoo caa choog minh toong noong vou 


(3-2a) 2 (3-2 b) 2 

2a 2 + (3-a) 2 2b 2 + (3-b) 2 


2c 2 + (3-c) 2 6 


2(3-2a) 2 2(3-2 b) 2 2(3-2c) 2 2 f2 

+ '- >a 2 +/r+c 


a 2 -2a+ 3 b 2 -2b + 3 c 2 -2c + 3 

Ta seochobg minh 

2(3-2x) 2 > x 2_ 6jc + 6 Vjcg(053) 

x 2 -2x + 3 

Thafeva^r 

(*) <^> 2(3 - 2x) 2 > (x 2 -6x + 6)(x 2 -2x + 3) 
x(x-1) 2 (6-x)>0 (nubg do 0 <x<3) 

Va§r (*) nubg. 

Do nopta cou 

2(3-2a) 2 


a 2 -2a+ 3 
2(3-2 b) 2 
b 2 -2b + 3 
2(3-2 c) : 


> a -6a+ 6 
>b 2 -6b+ 6 
>c 2 -6c + 6 


- 2c + 3 

2(3-2a) 2 2(3-2 b) 2 2(3-2 c) 2 
V-2a + 3 b 2 -2b + 3 c 2 -2c + 3 


(*) 


> a +& +c -6(a + & + c) + 18 


= a" + & + c 


m 
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2(3-2 a) 2 2(3-2 bf 2(3-2 cf 

a 1 -2a+ 3 b 2 -2b + 3 c z -2c + 3 


>a 2 +b 2 + c 2 (npcm) 


N ang thoa xay ra khi vaochadchi a = b = c. 

Baotoan 32. (VodQuoa BaiCaa) 


Cho a,b,c >0. Chong minh raeg 


a 2 + b 2 + c 2 + 1 f a 3 + b i + c i 
ab + bc + ca 3 abc 


2(a + b + c) 2 Y 
a 2 +b 2 +c 2 


Labgau 

Do hai veacua batinang thoa naocho noag baa nea khoag mafctinh toag quab ta cou 
theagiaiE6ua 2 +6 2 +c 2 =3. Nafc p = ab+bc+ca thi ta couO< p< 3. 


Khi nouta cou 

a 2 +b 2 + c 2 


ab + bc + ca 3 
3 ifa+b+c 


P 3 

3 1 

= — + - 
P 3 

3 1(9 


1 (a'+y+c* 2 (a + b + c) 2 

+ a 2 +b 2 +c 2 

2(3 + 2/?) 3 


abc 

1 1 1 

— + — + — 
ab be ca 


.(3-p) + 3 + 


|.(3-/>) + ^ + 5 


-~ + il ~-0-p) + ^- + 5 

P 3 [p 3 

12 4p_4 

~~p ~9~ 3 


>-+4.2 -A-- (theo bntA M -GM ) 


\j p 9 3 


a +b+c‘ 

>-1— 

ab + bc + ca 3 


1 [a' +V+c* [ 2 (a+b + c) 1 
abc a 2 +b 2 +c 2 


N aog thoa xay ra khi vaocha&hi a = b = c. 


>4 (npcm) 


in 
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Baetoan 33. (VodQuoa BaiCaa) 

C ho a,b,c > 0. C hobg mi nh raeg 

1 1 


a^3a + 2b b^3b + 2c cy/3c + 2a J5abc 

Labgau 

Nafc x = -,y = -,z = - thi ta cout,y,z>0. Khi nogba&naog thoa caa chobg minh 

a b c 

toong noong vou 


- * —^ $ _ -t'-r* _ " — 

yj3zx + 2yz yj3xy + 2 zx yj3yz + 2xy y/5 

x y z 


y/5z.yj3x + 2y 45x.yj3y + 2z yj5y.\l3z + 2x 5 

A p dung ba&hatag thoa AM -GM vaebaSnaag thoa Bunhiacopxki, ta cou 


\[5z.y]3x + 2y \[5x-\j3y + 2z yf5y.^3z + 2x 


>2 


{ -^-+-*-+-?- 

^3x + 2y + 5z 5x + 3y+2z 2x + 5y + 3z 

> _ 2 (x+y + z) 2 _ 

x(3x + 2y + 5z) + y(5x + 3y + 2 z) + z(2x + 5y + 3z) 

__ 2 (x+y + z) 2 _ 

3(x 2 + y 1 + z 2 ) + 7(xy + yz + zx) 

_ _ 2 {x+y + z) 2 _ 

9 9 9 1 20 

3(x +y +z ) + -.(xy + yz+zx) + —.(xy + yz + zx) 

> _ 2(x+y + z) 2 _ 

~ 1 20 

3(x 2 + y 2 + z 2 ) + -.(x 2 + y 2 + z 2 ) + —.(xy + yz + zx) 

_ _ 3(x + y + z) 2 __ 3 


5(x“ + y + z + 2xy + 2 yz + 2zx) 5 


> X + ^ + Z > ^ 
J5z.yj3x + 2y J5x.yj3y + 2 z yj5y.y/3z + 2x 5 
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=> npcm. 

N aag thob xay ra khi vaocha&hi x = y = zts a = b = c. 

Bactoan 34. (R. Stanojevic |i 

Cho a,b,c > 0 thoa abc- 1. Choag minh raeg 



1 

2 


>V2 


Labgau 


Do abc = 1 nea toa tai cab soax,j,z>0 sao cho a = —,b = -,c =—, 

y x z 

x = yfca*, y = yfbc*, z = tfaif. K hi nopta COU 
1 


1 


J a+ H l 


2 y 


.x z 1 \2x + y + 2 z 

~ ‘y + y + 2 


Toong to( ta cou 

1 


2 z 


1 1 ]/2x+2 y + z 

C + b + 2 


±rl 


2x 


x+2j + 2z 


Khi nopbafcnaag thob caa choag minh trouthaah 


1 * , 

r~*— + i 

jx + 2y + 2z \ 

y + 2z + 2x \ 


A (j dung babnaag thob AM -GM, ta cou 

x 2x 


2x 


x + 2y + 2 z 2y[x.yjx + 2y + 2z x + (x + 2y + 2 z) x+y + z 


111 


chabg han 


Toong to[ ta cou 
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y + 2z + 2x x+y + z 


Z + 2x + 2y x + y + z 


x + 2y + 2z \y + 2z + 2x ]/z + 2x + 2y 

>—^+^^ + ^^ = 1 
x+y+z x+y+z x+y+z 

=> npcm. 

Bactoan 35. (Taiwanese M athematical Olympiad 1992) 

Cho n>3,«e N vacx 1 ,x 2 ,...,x„ >0 thoBXj + x 2 + ...+x„ = l.Ch6bg minh raeg 

4 


Xj x 2 + X 2 X 3 + ... + X n Xj < 


27 


Labgau 

N a§ /(x 1 ,x 2 ,...,x„) = xfx 2 +x 2 x 3 + ... + x 2 x 1 

Khoag mafctinh toag quati coilheagiateoiix! = maxx,. (i = l,n). 

G o'i x k = max x ; (i = 2 ,ri). 

Khi nouta cou 

f(l-x k ,x k ,tyfe./jP) = f(Xi+x 2 + ... + x k _ 1 +x k+1 +... + x n ,x k ,ty [ 0 l ..Q 0) 

n-2 SOaO n -2 SOaO 

= (Xj +x 2 + ...+ x k _ x + x k+l +...+ x n ) 2 x k 

> (x 2 + 2 xj(x 2 +... + x k _ x + x k+l +... + x n ))x k 

> x 2 x 2 + x 2 x 3 +... + x 2 x, (do x x > x k = max x. (i = 2, n)) 

— f (Xj»x 2 ,..., X n ) 


Ta la'i cou 

f(l-x k ,x k 


(l~x k ) 2 x k - -.(2.x k ).(l-x k ) 2 < —. 


2 ^1 ( 2x k + 2(1 ~x k ) \_ 4 


27 


IT J 
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Va§r f(x v x 2 , 



(npcm). 


Baetoan 36. 

Cho a,b,c>0 thoa a+b+c+abc = 1 . Chobg minh rabg 


ab + bc + ca< 


(2 + abc)( 1 + 2 abc) 
1-abc 


Labgau 

Na &m= a+b+c => 3m+ abc - 1. K hi nogta cou 
3 

^ _ (2 + aZ?c)(l + 2abc) _ (3 - 3m)(3 - 6 m) _ 3(1 - m)(l - 2m) 

7 — abc 6 + 3m 2 + m 

. . 2 3(l-m)(l-2m) . 2 3(1 -3m-m 3 ) 'i(abc-rn ) 

=> 4 -3m =-3m =-=- 

2 +m 2 +m 2 +m 

. 3 (abc-m 3 ) . 2 

=> A = —-- + 3m 

2 + m 


Do nopba&nabg thoa caa chobg minh toong noong vou 


3 (abc-m 3 ) 2 

- 1 - 3m >ab+bc + ca 

2 + m 


<=> 3m 2 - ab - be - ca > 


3(m 3 - aZ?c) 
2 + m 


7 \2 r./ 7 7 . ^ (a + Z? + c ) 3 -27aZ?c 

o 3(a + b + c)- 9(aZ> + be + ca) > -- 

2 + m 

o 3(2 + m)((a + b + c ) 2 - 3(aZ? + Z?c + ca)) > (a + Z? + c ) 3 - 21 abc 


no , , « 1 o _ rj 7(a + Z? + c) 4(a + Z> + c) 

Do 3m + abc = 1 nea m < —=> 2 + m >7m =- >-. 

3 3 3 

Do nopta chaa:aa chobg minh 

4 (a + Z? + c)((a + Z? + c ) 2 - 3(aZ? + Z?c + ca)) > (a + Z? + c ) 3 - 27 aZ?c 
<=>4 ^a 3 -3abc > ^a 3 + 3^aZ?(a + Z?)-21aZ?c 

eye J eye eye 

<=> 3^ « 3 + 9aZ>c > 3^ aZ?(a + b) 


in 
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o^a 3 +3a6c>J^a6(a+6) (huhg theo Schur) 

=> npcm. 

Bactoan 37. (VodQuoa BaCCaa) 

Cho a,b,c > 0 thoa abc - 2\lab+be+ca + A. Chobg minh raeg 

a 1 b 1 c 1 ^ 128 

1 + ab 2 1 + bc 2 1 + ca 2 ~ 3 

Labgau 

Adung bafcnaog thoa Bunhiacopxki, ta cou 

a 7 + b 1 + c 1 _ a 7 c + b 1 a + c 7 b 

l + ab 2 l + bc 2 1 + ca 2 c + ab 2 c a+abc 2 b + ca 2 b 

^ (a^y/wy/w/ 2 .^ 2 ) 2 

a + b + c + a 2 be + ab 2 c + abc 2 
_ (a 7l2 .c ll2 +b 7l2 .a l/2 + c 7l2 b l/2 ) 2 
(a + b + c)(l + abc) 

A (J dung ba6 nabg thoa A M -G M, ta cou 

23a 7 ^ 2 .c^ 2 +1 lb 7 ^ 2 .a 1 / 2 + 9 c 7/2 iA 2 > 43 a 2 bc 
23b 7 ' 2 .a l / 2 +llc 7 ' 2 ^ 2 + 9a 7 ' 2 .c 1 ' 2 > 43 ab 2 c 
23 c 7 ' 2 .b l/2 +11 a 7 ' 2 * 1 ' 2 +9b 7 ' 2 J 2 > 43 abc 2 
=* 43(a 7/2 .c 1/2 + b 7/2 .a 1/2 + c 7/2 .b 1/2 ) > 43a6c(a + 6 + c) 

« a 7 ^ 2 .c^ 2 + ^ 2 .a^ + c 7/2 .fc 1/2 > a^c(a + b + c) 

Do nou 

a 7 | b 7 c 7 ^ {a 7 l 2 .c l l 2 + b 7 l 2 .a l l 2 +c 7 l 2 b ll2 f 
l + ab 2 l + bc 2 1 + ca 2 (a + b + c)(l + abc) 

> ( abc(a + b + c )) 2 

(a + b + c)(l + abc ) 

_ a 2 b 2 c 2 (a + b + c) 
l + abc 

Ta COU 


m 
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abc = 2yjab + bc + ca + 4 > yj4yjab.bc.caA = 4yjlabc 
=> abc > 8 


Do nou 


a 2 b 2 c 2 (a +b + c) > a 2 b 2 c 2 3y[abc 
1 + abc 1 + abc 

> 6a 2 b 2 c 2 
1 + abc 

6 8 2 t 2 

>—— (do f(t) = — noag biea trea (0 ,-h»)) 

1+8 1 +t 

_ 128 
3 


a 1 b 1 c 1 _a 2 b 2 c 2 (a+b + c) > 128 
1 + ab 2 1 +bc 2 1 + ca 2 1 + abc 3 

N aag thoo xay ra khi vaocha&hi a = b = c = 2. 

Baotoan 38. (Pham Kim Huag) 

Cho a,b,c > 0 thoa abc = l. Chobg minh raeg 


(npcm) 


a) 

b) 


- y H- y H- y H-> 1 

(1 + a) 2 (1 + b) 2 (1 + c) 2 (l+a)(l + fc)(l + c) 

a + 3 b + 3 c + 3 

- T - T - o' — ^ 

(1 + a) 2 (1 + b) 2 (1 + c) 2 


Labgiau 

a) Na£* = - 


1 + a 


-hy 


2 

"l +b 


1 ,z= -1 => x,y,ze [-1,1] 

1 + c 


8abc 

~ (1 + a)(l + b)(l + c) 

8 

“ (l + a)(l + Z?)(l + c) 


= (l + *)(l+;y)(l+z) 


Hi 
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=> x+y + z + xyz = 0 

Do noubabnabg thob caa chobg minh trouthaah 

(x+l) 2 +(y + l) 2 +(z + l) 2 + (x+l)(y+l)(z+l)>4 

<=> x 2 + y 2 + z + xy + yz + zx+ 3(x + y + z) + xyz > 0 

<=> x 2 + y 2 + z + xy + yz + zx-2xyz > 0 

<=> 2 (x 2 + y 2 + z 2 ) + 2(xy + yz + zx) ~ 4xyz > 0 

<=> x 2 + y 2 + z + (x + y + z) 2 - 4xyz > 0 

<=> x 2 + y 2 + z + x 2 y 2 z 2 - 4xyz > 0 

A fj dung ba6 nabg thob A M -G M, ta cou 


x 2 + y 2 + z 2 +x 2 y 2 z 2 >4 %Jx 2 .y 2 .z 2 .x 2 y 2 z 2 = 4|xyz|>4xyz 
=> x 2 + y 2 + z 2 + x 2 y 2 z 2 ~ 4xyz>0 (npcm) 



l+a ’ 1 + b ’ l+c 



(l + a)(l + b)(l + c) 


8 


(l + a)(l + b)(l + c) 
= (l + x)(l+>0(l+z) 


=>x+j + z + xyz = 0 

Babnabg thob caa chobg minh toong noong vou 

(JC + 1)(JC + 2) + (y + l)(y + 2) + (z + l)(z + 2) > 0 
4 => x 2 + y 2 + z > -3(x + y + z) 

4=> x 2 + y 2 + z > 3xyz 

A f) dung ba6 nabg thob A M -G M, ta cou 

x 2 + y 2 + z 2 > 3^Jx 2 y 2 z 2 > 3xyz (do x,y,ze [-1,1]) 
=> x 2 + y 2 + z 2 > 3xyz (npcm) 


m 
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Baetoan 39. (VodQuoa BaiCaa) 

Cho a,b,c > 0. Chobg minh raeg 

j a(b + c) | l b(c + a) | l c(a + b) >2 
V b 2 +c 2 \ c 2 + a 2 \ a 2 +b 2 


Labgau 


Ta seochobg minh 


E 

E 


a(b + c) 
fc 2 +c 2 “ 
aZ?(a + c)(& + c) 
(a 2 + c 2 )(b 2 + c 2 ) 


>1 


Khi nouta cou 


( 1 ) 

( 2 ) 


l a(b + c) l b(c + a) l c(a + b) ) _^ a(b + c) [ 

\b 2 +c 2 v c 2 + a 2 \ a 2 + b 2 ) % b 2 + c 2 br 


b 2 + c‘ 

2 + 2 ^ 


I ab(a + c)(b + c) 

\j (a 2 + c 2 )(b 2 + c 2 ) 


ab(a + c)(b + c ) 
(a 2 +c 2 )(b 2 + c 2 ) 


a(b + c) /b(c + a ) 

V+7~ + ' 


c(a + b ) 
a 2 +b 2 


y_abia^c)(b + c)_ > 
“. (a 2 + c 2 )(b 2 + c 2 ) 


>2 


Na§f chinh laoniea ta caa phauchobg minh, va§r nhieai vu'icua ta ba|f gioochaelao 
chobg minh tinh nubg nae cub cab babnabg thob (1) va 0 ( 2 ) noa thoa 
* Chobg minh (1). 

Ta cou 


J]ab(a-b) 2 (a 2 +b 2 + 2c 2 ) + 8a 2 b 2 c 2 
v - " 1 c ) _ 2 _ ^ 

t ‘b 2 + c 2 “ (a 2 + b 2 )(b 2 + c 2 )(c 2 +a 2 ) 


ci{b + c) 

'b^+c 2 

>(1) nubg. 


>2 


m 
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* Chong minh (2). 

Ta cou 

y ab(a + c)(b + c) 2abc((a + b + c)(a 2 + b 2 +c 2 )-abc) 

“'(a 2 + c 2 )(b 2 + c 2 ) ~ (a 2 +b 2 )(b 2 + c 2 )(c 2 +a 2 ) 

=> (2) nubg 
=> npcm. 

N aag thoa xay ra khi vaocha&hi ( a,b,c ) = (t,t, 0) (t > 0). 


* Nhaa xeii 

Ngoabra, ta coo coimofeba&naog thoa manh hon nho sau 
Cho a,b,c > 0. Khi noi 

a(b + c ) lb(c + a) lc(a + b ) ^ 

Bactoah 40. (VodQuoa BaCCaa) 

Cho a,Z?,c>Othoaa + Z7 + c = l.Ch6pg minh raeg 

byfc + cyfa + a\fb > ^ 
a[l4c + \l3ab^ b{l4a + y/3bc^ c(2yfb + V3ca) 


abc(a + b)(b + c)(c + a) 
(a 2 +b 2 )(b 2 +c 2 )(c 2 +a 2 ) 


Labgau 

Ta coibafcnabg thoa caa chobg minh toong noong vou 



[be 

a 

, V 

[ca 

~b 


[ab 

> i 

ay/3+2^J 

¥ 

? ^ 

(&T 

a 



Bafcnabg thoa caa chobg minh trouthaoh 


2y + yzyfl 2 z + zx\/3 2x + xyj 3 


x,y,z >0 

xy+ yz+ zx=l [6o a + b + c = l) 


>1 


m 
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Afj dung bafcnabg thob Bunhiacopxki, ta cou 


2y + yz\/3 2z + zxyf3 2x + xyy/3 2xy + xyzyf3 2yz + xyz^/3 2zx + xyzyj3 

> (x + y+z) 2 

2(xy + yz + zx) + 3xyzyf3 
y 3(xy + yz + zx) 

2{xy + yz + zx) + 3xyzyf3 
3 

2 + 3xyzy/3 


2 + 3V3. 


xy + yz+zx 
3 


= 1 


->1 


2y + yzyj3 2z+zxy/3 2 x+xy^3 

=> npcm. 

Bactoan 41. (VodQuoa BaCCaa) 

Cho x,y,z laenoadabba canh cua mofetam giao (coitheauy biea). Tim haeg soak 
lob nhabsao cho 


0+ y + z)| - + - + - |> 6| 


y+z z+x x + y 


k(x-y) 2 (y~z) 2 (z-x) 2 
xyz(x + y)(y + z)(z + x) 


[x y z j 

Labgau 

Ta coibafcnabg thob naocho toong noong vou 

52 C* _ y) 2 (z 2 + xz + yz - 2xy)z(x + y) > 

>k(x-y)\y-z)\z-x) 2 (1) 

Do x,y,z laenoadabba canh cua mofetam giab (coitheasuy biea) nea toa ta'i cab soa 
khoag aai a,b,c sao cho x = b + c,y = c+a,z = a + b. 

Thay vao (1), ta coibafcnabg thob (1) trouthaah 


214 
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£ (a - b) 2 (a +b 2 -c 2 + ab)(a + b)(a + b + 2c)> 

>| .{a-b)\b-c)\c-af (2) 

C ho c -> 0 + , ta hoot (2) troCthaah 

2 (b\b 2 - a)(2a + b) + a 3 (a 2 - b 2 )(a + 2b) + 

Ha- b f^ +b ^amW)>- k -^\a- b f 
<^> 2((a-b) 2 (a + b) 4 + (a- b) 2 (a 2 + b 2 + ab)(a + b ) 2 ) > k.a 2 b 2 (a - bf 
o 2((a +b) 4 +(a 2 +b 2 + ab)(a + b) 2 )> k.a 2 b 2 

C ho a = b = 1, ta suy ra hoot: k < 56. 

Ta sebchoag minh & max =56, too laochong minh 

£ (a - b) 2 (a 2 + b 2 - c 2 + ab)(a + b)(a + b + 2c)> 28(a - b f (b - c) 2 (c - a) 2 

Khoag mafctinh toag quatigiatebua>6>c>0. 

Ta coibafjhaag thob trea toong noong vou 

(( b-c) 2 (b 2 -a 2 )(b + c)(2a + b + c) + (a-c) 2 (a 2 -b 2 )(a + c)(a + 2b + c)) + 
+ (a-b) 2 (a 2 +b 2 + ab)(a + b)(a + b + 2c)+ 

+ ((ac + c 2 )(a - c) 2 (a + c)(a + 2 b + c)-c 2 (a- b) 2 (a + b)(a + b + 2c)) + 

+ (bc + c 2 )(b-c) 2 (b + c)(2a + b + c) > 

>28 (a-b) 2 (b-c) 2 (c-a) 2 

Do a>b>c> 0 nea 

(be + c 2 )(b — c) 2 (b + c)(2a + b + c) > 0 (3) 

(ac +c 2 )(a- c) 2 (a + c)(a + 2b + c)-c 2 (a-b) 2 (a + b)(a + b + 2c)> 
>2c 2 (a-b) 2 (a + c)(a + 2b + c)-c 2 (a-b) 2 (a + b)(a +b + 2c) 

= c 2 (a-b) 2 (2 (a + c)(a + 2 b + c)-(a + b)(a + b + 2c)) 

-c 2 (a-b) 2 (a 2 +2ab-b 2 + 2c(a + 2b + c)-2bc)>0 


ns 
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=>(ac + c 2 )(a- c) 2 (a + c)(a + 2 b + c)> 

>c 2 (a-b) 2 (a+b)(a + b + 2c ) (4) 

Lai do a>b>c>0 nea a-c>—.(b-c)>0 
b 

=> (fc-c) 2 (fc 2 - a 2 )(b + c)(2a +b + c) + (a-c) 2 (a 2 -b 2 )(a + c)(a + 2b + c)> 

> (b-c) 2 (b 2 -a 2 )(b + c)(2a + b + c) + ^-.(b-c) 2 (a 2 -b 2 )(a + c)(a + 2b + c) 

_ (b-c) 2 (a 2 -b 2 )(a 2 (a + c)(a +2b+ c)-b 2 (b + c)(2a + b + c)) 

“ b 2 

_ (b-c) 2 (a 2 -b 2 )((a 4 -b 4 ) + 2ab(a 2 -b 2 ) + 2c(a i - b 3 ) + 2abc(a - b) + c 2 (a 2 -b 2 )) 
= b 2 

^ ( b-c) 2 (a 2 -b 2 )((a 4 -b 4 ) + 2ab(a 2 -b 2 )) 
b 2 

_ ( b-c) 2 (a-b) 2 (a + b) 4 

~ V- 

^(b-c) 2 (a-b) 2 .16a 2 b 2 ... > 

>-- b 2 - (theo bnt AM -GM ) 

= 16 (a-b) 2 (b-c) z a 2 

>16 (a-b) 2 (b-c) 2 (a-c) 2 (5) 

Ta la'i cou 

(a - b) 2 (a 2 +b 2 + ab)(a + b)(a + b + 2c) > 

>(a- b) 2 (a 2 +b 2 + ab)(a + b) 2 

>(a- b) 2 (2ab + ab)4ab (theo bnt A M -G M ) 

= 12 (a-bfa 2 b 2 

>12 (a-b) 2 (b-c) 2 (c-a) 2 

TO0(3),(4),(5) vae(6), ta suy ra 

£ (a - b f (a 2 +b 2 -c 2 + ab)(a + b){a + b + 2c)> 28(a - bf (b - c) 2 (c - a) 2 
Va^ ^max = 56. 


m 
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Baetoan 42. (Poland 2005) 

C ho a,b,c g [0,1]. C hong mi nh rang 

a + b + c 
bc +1 ca +1 ab +1 

Labgau 


Do a,b,cG [0,1] nea bc + l>abc + l>0 = 
Toong to]' ta cou 

b - 

ca + l abc +1 


bc +1 abc +1 


aZ? +1 aZ?c +1 

abc ^a+b+c 

=>-+-+-<- 

be +1 ca + l aZ? +1 abc +1 

Do nopneachobg minh bafcnang thob naocho, ta chaazaa chong minh 

a+b+c <2 
aZ?c + l 

<=>a + Z? + c< 2(1 + aZ?c) 

Do a,Z ?g [0,1] nea (l-a)(l-Z?)>0=> a + Z?<l + aZ? 


=>a+Z? + c<l + aZ? + c 

Lai do a,b,cG [0,1] nea (l-aZ>)(l-c)>0=>aZ? + c<l + aZ?c 

=>a + Z? + c<l + aZ? + c<2 + abc < 2(1 + abc ) 

=> npem. 

Baotoan 43. (China 2006) 

Cho x,j,z>Othoax + j + z = l.Chohg minh raeg 

*y i yz | vc ^2 

yjxy + yz yjyz + zx ^zx + xy 2 

Loegiau 

Ta coibafcnang thob caa chobg minh toong noong vou 

in 
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x Jy , yJz , Z*Jx ^ yfi 
yjz + x Jx+y y/y + z 2 

A (j dung bafcnaog thoa Bunhiacopxki, ta cou 

y/z + x + 

yJz + X y/z+y/x 


Toong to'i ta cou 


yyfz 

yjx + y 
Zyfx 


< 75 . 


+ 2 

7L 


< 72 . 


yyfz 

yfx + yjy 

zyfx 

yfy +yfz 

yyfz | Zyfx < | jVz | zV* 


Vz + * \Jx+ y yfff+z [yfz + yfx yfx + yfy yfy+yfz 

Do nouneazhobg minh bafcnaag thoa naocho, ta chaaEaa chobg minh 

Xyfy , t yJz ., zyfx < j_ 
yfz+yfx yfx+yfy yfy+yfz 2 

1 


«E-rrr-^kE >/^4 

CyC^VZ+V* j eye 2 

<^2^yfxy <l + 2y[xyf.Y,~ 


yfz + yfx 


o2^V^y r 1 r ( *) 

eye eye eye V Z + V X 

Nafca = yfx,b = y[y,c = yfz thi ta coua,fc,c>0. Khi nouba&nabg thoa (*) troCthaah 

a 2 +b 2 +c 2 + label —-—H—-—l—- —|>2 (ab + bc + ca) (**) 
ya+b b+c c+aJ 


in 
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Do cauhai veacua bafcnabg thob trea noag baa nea khoag mafctinh toag quab cou 
theagiaLBO(]to + fc + c = l. Nd&q=ab + bc + ca,r = abc=>0<q< K hi nopta cou 


a 2 +b 2 +c 2 =1-2 q 
1 | 1 | 1 _ 1 + q 


Do nou 


(**)<=> l-4q + 


2r(l + q) 


>0 


q-r 

O (1 - 4q)(q - r) + 2r(l + q) > 0 
<^> q(l - 4q) + r(l + 6q) > 0 

Col 2 trooag hop xay ra 


* Trooog hop 1. 0 <q<-. Trong trooag hop na§f, babnabg thoa trea hiea nhiea 


nubg. 

* Trooog hop 2. < q < 

4a-1 

Ap dung babnabg thob Schur, ta cour > H >0. 
Do nou 


q(l - 4 q) + r{\ + 6q)>q(X- 4 q) + 


(4g-lXl-3g) 

9 


Tom la'i, ta luoa cou 

q(l-4q) + r(l + 6q)>0 
=> npcm. 

N abg thob xay ra khi vaochadchi 


in 
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Baetoan 44. (Pham Kim HU 0 g) 

Cho a,b,c,d > 0. Tim giaitronhoCnhabcua biea thob 
b 


P = 


i + b + t 


b+c + d ) 1 c + d + a I [d + a + b 


Lcbcjau 


Ta seochobg minh raeg minP = -. 

Trong cab soa a,b,c,d, go'i p laosoalob nhafc so3ob nhabtrong 3 soacofl la'i lae^, 
soaloo nhabtrong 2 soa:o 0 la'i la 0 r va& lacsoaihomhaii 


Khi nouta cou- 


p>q>r>s 
1 . 1 


1 


1 


p + q + r p+q+s p+r+s q+r+s 

Do noutheo babnabg thoa sap xep la'i, ta cou 


f a 1 


r * 1 

!+ ( 

C 1 

2 

+ i 

" d 1 

[a+b+cJ 

v b+c+dJ 

c+d+aj 


p ' 

L 

9 ' 

f + 

f r ' 

L 

f ‘ 1 

[p + q + r ^ 

1 

[p + q + s ^ 

) 

[p+r+s y 

1 

l^+r+s J 


Khoag ma&tinhtoag quab cobtheagiaus6u/? + g + r + s =1. Khi nouneachobg minh 

4 

P>-, ta chaa:aa choog minh 


2 2 2 2 j 

_P + _9 + _l -+ ^->’ 

(1-i) 2 (1 ~r? (1 -qf (1 -pf 9 


N at m = p + s,n= ps,t = - 


- thi ta couO < m < 1 vao 


(i-.) 2 (i -p) 1 

_ m 2 - 2n - 2ra 3 + 6mn + m 4 - 4m 2 n + 2 n 2 
(1 -m + n) 2 

> n 2 (2-t)- 2 nim - l)(2m -1 - 1) + (m -1) 2 (m 2 - 0 = 0 


(*) 


HI 
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+ Nea t >2 thi hiea nhiea ta cou 

2 2 2 2 a 

_P - + _9 - + _l -+ ^->’ 

(1-i) 2 (1 ~r) 2 (1 -qf (1 -pf 9 

+ NeaP" 1,n 0 thi ta cout > l vl—^ = l. D o nou 

[t = 2 (1-5) 2 

„2 2 2 2 a 

_P - + _Q - + _r - + ^s->4 

(1-s) 2 (1 ~rf (1 -qf (1 -pf 9 

+ Nea t<2,m<\. Xem (*) laophoong trinh baa hai noavou n. Do n luoa toa ta'i 
nea ta phaucou 

A 1 = (m- 1) 2 (2 m t)(m -1 ) 2 (m 2 - 0 > 0 

<^> (2m -1 - if > (2 - t)(m 2 -1) 

. -2m 2 + Am -1 

=>1>- ? - 

(2-m) 2 

Toong toi nafc/ = g+r=>/ = l-m. Baeg lap luaa toong toinho trea, rocraag tachae 

a 2 r 2 

caa xetitrooag hop /< 1 vao—-—- T <2 laenuuKhi nouta cou 

(1 -rf (1 -qf 

q 2 r 2 ^ -2/ 2 + 4/ -1 _ 1 - 2m 2 
(l-r) 2+ (l- ? ) 2 “ (2-/) 2 (1 + m) 2 

Do nou 

p 2 q 2 r 2 s 2 > -2m 2 +4w-l 1-2 m 2 

(1 ■-s) 2 + (1 ■-r) 2 + (1 - q ) 2 + (1 - p ) 2 ~ (2-m) 2 + (1 + m) 2 

_ (2m-l) 2 (ll + 10m-10m 2 ) 4 

9(2-m) 2 (m + l) 2 9 

>1 

9 


=>P>- 

9 


N aog thou xay ra khi vaocha&hi a = b = c = d. 


Ml 
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4 

Vaa min P = . 

9 

Baetoah 45. (Pham Kim Hueg) 

Cho a,b,c >0 thoa a+b + c- 3 vaizfce 11 Ia0nofihaeg soacho trooa. Tim haeg soa 
C k nhoCnha&sao cho 

C k (a k +b k + c k ) > ab + bc + ca 

Labcjau 

Ta coiBoanesau 

BoaneaaAc >0 thoa a+b + c = 3. Khi nopta cou 

(ab) k + ibc) k + ( ca) k < max ^3, ^J VkeR 

Choag minh. 

Ta chobg minh bafcnabg thoa nubg cho giaitrotouhan 

3^ In 3 

2 2k ** 21n3-21n2 

Khi nou 

+ Vm > k, ta cou 

0 ab) m + 0 bc) m + ( ca) m < (( ab) k + ( bc) k + ( ca) k ) J < 
r 3 2m 

=> ( ab) m + ( bc) m + ( ca) m < max < 3, —^ 

+ Vm < k, ta COU 

A k i T-i j 

{{ab) m +{bc) m +{ca) m ) m <3 m {{ab) k +{bc) k +(ca) k ) < 3 m .3 = 3' 

=> ( ab) m + (bc) m + ( ca) m < 3 

r 3 im 

=> ( ab) m + ( bc) m + ( ca) m < max < 3, — 



! 91 
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Khoag mafctinh toag quati coitheagiaiEdua<6<c. Ta chobg minh veatrauna't max 
khi b = c. 



vr =o‘ (a+o*+(* ■- o*) ■+ a 2 - ?? = m 

T a COU f'(t) = ((z + f)* -1 - (z - t) k ~ x ) - 2 tk(z 2 - t 2 ) k ~ l 

X etihacn so&(*) = x k ~ l v6u*>0. 

Ta cou 

g'(x) = (k-l)x k - 2 

g"(x) = (k- m-2)x k ~ 3 <0 

=>theo ncnh lyiLarange, ta coi%(x)-g(y)<(x-y)g'(y) \/0<y<x 
A|jdung choy = z-t,x = z + t, ta node (z+t) k ~ x -(z-t) k -<2t(k-l)(z-t) k ~ 2 

Do noi 

f\t)< 2 tk(z - t) k ~ 2 ( a k (k-l)-(z + t) k ~\z - 0) 

<2tk(z-t) k ~ 1 (a k ~ 1 (k-l)-(z + t) k _1 ) (do a< z-t) 

< 2 tk(z - tf- x {a k - 1 - (z + t) k ~ l ) <0 (do a < z-t < z +1) 

=> fit) laehacn nghoch biea trea [0, + °°) 

=> /(O < f(0) = 2 b k (3 - 2 b) k + b 2k 
Bap gioeta coa phauchobg minh 

g(b) = 2b k (3-2b) k -2b k <3 \/\<b <| 


Ta cou 
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3-2 b 

Na£x = -(*) thi 0<*<1 vaerocraog obg voumoa (0,1] thi ta coiriuy nhafc 

b 

b &|\,| j thoa mao (*). 

Xebhaoi soah(x) = x k -2/ _1 + l voiixe (0,1] 

Ta cou 

h! (x) = x k ~ 2 (kx-2(k-l)) 

=>h'(x) coitoana 1 nghieai 

=> h(x) coiloana 2 nghieai (theo ncnh lyiRolle) 


Ta laT cou/z(l) = 0,/i - = 


- > 0,h\ 


l) 2 k -3 


<0 


1 1 


>h(x) coinubg 2 nghieai Ia0c o e ^-,-J,* = l 
> g'(b ) coihuhg 2 nghieai Iaizb 0 =- ,b = 1 

Xr.+2 


Babg biea thiea cua g(b) 



Cae cou/ao baog biea thiea, ta tha§r 


g(fc)<maxjg(l),g - \\ = 3 \/be 



B oaneanoofc chobg minh hoao toao. 
TroGa'i babtoab cua ta 


n 4 
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* Nea k>lvk<0 thi ta coua* +b k +c k >3>ab+bc+ca vaodaa baeg na't tai 
a = b = c = 1 nea hiea nhiea C k =1. 

* Xehke (0,1) 


Cho a=b = c = 1 ta suy ra C k > 1. 


3 2> 

C ho a = £ -> -,c -> 0, ta nooc C k > —rr. 

2 k 2^ k 


Ngooc la'i, ta secchbng minh C k = max<jl,^- r f thoa mao niea kiea cua ne&ao 


nghda laota phauchoog minh 

C k ( o k +b k + c k )(a + b + c) 2 ~ k > 3 2 ~ k ( ab + bc + ca ) 

Ap dung ba&naog thoo H older, ta cou 

(a k +b k +c k )(a + b + c) 2 ~ k >[a 3 - k + b 3 ~ k +c 3 ~ k 

Do nou(l) laeheaquauzua 

2 2 2 

C k | a 3 ~ k + b 3 ~ k +c 3 ~ k | > 3 i_/c (a/? + bc + ca) 


( 1 ) 


( 2 ) 


— — — 3 -k 

Na § A = a 3 - k ,B = b 3 ~ k ,C = c 3 - k vai& = ^— thi (2) toong noong voii 


c k 


A+B+£f\(AB) 1 + (BCf + (CAf 
3 J " 3 


(3) 


Do cauhai veacua (3) noag baa nea khoag ma6 tinh toag quab coutheagiausou 
A + 5 + C = 3.Khi nou(3) trouthaoh 

(AB) X + (BC) X + (CA) X < 3 C k 


o ( AB) X + ( BC) X + (CAf < max \ 3, 



(4) 


ns 
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Ajj dung kefcquaicua Boane&rea, ta suy ra (4) nubg. 

=> npcm. 

Ke&luaa 


+ k>lv k <0 => C k -l 
+ 0<k<l=> C k = max j 1 ,-^ =F 


Baetoab 46. 

Cho a,b,ceR. Tim ta&cateab soaiguyea doong n sao cho 


a(a + b) n + b{b + c) n + c(c + a) n > 0 

Labcjau 

Nhaa xetiraeg n phauleu 

1 9 

N ea n > 6 thi cho a = -,b = — ,c = 1. K hi nouta cou 


a(a + b) n + b(b + c) n +c(c + a) n = 13, 


- 2 n “ 2 < 0 Vn > 6 


Do noun<5 maon lemea n = ivn = 3v« = 5. 

nhoog giailrocaa tim, too laiachobg minh 

Ta seochobg minh noulaotafc cau 

a(a + b) + b(b + c) + c(c + a) >0 

(1) 

a(a + bf + b{b + cf + c(c + af > 0 

(2) 

a(a + bf + b(b + cf + c(c + af > 0 

(3) 


* Chobg minh (1). 
Ta cou 


(1) <=> “•((« + b) 2 + (b+cf + (c + af) > 0 (nubg) 
* Chobg minh (2). 


m 
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{ 2 z-a + b (a = -x+ y+ z 
2y = c + a<^\b = x-y + z 
2 x-b + c = x + z 

Ta COU 

(2) <^> 8(x 4 + / + z 4 + xy 3 + yz 3 + zx 3 - x 3 y - j 3 z - z 3 x) > 0 

<=>4 \Y*( x2 ~y 2 ~ x y) 2+ H x2 y 2 

l eye eye J 

* Chong minh (3). 

{ 2z-a + b ia--x+ y+ z 

2y = c + a<^\b = x-y + z 
2 x-b + c [c = x + j- z 

Ta cou 

(3) <=> 32(x 6 + y 6 + z + xy 5 + yz 6 + zx 5 - x 5 y - y 5 z - z 5 x) > 0 
<=> 16^ (x 2 + y 2 )(x 2 — y 2 —xy) 2 > 0 (nuhg) 

Va§f tafccaicaa giaitron caa tim Ia 0 n = l,n = 3,n = 5. 

Babtoao 47. 

Cho a,b,c,d >0 thoa a + b + c+d = 4. Chohg minh raeg 

a 2 b 2 c 2 d 2 

— - 1 —~- 1 —^- 1 —^-> 1 

b 2 + 3 c 2 +3 d 2 + 3 a 2 +3 

Labgau 

Ap dung bafcnaog thoa Bunhiacopxki, ta cou 

a 2 | b 2 | c 2 | d 2 > 
b 2 + 3 c 2 + 3 d 2 + 3 a 2 + 3 _ 

a 4 b 4 c 4 _ d 4 

aV + 3a 2 + b 2 c 2 +3 b 2 + c 2 d 2 + 3c 2 + d 2 o 2 +3d 2 
_ (a 2 +b 2 +c 2 + d 2 ) 2 _ 

~~ 3(a 2 +b 2 + c 2 +d 2 ) + a 2 b 2 + b 2 c 2 +c 2 d 2 + d 2 a 2 

2) 1 
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A(j dung babnabg thob AM -GM, ta la'i cou 

a 2 b 2 +b 2 c 2 + c 2 d 2 + d 2 a 2 = ( a 2 + c 2 )(b 2 + d 2 )<-.(a 2 + b 2 + c 2 + d 2 ) 2 

4 

Do nopneazhobg minh bafcnabg thob naocho, ta chaaEaa chobg minh 

(a" +b~ + c 2 + d 2 )" > 3(a“ + b 2 + c 2 + d 2 )-\ —.(a 2 + b 2 + c 2 + d~) 2 

4 

a 2 +b 2 +c 2 +d 2 >4 

a 2 +b 2 +c 2 + d 2 >^.(a + b+c+d) 2 (nubg theo bnt Bunhiacopxki) 
=> npcm. 

Baetoan 48. 


Cho a x ,a 2 ,...,a n la 0n soathoc doong thoa = 1, minh ra ®9 

i =1 i=l \J a i 

Labgau 

J _ _ n \ —X _ 

N a£ Xf = -O' = 1, n ) thl ta COlhc, >0 0 = 1, n), Vx = 1 va& ; . =- L (i = 1, n). 

1 + a ( ;t ; . 

Khi nopta coibafcnabg thob caa chobg minh toong noong vou 


->{n 




>f 1 ~ m - -ao 

w sjxfi-xj 

+ * 2 +... + x n -nx i 


yJXfil-Xf) 


>0 




'JXjO-Xj) y/Xiil-Xf) 




O* ~ *y) ( y/Xfil-Xi) ~ ^XjO—Xj)) 
sjx^Xji]- X^il- Xj) 


>0 


>0 


ns 
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(x i -x j ) 2 (]-x i -x j ) 


iTj^Xfi 1 - x,) + Jxj (1 - Xj )) ^x t xj (1 - x t )(1 - Xj ) 

=> npcm. 

Bactoan 49. (Poland 1990) 

Cho n >3 'jaQx x ,x 1 ,...,x n >0. Chong minh raeg 

JL v 2 

-<n — 1 


>0 (nubg) 


i=\ Xj +X M X M 

trong nou* n+1 = x, va 0c n+2 = x 2 . 

Labcjau 

Ta chobg minh bang quy nap. 

+ n- 3 Khi noubafcnang thon caa chobg minh toong noong vou 

y-^<2 


yz 


oy^>i 

+yz 

A(j dung bafcnabg thob Bunhiacopxki, ta cou 

v -L aj'T v 


Qy + yz + zx)~ 
2 +z 2 x 2 +x 2 yz 
(xy + yz + zx) 2 


Nhong ta la'i cou- (xy + yz + zx) —-_>i, do nouV —>1 

(xy + yz + zx) -x yz-xy z~xyz ^ x +yz 

Va§r khabg ncnh nubg khi n- 3. 

+ Giausoukhabg ncnh nubg cho n biea soata seochobg minh noucubg nubg cho 
n+1 biea soa 


IM 
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Khoag ma&tinh toag quati ta coitheagiaCBo(k n+1 = . 

Ta cab phauchobg minh 


“7 x + x + ,x + 


(*) 


Theo giabthiebquy nap, ta couY ——- 1 - <n- 1. Do nogneahobg minh (*), ta 

m-T +x M x i+2 

chasaa chobg minh 


X n + l +X l X 2 X n +X n+lXl x n _,+x n x n+ \ X n +x,x 2 X n _\+X n X\ 

1 1 


«=» 1- 


^ + l+¥2 


+ *, 7 - 


x n +x 1 x 2 x n +x n+l x x 

1 1 


+ 


X n -l+ x „ x l x n _ } +x n x n+] 


>0 


+ + - >0 (fiung) 


X n+l + X 1 X 2 ( X n + X\X 2 )(*„ + X n+] X } ) + X^ )(*„_, + X n X n+] ) 

Va§r khabg ncnh nubg cho n+ 1 biea soaTheo nguyea lyuquy nap, khabg ncnh 
nubg cho mo'i n> 3. 

=> hpcrn. 

Baetoan 50. 

Cho a,b,c,d laocab soathoc thoa maa a 2 + b 2 +c 2 + d 2 <1. Tim giautrolob nhab 
cua biea thob 

P = (a + b) 4 + (a + c) 4 + (a + d) 4 +(b + c) 4 +(b + c) 4 +(c + d ) 4 

Labgau 

Ta cou 

(a + b) 4 < (a - b) 4 + (a + b) 4 = 2(a 4 + 6 4 + 6a 2 fc 2 ) 

Toong to'i ta cou 


]li 
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(a + c ) 4 <2 (a 4 +c 4 +6a 2 c 2 ) 

(a + d) 4 < 2(a 4 + d 4 + 6a 2 d 2 ) 

(b + c) 4 < 2(b 4 + c 4 + 6b 2 c 2 ) 

(b + d) 4 < 2(b 4 +d 4 + 6b 2 d 2 ) 

(c + d) 4 <2(c 4 +d 4 +6c 2 d 2 ) 

Do nou 

P < 6(a 4 +b 4 + c 4 +d 4 + 2a V + 2aV + 2a 2 d 2 + 2 b 2 c 2 + 2 b 2 d 2 + 2 c 2 d 2 ) 
= 6{a 2 +b 2 + c 2 + d 2 ) 2 
<6 


Naag thoa xay ra khi vaocha&hi a = b = c = d =± 
Va§f max P = 6. 

Baetoan 51. (Pham Kim Huog) 

C ho a,b,c > 0. C hobg mi nh raeg 
1 


f{a,b,c ) = - 


1 


1 


\l4a 2 +bc \l~4b 2 + ca 44c 2 + ab a + b + c 

Lobgau 

Khoag mafctinhtoag quati coClheagiaiBoua >b>c >0. 

Ta seochobg minh f(a,b,c)>f(t,t,c), trong noir = ^^>c. 

Tha&va^f, ap dung ba&nabg thoa AM -GM, ta cou 

1 1 2 


\l4a 2 +bc yj4b 2 +ca ^/(4a 2 + bc){4b 2 + ca) 

M afckhaa, ta cou 


a + b) + ( a+b)c 


- (4a 2 + bc)(4b 2 +ca)~ 


= (a-b) 2 \ a 2 + b 2 + 6ab + - 3ac-3bc >0 (dOa>&>c>0) 
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1 1 
- + 


yj4a 2 +bc \l4b 2 +ca %J(4a 2 +bc)(4b 2 +ca) ^4t 2 +tc 

C uog theo babnatag thob A M -G M, ta cou 

1 > , 1 - 1 
V4 c 2 +ab \^ 2 U + b J y/4c 2 +t 2 


Do nou 


/ (a,b,c) = , + , =+ , — 

\l4a 2 +bc yJ4b 2 +ca yJ4c 2 +ab 
> 2 | 1 
\/4t 2 + tc \/4c 2 +t 2 
= f(t,t,c) 

O x 4 

Va§r neachotag minh f(a,b,c)> -, ta chaacaa chobg minh 

a + b + c 

2 t + c 

2 14 

<=> . =•+■ . = >- 

V4r + ?c V4c 2 + ? 2 2? + c 

2 1 


•hi 2 


i _ il > r _«__2 


\/4x' 2 +/ 2 * J i 2r + c r 


/ 

2 

1 


4c 

»(2l + C) yj^t 2 +tc.\ 
V 

[ 2 ? + a/ 4? 2 + ?c j 

+ 

J? + a/4c 2 +? 2 j 


4c 


? ( 2?+c ) a/4? 2 + ?c.|2?+a/4? 2 + ?c) ?a/4c 2 + ? 2 .|? + a/4? 

A 

_1_1_ + 

3t(2t + c) j 4t 2 + tc .^2t + j4t 2 + tc^ 


>0 
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4 C 


+ 3f(2 t+c) ,V4c 2 +r 2 .(rW4c 2 + / 2 ) 
0 4 

Nho va§r, neachobg minh c)>- -’ ta chaaEaa chobg minh 

2 t+c 

- - 7 7 1 — 7 >0 (1 

3t(2t + c) ^ 47 2 +tc.\2t + \/4t 2 + tc J 
5 4c 

- , , r A >o (: 

3t(2t + c) (V4c 2 + t 2 .(t + V4c 2 +» 2 ) 

* Chong minh (1). 

Ta cou 

1 _ 1 

3t(2t + c) y/4t 2 +tc.^2t + y/4t 2 +tcj 


>0 


>0 


1 


<=>- - 7 - - - . r 

3(2 t + c) yl4t + c.\2y/t +^4t+cj 
<=> V 4 ? + c.( 2 ^ + V 4 ?+c)> 3 ( 2 r+c) 

<=» 2y/4t 2 + tc + 4t + c > 6t + 3c 
<=> ^4t 2 +tc >t+c (nubgdor>c) 

=>( 1 ) nubg. 

* Chong minh (2). 

Ta cou 

5 4c 

___ __ >o 

3t(2t + c) t\l4c 2 +t 2 .[t + ^4c 2 +t 2 J 


4c 


>0 


3(2 t + c) yj4c 2 +t 2 .{t + \]4c 2 + t 2 J 
» 5yl4c 2 +t 2 .[t + yj4c 2 +t 2 j > \2c{2t + c) 
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<^=> 5t^4c 2 + r + 5(4c 2 + 1 2 ) > I2c(2t + c ) 

<^=> 5tyl4c 2 +t 2 + Sc 2 + 5 1 2 > 24to 
<=> 25? 2 (4c 2 + ? 2 ) > (8c 2 + 5? 2 - 24fc) 2 
<^4c(60? 3 -139r 2 c+96?c 2 -16c 3 )>0 (nubg do t>c) 

=> (2) nubg. 

=> npcm. 

N abg thou xay ra khi vaachsdchi a = b,c = 0 vaocab hoab votoong obg. 


Babtoab 52. (Vasile C irtoaje) 

Cho x,y,z >0. Chobg minh raeg 


1 1 1 


(x + j + z) - + - + - >1+ . 1 + J(x 2 + y 2 + z 2 ) ^+ —+ ^ 


1 1 


1 


Labgau 

N ad a 2 = x+y + z,b 2 = xy + yz + zx,c 2 =xyz ( a,b,c >0) thl ta coikib > 3c > 0. 


Khi nouta cou 

111 b 2 

x y z c 
x 2 + y 2 + z 2 =a-2b 2 
J_ 1 1 _ b 4 — 2a 2 c 2 

x 2 y 2 z 2 c 4 

Do noubabnabg thoo cab chobg minh toong noong vou 

ab^! | ji | J (g 4 -2b 2 )(b 4 -2a 2 c 2 ) 

<=> ab-c> ^ Jc^+^a^l^X^^la 2 ^ 2 )^ 
o (ab -c) 2 > c 2 + V(a 4 - 2 b 2 )(b 4 - 2a 2 c 2 ) 

<^> a 2 b 2 - 2abc > y](a 4 -2b 2 )(b 4 -2a 2 c 2 ) 

<^> ( a 2 b 2 - 2abc) 2 > ( a 4 - 2b 2 )(b 4 - 2o 2 c 2 ) 
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<=> 2(b 3 - a 3 c) 2 > 0 (nubg) 

=> npcm. 

N abg thoa xay ra khi vaochadchi * = y = z. 

Bactoan 53. (Mildorf) 

cho a,b,c>0,ke l . Chobgminh raeg 

£ma x(a k ,b k ).(a-b) 2 > 2^a k (a-b)(a-c) >^min(a k ,b k ).(a-b) 2 

eye eye eye 

Labgau 

Khoag mafctinhtoag quati coilheagiateoua >b>c >0. 

Col 2 trooag hop xay ra 
* Trooag hop 1. & > 0 => a >b k >c k > 0. 

Trooo he& ta chobg minh 

^ma x(a k ,b k ).(a-b) 2 > 2^ a k (a-b)(a-c) 

eye eye 

<=> a k (a-b) 2 + a k (a-c) 2 + b k (b-c) 2 > 2 ^a k (a-b)(a-c) 

Chuuyuraeg (a-b) 2 + (a-c) 2 = {b-c) 2 + 2{a-b)(a-c), nea bab nabg thob trea 
toong noong vou 

a k (b - cf + b k (b - cf + 2 a k (a- b)(a - c) > 2jV (a - b)(a - c) 

<=> a k (b - c) 2 + b k (b - c) 2 > 2b k (b - a)(b - c) + 2c k (c - a)(c - b) 

^a(b-c) + b k (b-c) + 2b k (a-b)-2c k (a-c)>0 
<^=> (a k +b k -2c k )(b—c) + 2(b k — c k )(a — b)>0 (nubg) 

Tiep theo, ta sebchobg minh 

2 ^a k (a-b)(a-c) > ^min (a k ,b k ).(a-bf 

<=> 2^a k (a-b)(a-c) >b k (a-b) 2 +c k (a-c) 2 +c k {b-c) 2 
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Chuuyuraeg (a-c) 2 +(b-c) 2 = (a-b) 2 + 2(c-a)(c-b), nea ba& naog thou trea 
toong voii 

2^ a (a-b)(a-c)>b k (a-b) 2 +c k (a-b) 2 + 2c k (c-a)(c-b ) 

eye 

2 a k ( a - b)(a -c) + 2 b k ( b - a)(b-c)>b k (a-b ) 2 +c k (a- b) 2 
2a k (a-c)-2b k (a-b)(b-c)>b k (a-b) + c k (a-b) 

<^>2{a k - b k )(a - b) + (2a k - b k - c k )(b - c) > 0 (nU tig) 

Va§r trong trooag hop nap, ta cou 

x(a k ,b k ).(a-b) 2 > 2^a k (a-b)(a-c) >^min(a k ,b k ).(a-b) 2 

eye eye eye 

* T rooag hop 2. k < 0 => o k < b k < c k . 

Lap luaa toong toitrooag hop 1, ta cuog cou 

^max(a fc ,b k ).(a-b) 2 > 2^a k (a-b)(a-c) >^min(a k ,b k ).(a-b) 2 

Torn la'i, trong mo'i trooag hop, ta luoa cou 

^ma x(a k ,b k ).(a-b) 2 > 2^ a k (a-b)(a-c) > ^min (a k ,b k ).(a-b) 2 

eye eye eye 

=>npcm 

Babtoah 54. (Vasile Cirtoaje) 

Cho AABC. Chong minh raeg 

1 1 1 

-1-1-> 2 

2-cos A 2-cos B 2-cos C 

Labgau 

Ta coibafcnaag thou caa chobg minh toong noong vou 

^(2-cosA)(2-cosfi) > 2(2-cosA)(2-cosfi)(2-cosC) 

<=> 4^cos A - 2^ cos A.cos B + 3 cos A. cos B. cos C - 4 > 0 

eye eye 

c c c 

<=> 4cosC + 8sin—,r-6sin—,cosC.r-3r 2 + 3cos 2 —h 
2 2 2 
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Q 

+ 2cosC.r-2cos 2 —.cosC-4>0 (*) 

2 

trong note = cos -=>l>r>sin— f do 0<^—1 

2 2 ( 2 2 2 J 

N a& VT(*) = fit) 

Ta cou 

f" it) = 2(2 cos C-3) <0 
=>/(?) laehaen loatrea ^siny,lj. 

=> fit) > min j/^sin^ j,/(l)| 

Ta cou 

( q \ c c c 

sin — = 4cos C + 8 sin 2 -6 sin 2 — .cos C - 3 sin 2 — + 

2) 2 2 2 

c c c 

+ 3cos 2 — + 2cos C.sin 2 -2cos 2 —.cos C - 4 

2 2 2 

tC 2 C 2 C tC 

= 4cos C + 5 sin“ — + 3cos“-4sin“ —.cos C - 2cos“ —.cosC - 4 

2 2 2 2 

c c 

= 4cosC + 2sin 2 —+ 3-2sin 2 —.cosC-2cosC-4 
2 2 

= 2cosC + 2sin 2 —.(l-cosC)-l 
2 

= 2cosC + (1-cosC) 2 -1 
= cos 2 C 
>0 

Ta lai cou 


c c c 

fil) = 4cosC + 8sin-6sin —.cosC-3 + 3cos 2 —+ 

J 2 2 2 


+ 2cos C - 2cos“ —.cos C - 4 
2 

c c c c 

= 6cosC + 8sin-3sin 2 -6 sin—.cosC-2cos 2 — .cosC-4 

2 2 2 2 
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. c 


= sin—. 2sin-1 2-sin— >0 


. C 


Va§r ta COU/I sin — |> 0 vagf(l) > 0 => min-j /[ sin— |,/(1) [■ >0 


> fit) > min |/ ^sin ^ j, /(l) \ > 0 

> npcm. 


Nang thob xay ra khi vaechaekhi a = B = C = — hoaeA = B ^—,C ^0 vaocab 

hoab votoong obg. 

Baotoan 55. 

C ho a,b,c > 0. C hobg mi nh raeg 

(a+b + c)( - + - + —1 > 3y]3(a 2 +b 2 +c 2 ) 
yb c a J 

Labgau 

Ta cou 


(a + b + c)( — + — + — !> 3-y/3(a 2 +b 2 +c 2 ) 
yb c a J 

<=> Y — + Y— + a + b + c>3j3(a 2 +b 2 +c 2 ) 

^ h ^ r 

eye u eye c 

<=> ^^^- + Z?-2a -a-b-c j> 3^3(a 2 +b 2 +c 2 )-a-b-cj 

, , 3 Y(a-b) 2 

^y -' (a-b) ^ ly ^eja—b) ^ cy C 

l + o 'Z- 


* 2 '^ ^3(a 2 +b 2 +c 2 ) +a + b + c 

A(j dung babnabg thob Bunhiacopxki, ta cou 


3 J>-6) 2 


^(a-Z ?) 2 


V3(a 2 +^ 2 +c 2 )+a + Z? + c 2 ’ a + ^ + c 
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Do nopneazhobg minh babnabg thob naocho, ta chaaEaa chobg minh 

Y ,( a ~ b ) 2 

p C\U -U) J 

2 ' A , 


y ( a ~ b) | 1 y c(a — b) ^ 3 


ab 


2 a+b+c 


0 7 Yia-b) 

> 2 y (a — b) + y c(a — b) > ^ cyc 

^ h ^ /7/1 /7 


cyc 


aZ? 

1 


Z> a+Z? + c 
(a-Z?) 2 (a + c) 


a + Z? + c 

2 f c 


-Y(a-Z >) 2 — 

^ I aZ? a + Z? + c 


1 


b(a + b + c) abc(a + b + c) 


^ ( fl _ Z?) 2 (c 2 + ac + Z?c - aZ?) > 0 


Deatha§r 2Y ^ a b ^ a + c ^ >0. Do nopta chasaa chobg minh 

“ b(a+b + c) 


^ (a - b) 2 ( c 2 + ac + Z?c - aZ?) > 0 

Khoag mabtinh toag quab giaCBOua >£» >c >0=>a-c>a-Z?>0. 
Khi nopta cou 

^(a -b) 2 (c 2 + ac + be - ab) = 

cyc 

-(b-c) 2 {a 2 +ab + ac-bc) + (a-c) 2 (b 2 +ab + bc-ac) + 

+ (a-b) 2 (c 2 +ac + bc-ab) 


> (a - c) 2 (b 2 +ab + bc- ac ) + (a - b) 2 (c 2 +ac+bc- ab) 

> (a - b) 2 (b 2 + ab + be - ac) + (a - b) 2 (c 2 + ac + be - ab) 
= (a-b) 2 (b + c) 2 

>0 

Va§f ^(a-b) 2 (c 2 +ac + bc-ab)> 0 

eye 

=> npem. 

N abg thob xay ra khi vaocha&hi a = b = c. 
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Baetoan 56. (LeaTrung Kiea) 

C ho a,b,c > 0. C hong mi nh raeg 

a(b + c) | b(c + a ) | c(q + fr) ^ 2| 2(a - b) 2 (b - c) 2 (c - a) 2 

a 2 + lbc b 2 + 2ca c 2 + 2ab (a 2 + 2bc){b 2 + 2ca){c 2 + 2ab) 

Labgau 

Ta coibafchaog thoa caa choog minh toong noong vou 

y 3 a(b + c) ^ | 6(a - b) 2 (b — c) 2 (c — a) 2 

a 2 + 2be {a 2 + 2bc)(b 2 + 2ca){c 2 + 2ab) 



a 2 + 2 be ( a 2 + 2 bc){b 2 + 2 ca)(c 2 + 2 ab) 


y (a-2c)(a-b ) y (a - 2b){c - a) 6 (a - b) 2 (b - c) 2 (c - a) 2 

C y C ci "" + 2bc L y C ci +2 be (ci + 2bc'){b^ + 2cu){c +2 1 

(„ U\ (U 0„V,_ U\ C.I _ U\ 2 (U „\ 2 f _\ 2 



b) 2 {-4c 2 + 4 c{a + b)~ ab){c 2 + 2ab) + 6 (a - b) 2 (b -c f (c - a) 2 > 0 


eye 


<=> 3^ab(a-b) 2 (c 2 +2ab) + ^(a-b) 2 {-4c 2 +4c(a+b)-4ab)(c 2 + 2ab) + 

+ 6 (a - b) 2 (b - c) 2 (c - a) 2 >0 

o 3^ ab{a - b) 2 {c 2 + 2ab) + 4 (a - b)(b - c){c - a).£ (a - b)(c 2 + 2ab) + 

+ 6(a — b) 2 (b — c) 2 (c — a) 2 > 0 
<=> 3^ ab(a -b) 2 (c 2 + 2 ab) -12 (a-b) 2 (b- c) 2 (c - a) 2 + 

+ 6 {a-b) 2 {b-c) 2 {c-a) 2 > 0 
ill 
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^ £ ab(a - b) 2 (c 2 + lab ) - 2 (a - bf (b - c) 2 (c - a) 2 > 0 

K hoag mafctinh toag quati giaiBoua >b>c> 0. K hi nopta cou 

^ ab(a - b) 2 (c 2 + lab) > ab{a - b) 2 (c 2 + lab) 

>la 2 b 2 (a-b) 2 
> l(a - b) 2 (b - c) 2 (c - a) 2 

Va^f 

^ ab{a -b) 2 (c 2 + lab) -l(a -b ) 2 ( b-c) 2 (c -a) 2 > 0 

^apcl + b(c±al + c(a ± b)_ i2+ y.a-b?&-c?(c-af 
a 2 + Ibc b 2 + lea c 2 + lab (a 2 +lbc)(b 2 +lca)(c 2 + lab) 

Naag thob xay ra khi vaocha&hi a = b = c hoaea=b,c = 0 vaocab hoab vq 

Baotoan 57. 

C ho a,b,c > 0. C hobg mi nh raeg 

yll(l + a 2 )(l + b 2 )(l + c 2 ) > (1 + a)(l + b)( 1 + c) - 2(1 + abc) 

Labgau 

* Canh 1. 

Ta coibafcnabg thob caa chobg minh toong noong vou 

^1(1 +a 2 )(1 + b 2 )(1 + c 2 ) > -1 + a + b + c + ab + bc + ca- abc 
4=> 2(l + a 2 )(l + & 2 )(l + c 2 ) > (-1 + a + b + c +ab + bc + ca-abc) 2 

Chuiyiraeg (1 + a 2 )(l + b 2 )(l + c 2 ) = (-1 + ab + be + ca) 2 + {a + b + c-abc) 2 
Do nopbabnabg thob caa chobg minh toong noong vou 

2(-l + ab + bc + ca) 2 + l(a + b + c-abc) 2 > (-1 + a + b + c + ab + bc + ca-abc) 2 
<=>(-1 + ab + bc + ca-a-b-c + abc) 2 >0 (nubg) 

=> npem. 

* Cabh 2. 

Ta coibafcnabg thob caa chobg minh toong noong vou 

m 
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^2(1 +a 2 )(1 + b 2 )(1 + c 2 ) > -1 + a + b + c + ab + bc + ca- abc 
<=> 2(1 + a 2 )( 1 + b 2 ){ 1 + c 2 ) > (-1 + a + b + c + ab + bc + ca- abc) 2 

Nafc a = tgA,Z? = tgfi,c = tgC j^0<A,5,C<^-j. Khi nopbafcnaag thoo caa choag 
minh toong noong vou 

2 I , v- 1 sinA ' sinAsinfi sin A. sin B. sin C 

—9-^-i+L—+ >- 

cos“A.cos^fi.cos C I f^cosA ^cosA.cosfi cosA.cosfi.cosC 

<=> 2> sin A. cos B. cos C-sin A. sin B. sin C + 

ycyc 

sin A sin 5. cos C - cos A. cos fi.cos C 

Chiiiy iraeg 

sin( A + B + C) = ^ sin A. cos B.cosC- sin A. sin B. sin C 
cos(A + B + C) - cos A. cos B. cos C - ^ sin A.sin B. cos C 

eye 

Do nopbatinaag thoo caa choag minh toong noong vou 

2> (sin(A +B + C)- cos(A + B + C)) 2 (hiea nhiea nuag) 

=>npcm. 

Baetoan 58. (France 2004) 

Cho a,b,c,d,e,f e R thoa a+b+c+d +e + f =0. Choag minh raeg 
ab + be + cd + de + ef + fa < ^.(a 2 + b 2 + c 2 + d 2 + e 2 + f 2 ) 


Laogau 
* Cadh 1. 

Ta C0$a + c + e)(b + d + f) = -(a + c + e) 2 <0 

M afckhao, ta cou 
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(i a + c + e)(b + d + /) = (ab + bc + cd +de + ef + fa) + (ad +be + fc ) 

Do nou 

ab + bc + cd + de + ef + fa < -ad-be - fc 

a 2 +d 2 b 2 +e 2 c 2 + f 2 

< - + - + - — 

2 2 2 

= ^.(a 2 + b 2 + c 2 + d 2 + e 2 + f 2 ) 

=> npcm. 

* Caoh 2. 

Nafe 

A = a 2 + b 2 + c 2 + d 2 + e 2 + f 2 
B = ab + bc + cd +de + ef + fa 
C - ac + bd + ce + df + ea + fb 
D = ad + be+ cf 

Khi notineachohg minh ba^naog thob naocho, ta caa chobg minh A>2B 
Theo giauthie^ ta cou 

(a + b + c + d +e + f) 2 — A + 2 B + 2 C + 2 D = 0 

Ta la'i cou 

(a + d) 2 + (b + e) 2 + (c + f) 2 =A + 2D 
(a + c + e) 2 +(b + d + f) 2 = A + 2 C 

V i toag cab binh phoong luoa khoag aai nea ta cou 

(a + d) 2 +(b + e) 2 +(c + f) 2 + (a + c + e) 2 +(b + d + f) 2 =2A + 2C + 2D>0 
T heo trea, ta couA +2B + 2C+2D = 0 

Do nou 

2A + 2C + 2D > A+2B + 2C + 2D 

=>A>25 

=> npcm. 
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Baetoan 59. (VodQuoa BaiCaa) 

Cho x,y>0. Chong minh rang 

4y 2 yl(x 2 +3y 2 )(y 2 +3x 2 ) + $x 2 yjx 2 +3y 2 + 

+ 4x(x 2 + y 2 )sjy 2 + 3x 2 < 3(x 2 + 3y 2 )(y 2 + 3x 2 ) 

Lobgau 

Ta coiBoanesau 

BoaneaVxe th ' 

• 1 . 0 ^3yf3 

sin x +— .sinzx <- 

2 4 

Chong minh. 

X etlhafll SOdf(x) = sin + sin 2.x VOU xe 

Ta COll/ 7 ^) = cosx + cos2.x = 2cos 2 x + cosx-l = (l + cosx)(2cosx-l) 
f'(x) = 0**x = j. 


Qua y thl f'(x) noadaa toadoong sang aai, nea 


~ 1= 3 ^ 3 ' Vxg I 0,^ 


Bosheanooc chobg minh hoan toan. 


TroQa'i bantoab cua ta 

Ta coibabnabg thou cab chobg minh toong noong vou 

y 2 V3 | 2x 2 yyf3 | x(x 2 + y 2 )yf3 < 3^3 

yj(x 2 +3y 2 )(y 2 +3x 2 ) (y 2 +3x 2 )yjx 2 +3 y 2 (x 2 + 3 y 2 )\] y 2 + 3x 2 ^ 

Chuiyiraeg 


ill 
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_/A__ L Z _ £ _ 

V(x 2 + 3/)(/+3x 2 ) V ^ + 3y 2 ' y /y 2 +3x 2 

2x 2 yV3 I, y 2 _2jy_ 

(y 2 + 3x 2 )^x 2 A y 2 V / + 3^ 2 V(^ + 3y 2 )(/ + 3x 2 ) 

x(x 2 + y 2 )V3 [ 4xY x 

(x 2 + 3y 2 ) s [7^3x 2 ~\ (x 2 + 3y 2 )(y 2 + 3x 2 )'J773/ 


Mafckhaa 

Do nopta 


n, * y 2j ? 

y/* 2 + 3/ ’ 7/ + 3* 2 ’ V(* 2 + 3y 2 )(>’ 2 + 3^ 2 ) 

coCthesnafe 


< 1 . 


yjx 2 +3y‘ 


-,cos 5 = 


2xy 


■\jy 2 +3x 2 \j(x 2 +3y 2 )(y 2 +3x 2 ) 


trong nouO< A,B,C<-^. 

Khi nopbafcnaog thoa caa chobg minh toong noong vou 

sin A.cos B + sin B. cos C + sin C. cos A - 

4 

M afckhaa, toocaah na§ ta cou 

cos 2 A + cos 2 B + cos 2 C + 2cos A.cos5.cos C - 1 
=>A + 5 + C = 7t. 


Do A,B,C>0 nea (sin A, sin 5, sin C) va0(cosA,cosfi,cosC) Ia0 2 da^ non 
niea ngooc chiea. 

=>Theo ba&naog thob sap xep la'i, ta coi 

sin A. cos B + sin B. cos C + sin C.cos A < sin A. cos C + sin B. cos B + sin C.cos A 

= sin B + — .sin 2 B 
2 

(theo Boane&rea) 

4 


ns 


=> npcm. 
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N abg thoa xay ra khi vaocha&hi A = B = C = ^ x = y. 


Baetoan 60. (Pham Kim Hueg) 

Cho a,b,c > 0 . Tim haeg soafe nhomha&sao cho bafcnabg thoa sau nubg 


b 

c + a 


Labgau 

Cho & = c = 1,a — > 0 + , ta suy ra k>--l = n. 

In2 

Ta seochobg minh & min = «, too laochobg minh 


r_?_i 

1+1 

—1 

1 +1 

r —I 

[b + cj 

1 + l 

yc+aj 

11 

ya + b) 


> 3 _ 

" r 


Khoag mafctinh toag quati coitheagiaCBOi 


0 <a<b<c 1 

=> 0< a < —. 
a+b+c= 1 3 


- \c + b = 2t 

\c-b- 2m 


b = t-m 
c = t + m 
t>m> 0 


Xebhaen soa/(m) = 


(t + m) n (t - m) n 


( t-m + a) n (t + m + a) n 


Ta COU f\m) = n(2t + a)\ 


(t + m) n 1 
(t — m + a)” +1 


(? + + a )” +1 J 


Ta seochobg minh 0 Vm>0. 


Thafeva^f 

f'(m) > 0 

<=> (1 - n)(ln(r + ra) - ln(f - m )) < (n + l)(ln(f + m + a) - ln(r - ra + a)) 

Do > 2 nea ta chaacaa chobg minh 
1 -n 
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ln(f + m) - ln(? - m) < 2(ln it + m + a)- ln(? - m + a)) 

Xe£( hafll SOag(m) = ln(? + m) -ln(?- m) -21n (t + m + a) + 2In {t-m + a) 

. 11 2 2 

Ta COUg (ra) =- <0 (do a<b<c ) 

m+t t-m a + t + m a+t-m 

=> g(m) laehacn nghbch biea trea [0,+°°). 

=> g(m ) < g(0) = 0 Vra > 0 

=> ln(r + m) - ln(Y — m)< 2(ln (t + m + a ) - ln(r -m + a)) 
=>f'(m)> 0 

=> /(m) laehaien noag biea trea [0,-K>°). 

=>/(>»)>/( 0) =2| — 

Do nou 



r_5_i 


r — 1 

1+1 

r _0" 

U +c J 

1 + l 

yc + aj 

1 + l 

ya + bj 


(? + m) n 


(t-m) n 


(t-m + a) n (t + m + a) n 

52 riz^T + f^_ 

l^l + a J 1^1-a 
= /»(a) 


1 -a 


Ta C 0 U/z / (a) = n 


(l-a )" +1 


4(1-arM 

(l + a )" +1 J 


h'(a) = 0 

ln4 = (n + l)ln(l + a)-2nln(l-a) + (n-l)lna 
N abcp(a) = (n + l)ln(l + a)-21n(l-a) + (n-l)lna 


_ x /. . n + 1 

Ta COUcp (a) =- 

1+ a 


2n_ 
1 -a 


1 — n_ (3 n + \)a + n — l 
a a(l-a 2 ) 


»cp / (a) couL nghieai doong duy nhafelaebr 0 = 1 n <- 

3n + l 3 


. In3 1 

do « =-1 > — 

In 2 3 
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Qua a 0 thi cp '(a) noadaa toeaai sang doong va 0 limcp(a) = +oo,(p - =in4 nea 


phoong trinh cp(a) = ln4 coi2 nghieai doong phaa biefelao^ vaeO^ <^. 

=> phoong trinh h'(a) = 0 coi2 nghieai doong phaa biefelaizH vae^. 

Qua a x thi h'(a) noadaa toedbong sang aai, qua ^ thi h'(a) noadaa toiaaai sang 
doong nea ta cou 

h(a )>min \h{Qt),h[\ ||> = 

>A 

" r 

Va§f = n. 

Baetoan 61. (Traa Nam Duag) 

Cho x>0. Tim haeg soas doong nhouihafcsao cho 

2{ x‘ +^-+l\>3.{ x+- 


Labgau 

Rocraag voux = l thi bafcnaag thoa naccho troflthaah naog thoa. Do nopkhoag mai 
tinh toag quati ta chaa:aa xeti % > l laenuuK hi nouta cou 


f_o_) 

M 

—] 

| +1 

— T 

[b + c) 

^c+aj 

I + l 

ya + b) 


1 


21 x s H—— 
2(x s -l)\3(x-l) 2 


x s -1 ^ [3 ^ 

o-> J-.X 2 

x-1 \ 2 

Theo ncnh lyiLagrange, toa tai ye (1 ,jc) sao cho 


ill 
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Do nou 




<=> sy s 1 > 


6t 


C ho ^ ->l + thi y -> 1 + , ta suy ra noofc s > . Ta seochoag minh na$r laogiautro 

~ o x s -1 — 

caa tim. Neacomiea na§f, ta cha^aa chobg minh ->s.* 2 Vx,s>l laenuu 

x —1 


Ta cou 


X s -l 


> S.X 2 


x — 1 

& f(x) = x s -l-sx^ + sx 2 >0 
Ta COUf'(x)=sx Y . [ x T -l 


Theo ncnh lyiLagrange, to a tai zg (1,jc) sao cho 

, , , , , , „ f (s + IXjt-D. (s + IXji-1) 

x 2 -1= z .(*-!) = z 2 .->- 


(do s,z >1) 


> f'(x ) >0 \/x > 1 

> fix) laehaai noag biea trea (1,-b>°). 

> fix) >lim/(x) = 0 \/x>l 


Va§f = 


& 


m 
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Baetoan 62. (Bulgaria 2003) 

Cho a,b,c> 0 thoa a+b+c = 3. Chobg minh raeg 

a b c 3 
— - 1 —«- 1 —~-> — 

b 2 + 1 c 2 + 1 a 2 + 1 2 


Labgau 

* Cadh 1. 

Baeg each quy noag maa soavaothu gon, ta coubab nabg thob caa chobg minh 
toong noong vou 

2(a 2 Z? 3 + b 2 c 3 + cV + a 3 + b 3 + c 3 + a 2 Z? + Z? 2 c + c 2 a + a + b + c) > 

>3 (a 2 b 2 c 2 +a 2 b 2 +b 2 c 2 +c 2 a 2 +a 2 +b 2 +c 2 ) 

<^> 2(aV + fc V + c V + a 3 + b 3 + c 3 + a 2 6 + b 2 c + c 2 a + 3) > 

>3 (o 2 b 2 c 2 + a 2 b 2 +b 2 c 2 +c 2 a 2 +a 2 +b 2 +c 2 ) 

A p dung babnabg thob AM -GM, ta cou 

—.(a 2 b 3 +a 2 b) >3a 2 b 2 
2 

|.(6 2 c 3 + b 2 c)>3b 2 c 2 

-.(cV+c 2 a)>3cV 

2 

=»|(e«v+E^)«(e« 2 * 1 ) 0) 

Lai ap dung babdabg thob AM -GM, ta cou 

2a 3 +1 > 3a 
2^ 3 +1 > 3Z? 

2c 3 +1 > 3c 

=> 2(a 3 +b 3 + c 3 ) + 3>3(a + b + c) = 9 

=> 2(a 3 +b 3 + c 3 ) > 6 (2) 

Tiep tut ap dung bab nabg thob A M -G M , ta cou 


311 
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|.(a V + * V + c 2 a 3 + a 2 b + b 2 c + c 2 a) > 3 a 4/ W /3 




a+b+c Y 

3 J 



(3) 


Coag cab babnaag thob (1),(2) vae(3) veetheo veata nooc 

2 (a 2 Z? 3 + Z? 2 c 3 + c 2 fl 3 + a 3 + Z? 3 + c 3 + cz 2 Z? + b 2 c + c 2 a + 3)> 
> 3 (a 2 b 2 c 2 + a 2 b 2 +b 2 c 2 +c 2 a 2 + a 2 +b 2 + c 2 ) 

=> npcm. 

* Cabh 2. 

Ta coibafcnaag thob caa chobg minh toong noong vou 



ab 2 be 2 ca 2 3 

<=> —^- 1 — ~ - 1 —^-< — 

b~ +1 c~ +1 a +1 2 

A (j dung babnaag thob AM -GM, ta cou 



Toong to( ta cou 



Do nou 


m 
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ab~ be 2 ca 2 
— - 1 -»- 1 -,- 

b +1 c ~+1 a +1 



=> npem. 

N abg thoa xay ra khi vaocha&hi a = b = c = 1. 

Baetoab 63. 

Cho n>4,neN va0a 1 ,a 2 ,...,a„ >0 thoa mao a x +a 2 + ...+a n = 2. Tim giaitronhou 
nha&cua biea thoa 


h + -2 + _ + 
or, +1 a 2 +1 a, 2 +1 


Labgau 

Ta coiBocfiesau 

Boanean>4,ne N\iam x ,a 2 ,...,a n >0. Khi nopta cou 


4(aja 2 + a 2 a 3 +... + a n a x ) < (a x + a 2 +... + a n )" 


Chong minh. 

Nafc f n (a v a 2 ,...,a n ) — 4(a x a 2 + a 2 a 3 + ... + a n a l )-(a l +a 2 + ... + a n ) 2 . Neachobg minh 
Boane&rea, ta seochobg minh baeg quy nap theo n raeg 
f n (a v a 2 ,...,a n )< 0 
+ n = 4, ta COU 

/ 4 (a 1 ,a 2 ,a 3 ,a 4 ) = 4(a x a 2 + a 2 a 3 +a 3 a 4 + a 4 a 1 )-(a 1 +a 2 + a 3 + a 4 ) 2 


= 4 (a x +a 3 )(a 2 + a 4 )-(a x + a 2 +a 3 + a 4 )‘ 
= -(a x -a 2 + a 3 -a 4 ) 2 
<0 


=>/ 4 (a 1? a 2 ,a 3 ,a 4 )<4 


Va§r khabg nenh nubg khi n = 4. 

GiausoCkhaog nenh nubg cho «-l biea soa(n>5), ta seochobg minh khabg nenh 
nubg cho n biea soa 
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Khoag mafctinh toag, quaticoilheagiateouaj = max{a 1 ,a 2 ,...,a„}. Khi nouta cou 

f n (a l ,a 2 ,...,a n )-f n _ l (a v a 2 ,...,a n _ 3 ,a n _ 2 ,a n _ l +a n ) = 

= 4(a n _ 2 a n _ x + a n _ x a n + a n a x - a n _ 2 (a n _ x +a n )~ (a n _, + a n )a ] ) 

= 4 (a n _ x a n - a n _ 2 a n - 
<0 

=> f n (a v a 2 ,...,a n ) < f n _ l (a l ,a 2 ,...,a n _ 2 ,a n _ l +a n ) 

Theo giaCthiefcquy nap, ta cou 

fn-l( a i’ a 2’-’ a n-2’ a n-l + «„) ^ 0 

Do noil 

f n (a l ,a 2 ,...,a n )<0 

Va§r khaag ncnh nuag cho n biea soaTheo nguyea lyuquy nap, khaag ncnh nuag 
voumo'i n> 4. 

Boeneanooc choag minh hoaa toaa. 

TroGa'i baotoaa cua ta 
Ta cou 


P — — y- -1--K..H- y 1 — 

a; +1 a 3 +1 a.^ +1 

l + 2 (theo bnt AM -GM ) 

M 2 a M 


=-\i a i a i + 1+ 2 
z 1=1 

>-^-.(«i + «2 + "- +a n) 2 + 2 (theo Boane&rea) 


3 

2 


m 
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Nang thob xay ra chabg han khi a, = a 2 = l,a 3 = a 4 = ... = a n =0. 
Va^f 

3 

min P = — 

2 


Baetoan 64. 

Cho a,b laiacab sobthoc thoa a+b *0 \ia0x,y >1 laocab haeg soadoong cho troob. 
Tim giaitronhomhabcua biea thob 

(a + b) 2 

Labgau 

A dung bab nabg thob A M -G M moCroag, ta cou 


(a 2 +1 ) x =x x 


1 I x-1 x+y-2 


x + y -1 I x (x+j-l)(x-l) 


(x+y-2r 1 
‘(x + 3;-l) x “ 1 (x-l)^ 1, r 'x+y-l 


Toong to'i ta cou 


(b 2 +l) y >y y 


(x + y-2) y ~ l 


(* + ;y-l) y_1 (;y-l)- v_1 1 x+y-l 


b 2 +- 


1 


Do nou 


(a 2 +l) x (b 2 +iy >x x y y 


(x + y-2) x+y - 2 


(x+ y-ir>- 2 (x-ir'(y-iy-' 

1 


b 2 + - 


x + y-\ II x+j-l 


Ap dung ba£naag thob Bunhiacopxki, ta cob 


x+ y- 

Do hob 


, 1 +»■, 1 T=-i—(„+*)* 

y- 1 x + y-\) ^ Jx + y-l Jx+y-l) x+y- 1 


in 
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(a z +l) x (b z +l) y > 
=>f(a,b)> 


x x y\x+y-2T 


(x+j-ir +y - i (jc-ir i (j-i) : 

x x y y (x+y-2) x+y ~ 2 

(x+y-iy^-'ix-iy-'iy-iy- 1 


-T ia + bf 


N aag thoa xay ra khi vaocha&hi 


J-1 


(x+y-l)(x-l) 
x-l ~ 

(x + y-IXy-l) 


Va §f min f(a,b) = 


x x y y (x+y- 2) x+y - 2 

(x+y-iy^-'ix-iy-'iy-iy- 1 


* Ghi chuii 

Ne&omooc mofeloogiaungae gon nho trea, ta phautrauqua mofebooa chon nieai 
roi nho sau 

GiaiE6QM(a 0 ,6 0 ) laenieari coctrocua haen soa f(a,b) thi ( a 0 ,b 0 ) laenghiean cub hea 


phoong trinh 

]fl = 0 
\fl = 0 

(x-l)a 2 +xab-l = 0 

<=> 

( y-l)b 2 + yab-l = 0 
(x-l)a 2 +xab-\ = 0 
(x-1 )a 2 + (x- y)ab-(y -1 )b 2 = 0 


JOc -1 )a 2 + xab -1 = 0 
\(a + b)((x-l)a-(y-l)b) = 0 
Ux -1 )a 2 + xab -1 = 0 
l(x-l)a=(y-l)b 


III 













Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


h= \Et 


y -1 


y - 1)( jc -1) 


x-1 
(x+y-IXy-l) 


ab> 0 


Tocfiay, ta ni nea mofeloogiauhoi "choabg" nho trea. 

Baotoan 65 . (Vasile C irtoaje) 

— 1 

Cho n>3,nG N,0 <k < - T va0a,,a,,...,a >0 thoa a,a 2 ...a =1. Chobg minh 

( n-l ) 2 1 2 " 1 2 " 

raeg 


yj\ + ka x yjl + ka 2 yjl + ka n yjk +1 


Labgau 

Ta coiboaieBBau 

Boaneaaj,^,...,^ Ia 0 n soethoc doong thoa mao 


) a l <a 2 <...<a n 
i ) a t g (-oo, +oo) Vi -l,n 
i i) iij + a 2 +... + — C 


vagf laemofehaen trea (-oo,+oo) thoa ma6/ loatrea (-°°,c] vadocn trea [c,+°°) 
Na $F = f(a l ) + f(a 2 ) + „. + f(a n ) 

Khi nob F fiat max khi a l = a 2 =... = a n _ l <a n . 

Chong minh. 

GiauB6Cto i ,a i+1 ,...,fl ll e [c,+°°) ( do/ loan trea [c,+°o) nea 

/(«;) + / +...■+ f(a n ) < (i -l)/(c) + /(a, + a, +1 +... + a„ -(i -l)c) 


] 2 f 


Mafckhabdo / loatrea (-°°,c]nea 
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(i~ 1 )f(c) + f(a x ) + f(a 2 ) +...+ f(a ._,) <(n- 1)/ 


(i -1 )c + a l + a 2 +... + 
n — 1 


Do nou 


f=£/ ( flt) <(„-i)/( (i '~ 1)c+a - B + _ a ; + - +flH )+ 


Boaneanooc chobg minh. 
TroGa'i babtoab cua ta 


+ / (a f + a i+l + ...+a n -(i- l)c) 


Nab y i = ka i (i = l,ri)=$ y 1 y 2 ...y n = k n vou k -yly 1 y 2 --y n - —— \ ■ Khi nop bab 


(n-lf 


nabg thob cab chobg minh troCthacih 

1 | 1 | | 1 < n 

V'+^i V 1+ ^ V 1 + t« 

Khoag mabtinh toag quatigiaCBOuO <y ] <y 2 <...< y n 
Nab^ -lny v x 2 = \ny 2 ,...,x n = \ny n thl 
1 


\x l <x 2 <...<x n 

x l + x 2 +... + x n - n\nk (do a l a 2 ...a n =1) 


Xebhaen soa f(x) = 


(e x + iy 


1/2 


Ta COUf"(x) = ^^—= 0ox = ln2 
4(e x + lf 2 

Toenopta cou/ loatrea (-°°,ln2] vadocn trea [ln2,+°o) 

=> Theo bosnedrea, ta cou 

P = Y —~ i 7 o~ = Y - —~nr fiat max khi x = =... = x n .<x n . 

tra+j/ 2 tra+^y 


(f <lnA:) 


47V\ ^e nXaW)t +l 


ni 
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n — 1 


V* + l \Jx n 1 +k" 


(x = e t <k) 


( 1 ) 


Tiep theo, ta sectim max cua haen soag(;c)= -- ■+-.= 

yjx + l yjx n ~ 1 +k n 


MOUx<k 


Ta coug / (x) = ^ 


k n x 2 


(x n ~ l +k n ) 2 (x + 1) 2 


g'(x) = 0ak n x 2 .(x+l) 2 ={x n ~ l +k n ) 2 

2 n n -3 

<=> k 3 x 3 .(•* +1) = jc" -1 + k n 


( 2 ) 


2 2 

Na£? = x 3 =>?<fc 3 . Khi nopphoong trinh (2) tro thaah 

2n n-3 A 3 \ 3(n-l) 

^ 3 f 2 Jr 2 +1 = ? 2 +k n 


3(n-l) 2n n 2n n-3 

-k Y f 2 -k Y t^ +r=0 

3(n-l) 2n n 2n n-3 2 

X etihacn soah(t) = t 2 -k 3 t 2 -k 3 t 2 +k n vour<fc 3 


Ta COU/?^?) = — .? 3 ,| 3(n-l)?" -nk 3 1 2 — (n — 3)k 3 


h 1 (?) = 0 <=> 3(n -l)? n —nk 3 t 2 — (n — 3)k 3 =0 


Xebtiep hacn soam(?) = 3(n-l)t"-nk 3 1 2 ~(n-3)k 3 \ib\\t<k 3 


3 n 


Ta COUm'(t)=—t 2 .\ 2(n-l)t 2 —k 3 


2n-3 2n 


m / (?) = 0 <=> ? 0 = 


( In \ 

k 3 


2(n-l) 


m 
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Do 0 <k <——^ nea t 0 <k 3 . Qua t 0 thi m'(t ) noadaa tooaai sang doong nea 
(n- 1) 


m(t) nghoch biea trea (0,r 0 ] vaenoag biea trea 


to,k 3 . 


2n-l 


Ta la'i COUm(0) = 3 — n < 0,m\ k 3 |= nk 3 (2- k) > 0 | do 2 > — k 


Nea phoong trinh m(t) = 0 coinghiean duy nhai 0<^ < k 3 . 

=> Phoong trinh h\t) = 0 coinghieai duy nha&O <t x <k 3 
Bang biea thiea cua hit) 


t 

0 

h k 113 

h' it) 

- 

0 + 

hit) 


0 


Cae cou/ao bang biea thiea, ta cou 

h(t) = 0 cote nghieai doong phaa biefelaizfe 2/3 \/aa 2 <t l . 

Do noiV(jc) = o coi2 nghieai doong phaa biefelaofc va 0 t% 2 <t* /z <k. 
Bang biea thiea cua g(x) 


X 

0 tf k 

g'ix) 

- 0 + 0 

gix) 



Cae cou/ao baag biea thiea, ta suy ra 


J!) 
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g(x) < max{g(0),g(fc)} = -j= l — \/x<k (3) 

Tob( 1) vaeP), ta suy ra npcm. 

Baetoah 66. 

Cho a,b,c laenoadaciba canh cua mofetam giab. Chobg minh raeg 

a-b b-c c-a 

-1-1-^ 0 

b(b + c-a ) c(c + a-b) a(a + b-c) 

Labgau 

Do a, b,c laonoadabba canh cua mofetam giao nea to a ta'i cab soathoc doong 
x,y,z saocho a = y + z,b = z + x,c = x+y . Khi noubabnabg thob caa chobg minh 
toong noong vou 

x(z + x) z(y + z) y(x+y) 

Nea nay, ta coihai cabh chobg minh cho babnabg thob trea 

* C abh 1. 

Col 2 trooog hop xay ra 

+ T rodog hop 1. x>j>z>0.Khi nouta cou 


+ ziy + z ) yO+y) 

1 1 


<=>(*-?) 


>0 

\+(y-z)\ 


l 


l 


lz(y + z) x(z + x)J ^z(y + z) yO+y) 

Babnabg thob na§r nubg do x>y >z>0. 

+ T rodog hop 2. z>y>*>0.Khi nouta cou 

->0 


>0 


+ z(y + z) yO + y) 

1 1 


<=>(?-*) 


x(z + x) z(y + z) 


+ (z-y) 


1 


1 


yO+y) z(y + z) 


>0 


HI 
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B ab nabg thoa na$r nubg do z > y > x > 0. 
Tom Ia'i, trong mo'i trooag hop ta luoa cou 

x(z + x) z(y + z) ;y(x+;y) 

=> npcrn. 

* Canh 2. 

Ta cou 


x(z + x) z(y + z) ;y(x+j) 

<=> x 1 + T ^ + z 1 > x l + y l + z 1 

y + Z Z Z + x x x+y y y + z x z + x y x + y z 

Niea na§( nubg theo bafcnabg thoa sap xep la'i do vao 

l^j + z z + x x+j J 

laehai day ngooc chiea nhau. 

Vay ta compcrn. 

Nabg thoa xay ra khi vaekhi x = y = z <=>a = b = c. 

Baetoan 67. 

Cho k > a,b,c,d > 0. Chobg minh raeg 

a 4 +b 4 +c 4 +d 4 > (2k-a) 4 +(2k-b) 4 +(2k-c) 4 +(2k-d) 4 
abed ~ (2k-a)(2k-b)(2k-c)(2k-d) 

Labgau 

Khoag mabtinh toag quab coWneeQ\a(Bouk>a>b>c>d >0. Khi noubabnabg 
thoa caa chobg minh toong noong vou 

(a 2 —b 2 ) 2 | 0 c 2 -d 2 ) 2 | 2(aV+cY) ^ {{Ik-af -(2k-b) 2 ) 2 | 

abed abed abed ( 2k-a)(2k-b)(2k-c)(2k-d ) 

(jlk-cf-jlk-d) 2 ) 2 2((2k-a) 2 (2k-bf + (2k-efilk - df) 
(2 k - a)(2k - b)(2k - c)(2k - d) (2k - a)(2k - b)(2k - c)(2k - d) 

JJ1 


1 1 1 

x’j’z 
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Do nouneazhobg minh babnabg thob naocho, ta chaaEaa chobg minh 


(a 1 —b 2 ) 2 ^ ((2k - a) 2 - (2k -b) 2 ) 2 

abed (2k - a)(2k - b)(2k - c)(2k - d) 

(c 2 -d 2 ) 2 ^ ((2k -c) 2 - (2k - d) 2 ) 2 

abed ~ (2k - a)(2k - b)(2k - c)(2k - d) 

2(a 2 b 2 + c 2 d 2 ) 2((2k - a) 2 (2k - b) 2 + (2k - cf(2k - d) 2 ) 

abed ~ (2k-a)(2k-b)(2k-c)(2k-d) 


( 1 ) 

( 2 ) 

(3) 


Ta cou 


(a 2 -b 2 ) 2 ^ ((2k-a) 2 -(2k-b) 2 ) 2 

abed (2k-a)(2k-b)(2k-c)(2k-d) 

<=> (a - b) 2 (a + b) 2 (2k - a)(2k - b)(2k - c)(2k - d) > (a - b) 2 (4k - a-b) 2 abed 
«=> (a + bf (2k - a)(2k - b)(2k - c)(2k -d)>(Ak-a- b) 2 abed 
Do k>c>d> 0 nea (2k-c)(2k-d)>cd>0. Do nogneachobg minh (1), ta chae 


caa chobg minh 

(a + bf(2k - a)(2k -b)>(4k-a- bfab 



Va§f (1) nubg. 

Chobg minh toong to[ ta cob2) nubg. 
Tiep theo, ta seochobg minh (3) nubg. 
Ta seochobg minh 

ab > ( 2k-c)(2k-d ) 
cd (2k - a)(2k - b) 



>0 (hubgdo&>a>£>0) 


Thafcva^ 

ab ^ (2k-c)(2k-d) 
cd ~ (2k-a)(2k-b) 


m 
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a(2k-a) b{2k-b) ^ 

^ c(2k-c)'d(2k-d)~ 
Ir-Qc-af e-Qc-bf y 

k 2 — (k—c) 2 k 2 —(k—d) 2 


(nubg do k>a>b>c>0) 


Va§f 

ab ^ (2k-c)(2k-d) ^ 
cd (2 k-a)(2k-b) 

Dohaien soa \f(x) = x+- noag bieatrea [1,+°°) neata cou 

x 

rfabV ( {2k-c)(2k-d) \ 

J [cd J f [(2k-a)(2k-b) J 

M afckhab, ta cou 

(ab\_ a 2 b 2 + c 2 d 2 
\cd) abed 

( (2k- c)(2k -d) \ (2k- a) 1 (2k - b) 2 + (2k - cf{2k - d) 2 
f [(2k-a)(2k-b) j (2 k-a)(2k-b)(2k-c)(2k-d ) 

Do nou 

2 (a 2 b 2 + c 2 d 2 ) > 2((2 k - a) 2 {2k-bf + (2k -c) 2 (2k -d) 2 ) 
abed ~ (2 k-a){2k-b)(2k-c)(2k-d ) 

Va§r (3) nubg. 

T6ena|f, ta suy ra niea phauchobg minh. 

N abg thob xay ra khi vaocha&hi a = b = c = d. 

Bab toan 68. 

Cho x,y,z>0 thoax+y + z = l. Chobg minh raeg 

yjx 2 + xyz + yly 2 + xyz +\jz 2 +xyz > yjx 2 + y 2 + z 2 + xy + yz + zx + 2^3xyz 

Labgau 

Ta coibafcnabg thob caa chobg minh toong noong vou 


!!! 
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(V? + xyz +\ly 2 +xyz + yjz 2 + xyz j > x 2 + y 2 + z + xy + yz + zx + 2yj3xyz 
<?=> 2^xy(x+yz)(y + zx)+2^yz(y + zx)(z + xy) + 2yjzx(z + xy)(x+yz) > 

> (xy + yz + zx - 3xyz) + 2«j3xyz, 


Ta cou 


2y/xy(x+ yz)(y + zx) = 2 yjxy(x(x + y + z) + yz)(y(,x + y + z) + zx) 

= 2(x + y)Jxy(z + x)(z + y) 

- 2(x + y)^jx 2 y 2 + xyz 

>(x+y)(xy + yl3xyz ) (theo bnt Bunhiacopxki) 

-xy-xyz + (x+y)yj3xyz 


Toong to( ta cou 


2yJyz(y + zx)(z + xy) > yz~xyz + (y + z)yj3xyz 
2yjzx(z+xy)(x+ yz) > zx~xyz + (z + x)y/3xyz 

=> 2yjxy(x+ yz)(y + zx) + 2^ yz(y + zx)(z + xy) + 2j zx(z + xy)(x + yz) > 

> (xy + yz + zx - 3 xyz) + 2yj3xyz 


=> npcm. 


N ang thou xay ra khi vaachsdchi x = y = z = ~. 


Baetoan 69. (USAMO 1999) 

f a,+a 2 +... + a >n 

Cho can soihoc a l ,a 2 ,...,a n (n>3) thoQ < Chong minh raeg 

[flj + fl 2 + ...+ ct n —?l 
ma x{a l ,a 2 ,...a n }> 2. 


Labgau 
* Cadh 1. 

Giafeomgooc la'i a. <2 Vi = l,n. Khi nouta cou 
a x +a 2 + ... + a i - 2(7-1) < 2 Vi = l,n 
Do a. < 2 Vi = l,n nea 


JH 
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( 2 -a I .)( 2 -fl .)>0 

=> 4 - 2(a. + aj ) + a i a j > 0 

08 -4(a ; + a j) + 2a i a j > 0 

<=> (2 2 -4(a ; . + a ; ) + (a. + a,.) 2 ) + 2 2 > af + a 2 

o (a ; . + a ; . - 2) 2 + 2 2 > a 2 + a 2 

Do nou 

(flj + a-, — 2) 2 + 2 2 > af + a 2 

(aj + a 2 + a 3 - 2.2) 2 + 2 2 > a\ + (Oj + a 2 - 2) 2 

(aj +a 2 +... + a n -2(n-l)) 2 +2 2 > a 2 +(aj + a 2 +... + a n _ l -2(n-2)) 2 
Coag n -1 babnaag thou trea la'i veetheo veata nooc 

(flj + a, +... + a n — 2{n — l)) 2 + 4 (n —1) > af + af +... + af 
Do a i < 2 Vi = l,n va0Oj +a 2 + ... + a n >rc nea 
2 > aj + a 2 +... + a n — 2 (n -1) > 2 — n 
Do n >4 nea n-2>2. Do noi 

n-2>a l + a 2 + ...+a n -2(n-\) >2 -n 
=> {n- 2) 2 > (aj + a 2 + ... + a„ -2(n-l)) 2 
=> (n - 2) 2 + 4(n -1) > (a l +a 2 + ... + a n - 2(n -1)) 2 + 4 (n -1) 

Do nou 

n~ — in — 2) 2 + 4(w — 1) > a 2 + af +... + af 
Niea na§( trauvougiadhiefi af + af + ...+af >n 2 . 

Va§f ta phauC0Umax{a 1 ,a 2 ,...,a„}>2. 

* Cabh 2. 

GiaiBoChgooc la'i a t <2 \/i = \,n. 

Na&6 ; =2-a. (7 = l,n),s= va <sr = Y^bf. The&hi, toogiaCthiefc ta cou 

»=i ;=i 

ns 
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f(2-b l ) + (2-b 2 ) + ... + (2-b n )>n 
\(l-b x f + {l-b 2 f +.., + {2-b n f >n 2 
J. S<n 

^[T>n 2 -4n + 4S 
To£na|r, ta cou 

T >n 2 —4n + 4S 
= ( n-4)n + 4S 
>S(n-4) + 4S (d0n>4) 

= nS (1) 

Do a i < 2 V/ = \,n nea >0 Vz = \,n^>b i <n \/i = \,n (do S < n ). Do noil 

T = Yj) 2 < ^nb t = nS (2) 


Tob( 1) vae(2) f ta suy ra maa thuaa. Va§f ta phaucou 


max{a 1 ,a 2 ,...,a„}>2 (npcm) 

Bactoan 70. (Toan H oc TuoaT reffi006) 

Cho cab soathoc (aa x ± 0) thoa 



Chobg minh raeg hai phoong trinh ax 2 +bx+c = 0 vaoa^ 2 + b x x+c x =0 nea cou 
hai nghiean phaa biefevaocab nghiean na§t naen xen keonhau khi biea diea trea true 
soa 

Labgau 

K hoag mabtinh toag quab ta chaaEaa xeb a = a x = 1 laenuu 
K hi noubaetoab chuyea vea 
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"Cab soathoc b,c,b 1 ,c l thoa (c-cj 2 + (b-b l )(bc 1 -b 1 c)<0. Khi nog cab phoong 

trinh f(x) = x 2 +bx+c = 0 va0gO) = ;t 2 + b l x+c l =0 nea couhai nghiean phaa 

biefevaocab nghiean na§f naei xen kecnhau khi biea diea trea true sod' 

Neachobg minh hai phoong trinh na§r coiinai nghiean phaa biefc ta caa phauchbbg 

|A, =b 2 -4c >0 
minh \ 

[A g -b 2 -4q >0 

Troob he& ta chobg minh ( b 2 -4c)(b 2 -4c,) > 0 

Giateoungooc la'i (b 2 -4c)(b 1 2 -4c 1 )<0=>b 2 c 1 +b 1 2 c-2cc 1 >^- + 20^. Do nou 

(c - c l ) 2 + (b - b l )(bc l -b x c) = ( b 2 c l + b 2 c - 2 cc l ) + c 2 + c 2 - bb x (c + q) 

> ^ ^ 1 + 2cc, + c 2 +c 2 -bb l (c + c l ) 

=-r.(to 1 -2(c+ £ - 1 )) 2 

>0 

Niea na§r trauvougiaCthied 

Va§i ta phaucou(6 2 -4 c)(b 2 -4c,) >0 (*) 

[b 2 -4c > 0 

Tiep theo, ta seochoag minh < . GiaiBoiniea na§i khoag nung. Khi hog 

[b 2 - 4c, > 0 

t Ab 2 -4c<0 n „ x 
toia(*), ta cow . Do nou 

[b 2 - 4c, <0 

(c-c,) 2 + (b-b l )(bc l -b x c) = (c-c x ) 2 +b 2 c l +b 2 c-bb l (c + c l ) 

> (c-q) 2 + 2bb iy [cc\-bb x (c + c x ) 

= (c - q) 2 - bb x (Vc - yjc ~ x ) 


111 
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> 


(Vc-^/q) (4 yfcc^-bby) 


> 


(v ^) 2 



-bh 


= 0 


Niea nap trauvougiauthie^ 


Va§f ta phaucou- 


isr ta phaucoiK „ 

[b 2 -4c x > 0 


b 2 -4c > 0 


Too Ia0cab phoong trinh f(x) = x 2 +bx+c = 0 va0g(x) = x 2 + b 1 x+c 1 = 0 nea cou 
hai nghieai phaa biefe 

Go'i laocab nghieai cua phoong trinh f(x) = x 2 +bx+c = 0 thi theo naih lyu 
Viet, ta cou^ + x 2 = —b \ia&c x x 2 — c. Nekhobg minh /O) vaigO) coucab nghiean 
naei xen keaihau khi biea diea trea true soata cha^aa chobg minh 

g(X).g(x 2 )<0 

Ta cou 



Do nou 


g(X).g(> 2 ) = ((b 1 -b)x l +c t -c)((fr, -b)x 2 +q -c) 

= (c, - c ) 2 + (c, - c)(b x - b)(x x + x 2 ) + (b x - b) 2 x Y x 2 
= (c, -c ) 2 - b(c t - c)(b x -b) + c(b x -b ) 2 
= (q - c ) 2 + (b x -bXci^-b)~b(c l -c)) 

= (c, - c ) 2 + {b-b x )(Jbc x -b x c) < 0 (theo gt) 

=> g(*i)-g0 2 )<° 

Va§r f(x) vai&U) coicab nghieai naei xen kechhau khi biea diea trea true soa 
Toiacab chobg minh trea, ta suy ra npem. 
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Bao71. 

Cho caasoadoong a,b,c thoa 21ab+2bc+8ca<12. Tim giaitronhoinhaScua biea 
thoa 

„ 1 2 3 

P=-+-+- 
a b c 

Lobgau 
+ Cadh 1. 

12 3 ox 

Na §x = -,y = -,z = ~, babtoaa chuyea vea 

a b c 

x,y,z>0 thoa 2x+Ay + lz<2xyz. Tim giaitronhomhafccua biea thoa 

P=x+y+z 

Khoag mafctinh toag quati ta chaaEaa xetitrooag hop 2x+4y+lz = 2xyz laenutfta'i 
sao?). Nafc x = yflm,y = ^-.n,z = —^--p thi ta cou m+n + p = mnp. Do noptoa 
ta'i tam giaonhon ABC sao cho m = tgA,« = tgfi,/? = tgC. Khi nouta cou 


P = -^-.(14tgA+7tgfl + 4tgC) 


Xebhaen soa/0) = tg;t vouxe ^o, 
Ta cou 

f'(x) = tg 2 x + \ 
f"(x) = 2tgx(tg\i +1) >0 


=> f(x) laehacn loon trea |^0,— |. 
Do noutheo tinh cha&haen loch, ta cou 


3a/7 


3^7 


/(A)>/ arctg—— + /' arctg— A-arctg— 


3a/7 


!!) 
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3s/l 16 f . . 3y/l 

= +—. A-arctg^— 


> 14/(A) > 6a/7 + 32( A-arctg 


Toong to( ta cou 


f(B)>f\ arctg 


5yfl 


_ 5V7 32 

7 7 


|+/ I arctg 
5 V 7 


5>/7 


5-arctg 


5^7 


5-arctg 


> 7/(fi) > 5>/7 + 32| - arctg ^ 


/(C) > / (arctg V7) + /'(arctg V7)(c- arctg V7) 
= V7 + 8(c — arctgV7) 

=> 4 /(C) > 4V7 + 32(c - arctgV7) 


Do nou 


P = (A) + 7/(5) + 4/(C)) 

14 


>—.(15V7+32| A + 5+ C- arctgarctg-arctg V7 j 


= y (vi A + 5 + C = arctg^-+arctg^- + arctgV7 =71) 


b = *. 
5 



. 3^7 

A = arctg 

fm = 3 

N aog thoa xay ra khi vaochadchi • 

B — arctg j 

5 

« = -<=> i 
2 


C = arctgV7 

[5 = 2 


Va§f 
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min P = 


15 
2 ' 


+ Caah 2. 

14 3 , 

Bat a = —,b = —,c = —, bai toan chuyen ve 
3x 5y 2 z 

“x,y,z> 0 va 3x + 5 y + lz < 15xyz. Tim gia tri nho nhat cua bieu thuc 
P = ^.(6x + 5y +4z).” 

Ap dung bat dang AM-GM cho 15 so duong, ta co 
I5xyz >3x+5y + lz> 15 l ^x 3 y 5 z 7 



Lai ap dung bat dang thuc AM-GM cho 15 so duong, ta co 
P = |.(6jc+ 5y + 4z) > > y 


Bang thuc xay ra khi va chi khi 


x = y = z 

15xyz = 3v + 5y+7z 


<=>* = y = z=lo 



Ket luan 


min / 5 = 


15 
2 ' 


ill 
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Baetoan 72. 

Cho a,b,c >0. Chobg minh raeg 

v /Haz/H + 1 

t? c \b + c \(a + b)(b + c)(c + a) 


Labgau 

Ta coibabnabg thoa caa chobg minh toong noong vou 

y]a(a + b)(a + c ) > 2y](a + b + c)(ab + bc + ca ) 

eye 

<=> ^ a (a + b)(a + c) + 2^ (« + b)ylab(a + c)(b + c ) > 4(a + Z? + c)(a& + &c + ca) 

eye eye 

4=> a 3 + b 3 + c 3 + 2^(a + b)yjab(a + c)(b + c ) > 3^ ab(a + b) + 9abc 

eye eye 

Ap dung babnabg thoa Bunhiacopxki, ta coi Xa + c)(b+c)>[4ab + cj 
Do nopnecchobg minh babnabg thoa naocho, ta chaaEab chobg minh 

a 3 + b 3 + c 3 + 2 ^(a + b){c+ 4ab^4ab > 3 ^ab(a + b) + 9abc 

eye eye 

<=> a 3 + b 3 + c 3 + 2 y/abc^ (a + b)y[c > ^ ab{a + b) + 9abc 

eye eye 

A () dung babnabg thoa AM -GM, ta cou 

2 4abc^ (a + b)y[c > 12 abc 


Do noptheo babnabg thoa Schur, ta cou 

a 3 + b 3 + c 3 + 2 \[abc.^(a + b)\[c >a 3 +b 3 + c 3 +12abc 


= ( a 3 + b 3 + c 3 + 3 abc) + 9 abc 
> ^ ab(a + b) + 9abc 


=> a 3 + b 3 + c 3 + 2yJabc.^(a + b)y[c > ^ ab(a + b) + 9abc 

eye eye 

=> npem. 

N abg thoa xay ra khi vaochadchi a = b = c hoae a = b,c 0 vaocab hoab vq 


Ml 
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Baetoah 73. (Pham Kim Hueg) 

Cho a,b,c > 0 thoa a+b+c = 1 . Choog minh raeg 

ab + bc + ca >S(a 2 b 2 +b 2 c 2 +c 2 a 2 )(a 2 +b 2 + c 2 +\6abc) 


Labcjau 


Na§ q = ab+bc + ca,r = abc=> 


q,r> 0 



theathi theo bai) naug thou Schur, ta cou 


Act — 1 

r > ——. Toacaoh na£ ta cou 
9 

a 2 b 2 +b 2 c 2 +c 2 a 2 = q 2 -2r 
a 2 +b 2 +c 2 — \-2q 


Do nopba&naug thoo caa choug minh troCthaah 

q > S(q 2 - 2r)(16r +1 - 2q) 

<^> f(r) = 8(2 r - q 2 )(16r + l-2q) + q>0 

Ta COU/ / (r) = 6(32r-(4g-l)(2g + l)) 

Col 2 trooag hop xay ra 

* Trooag hop 1. \>Aq^>f'{r)>Q => /(r) laehaen noag biea Vr >0. 


Aq — 1 

* Trooag hop 2. 4<?>l=>r>—^—>0. Do noil 


f'( r ) = 6(32r-(4g-l)(2g + l)) > 6 


32(4g-l) 


-(4^-l)(2^ + l) 


2(4< ? -l)(23-18< ? ) 


>0 


=> /(r) laehaen noag biea Vr>0. 

Tom la'i, trong mo'i trooag hop, ta luoa cou/(r) laehaai noag biea Vr >0. Do nou 

f(r)>f(0) = q(4q-l) 2 >0 

=>npcm. 

M3 
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* N haa xefa. 

Coitheadeadaag chobg minh nooc 16 lachaeg soetofinha^cho ba&nabg thob 

ab + bc + ca> 8 (a 2 b 2 + b 2 c 2 + c 2 a 2 )(a 2 +b 2 + c 2 + kabc) 

Bactoan 74. (VodQuoa BaiCaa) 

Cho a,b,c> Othoa abc = 1. Chobg minh raeg 

a b c 3 
c 3 I I a 3 +1 b 3 +1 2 


Labgau 

Ta coibafcnabg thob caa chobg minh toong noong vou 

2£ a(a +1 )(b 3 +1) > 3 (a 3 +1 ){b 3 +1 )(c 3 +1) 

<=> 2jVfc 3 + 2JV + 2£a6 3 + 2^a >3JVfc 3 + 3JV + 6 

eye eye eye eye eye eye 

+ |>0 

l eye eye eye I l eye eye eye I l eye 

<=> 2^a& 3 (a-l) 2 (2a + l) + 2^a 4 + ^a& 3 -3^a 3 + 2 ^a-3 >0 

eye l eye eye eye I l eye I 

Do nopneachobg minh bafcnabg thob naocho, ta chaaEab chobg minh 

2^a 4 + ^ab 3 -3^a 3 > 0 (1) 

eye eye eye 

X>>3 (2) 


* Chobg minh (1). 

Ta cou 

2^a 4 + ^ab 3 -3^a 3 = 2^a 4 +^ab 3 -3yfabc.^a 3 

eye eye eye eye eye eye 

>2^a 4 + ^ab 3 -(a + b + c).^a 3 (theo AM -GM ) 

eye eye eye 

= a 4 + & 4 + c 4 - a 3 b - b 3 c - c 3 a 
= \^a 4 +b 4 -3a 3 b) 


m 
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-^(a-b) 2 (3a 2 + 2ab + b 2 ) 


>0 


=>(1) nuhg. 

* Chong minh (2). 

Ta cou 

^a-3-^a-3\/abc - — .(-s/a + %fb + >/c).^(-s/a - yfb} >0 

eye eye ^ eye 

=>(2) nuog. 

Tob(1 ) vae(2) ( ta suy ra npem. 

N aug thoa xay ra khi vaechadchi a = b = c = 1. 

Baotoao 75. (Vasile Cirtoaje) 

Cho a,b,c >0 thoa a + b+c = 3. Chobg minh raeg 



Labgiau 

Ta cou 




(theo bntAM -GM ) 


> 3 --T—- (theo bnt AM -GM ) 

3tr 3 


34S 
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= 3 -;-s> 

= 3-—.3 
3 


1 


1 1 

- + - 


^1 (npcm) 


2ab 2 +1 2 bc 2 +1 2ca 2 + l 

Naag thoa xay ra khi vaachsdchi a = fc = c = l. 

Badtoan 76. (Vasile C irtoaje) 

Cho a,b,c > 0. Chong minh raeg 

( a 2 - bc)yjb + c + ( b 2 - ca)\/c~+"a + (c 2 - ab)y]a + b > 0 


Labgau 

Ta coibafcnaag thoa caa chobg minh toong noong voii 

^ (2a 2 - 2bc)y/b + c > 0 


o ^ ((a + c)(a - &) - (a + &)(c - a))\jb + c > 0 
<=> ^(a+c)(a-b)y/b + c-^(a + b)(c-a)y/b + c >0 

eye eye 

^ (a + c)(a -b)yjb + c ~^(b + c)(a-b)Ja + c > 0 
<=> ^(a-b)y/(a+c)(b+c).[\/a + c-y/b + c j > 0 


<=> 


I 


(a-b) 2 yj(a + c)(b + c) 
yja + c + yjb + c 


>0 (hung) 


=> npcm. 

N aag thoa xay ra khi vaocha&hi a = b = c. 


HI 
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Baetoan 77. 

Cho a,b,c> Ovaefc laohaeg soadoong cho troob. Tim giautronhounhabcua biea 
thoo 


... , , b + c c + a a+b kabc 

f(a,b,c) = -+ ^ +-+ 7 


a b c (a + b)(b + c)(c + a) 

Labgau 

Nab x = a 2 b + b 2 c + c 2 a + a 2 c + c 2 b + b 2 a,y = 6abc. Khi nopta COU 

r . . . 6x ky , k 

f(a,b,c) = —+ - = 6 1 + -—- 

y 6x + 2y 6t + 2 


trong nouf = —>1. 

y 

N 

Nab g(t)=6t + -v6ur>l, ta caa tim giaitronhoCnhabcua g(t). 

6t+2 

Coi2 trooag hop xay ra 

* Trooag hop 1. k <64. Khi nopta cou 

g(t)-6-— = ^( ? -l)(48^-^ + 16) >Q 
8 8(3r + l) 

=>g(t)> 6 + ^ 

O 

=>f(a,b,c)> 6 + ^ 

O 

N abg thoo xay ra khi vaocha&hi r = 1 <=> a = b = c. 

Va^i trong trooag hop na§f, ta cou 

k 

min f (a, b,c) = 6 + — 

* Trooag hop 2. k >64. Khi nopta cou 

6 (6i+2-V^)(6i + 2 + V^) 


3 41 
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Qua t 0 thi g'(t) noadaa tocaai sang doong nea ta cou 

g(t)>g(t 0 ) = 2sfk-2 \/t> 1 

=> f(a,b,c) >24k - 2 


N aog thoa xay ra khi vaochaddii 



Ta chaaaa choog minh raeg toa tai boasoadoong ( a,b,c ) thoa mao heethoa (*) lao 
baotoao nooc giauquyefchoao toao. 

Tha6va§f, cho b = c = l thi heathoa (*) troCthaoh 



V64 


Ta cou lim /(a) = l>0,/(l) = 4—-<4-= 0. Do noutoa tai ae(0,l] sao 

a— >o + 2 2 

cho /(a) = 0. Va§f toa tai boasoa(a,6,c) thoa mao heathoa (*). 

Do noutrong trooog hop na§f, ta cou 
min f(a, b, c ) - 2 s[k - 2 
Kefcluaa 

k 

+ Nea ^<64 thi min f (a,b,c) = 6 +— 

+ Nea ^>64 thi minf(a,b,c) — 2y[k-2 


HI 
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Baetoan 78. (VodQuoa BaiCaa) 

Cho a,b,c > 0 thoa abc = 1. Chobg minh raeg 


Labgau 

Ta coinhaa xetisau 

1 ^ 1 


v8c 3 +1 V8a 3 + 1 "v 8Z? 3 +1 


\/x>0 


(*) 


V8x 3 +1 2 * + 1 

Thafeva^f 

(*) <=> 2x 2 +1 > yjSx 3, +1 

<=> (2x 2 +1) 2 > 8x 3 +1 
<=$Ax 2 (x-\f >0 (nubg) 

Va§f (*) nubg. 

Do nou 

a ^ b ^ c > a + b c 

\ISc 3 +1 + yJSa 3, +1 + y/sb 3, +1 ~ 2c 2 +1 + 2a 2 + 1 + 2b 2 +1 

Nho va§r, neachobg minh babnabg thoa naccho, ta chasaa chobg minh 

a b c 

-t-+- n -+- 9 -— 1 

2c 2 + 1 2a 2 + 1 2b~+ 1 

<=> Y,a(2a 2 +1)(2 b 2 +1) > (2a 2 +1)(27? 2 + l)(2c 2 +1) 

eye 

<=> 4JVfc 2 + 2 . JV + 2^ab 2 + £a > 9 + 2 JV + 4JVfc 2 

eye eye eye eye eye eye 

o zf J>V + - Zj> V l zf - £ AZ£« V + 

l eye eye eye II eye eye J eye 

<=> 2£a6 2 (a -l) 2 + 2| JV - JV |+ 2jVfc 2 + JA > 9 (**) 

eye ^ eye eye J eye eye 

Lai coitheo babnabg thob AM-GM thi 


HJ 
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Do nouneachobg minh babnabg thob (**), ta chaaEaa chobg minh 


Y,a 3 -'£a 2 > 0 


eye eye 


Nhong niea nap hiea nhiea nubg vi 


i> 3 -iy= 


3 ^ a 3 -3yjabc.^< 


a' 


eye eye 


eye eye 




a‘ 


(theo bnt AM -GM ) 


3 


£(a-bf(a+b) 


>0 


Vap (***) nubg. 

Toenafr, ta suy ra npem. 

Nabgthobxay ra khi vaochadchi a = b = c = 1. 

* Ghi chuu 

Ngoaara, ta coa coimofecabh khaa neachobg minh bafcnabg thob 

a b c 

-9-1-9-1-9 — 1 

2c 2 + 1 2a 2 +1 2b 2 +1 

Cuitheanho sau 

Do a,b,c >0,abc-l nea to a tai cab soathbc doong x,y,z sao cho a = —,b = ~. 

y z 

c = —. Khi noybafcnabg thob trea troCthaah 


X 


y(2z 2 + x 2 ) z( 2x 2 + y 2 ) x(2 y 2 + z 2 ) 


Afj dung bafcnabg thob Bunhiacopxki, ta cou 
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y(2z +x) z( 2x +y) x(2 y +z) xy(2z +x) yz(2x~ + y) zx(2y +z) 


x y + y z + z x + 2xyz(x + y + z ) 


Do nouneachoag minh bafcnang thou naocho, ta chaaEaa chobg minh 

(x * l 2 + y 2 + z 2 ) 2 ^ 

x 3 y + y 3 z + Z 3 x + 2xyz(x + y + z) 

l eye eye ] l eye eye J 

« ± J>- 30W + 2xy + y 2 ) + Y,z 2 (x-y) 2 > 0 (nuag) 

=> npem. 

Baotoan 79. (Ninh Ngoc An) 

Cho a,b,c >0 thoa a+b+c = ab+bc+ca . Tim giaitronhoLhha^vaogiaitrolon nha§ 
cua biea thob 

s= 1 [ 1 [ 1 
a+b b+c c + a 

Lobe/ait 

3 

Ta seochbag minh raeg max5 =- vaekhoag coumin5. 

Thafeva^f, tosgiaCthie^ ta cou 
ab + bc + ca ( 1 


5 =- 


1 1 

-1 —swj- 

a + b + c [a + b b + c c + a 


ab be ca 


a+b+c[a+b b+c c+a 


Do nous >1. 


Cho c = 0,b =-(a >1) thi ta cuog cou a+b+c = ab+bc+ca. Khi nouta cou 

a -1 


5=1 + - 


> lim 5=1. 

a-> 1 + 
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Va^f khoag to a tai min S. 

M afckhab, ap dung bab naag thob A M -G M, ta cou 


S = 1 + - 


1 


ab be 


ca 


i+b+c[a+b b+c c+a 
1 


a + b + c 


\.(a + b) 2 \.(b + c) 2 c + a ) 2 

4_ ,4 _ ,4 _ 


a + b 


b + c 


_3 
~ 2 

Nabg thob xay ra chaog hah khi a = b = c = 1. 

3 

Vaar max S = —. 

2 

Baetoan 80. (Ninh Ngoc An) 

Cho a,b,c,d > 0 thoa ab+bc+cd+da = 1. Tim giaitronhomhaScua biea thob 

f(a,b,c,d ) = a 2 +b 2 +c 2 +d 2 +2abcd 

Lobgau 

Ta cou 

ab + bc + cd + da = 1 <=> (a + c)(b + d ) = 1 
Nea ac>l thi deetha^r f(a,b,c,d)> 2. 

Nea ac< 1. Khi nouta cou 


f(a,b,c,d)-f\ a 


b + d 




(b-d) 2 (l-ac) 


>0 


> / (a,b,c,d) > 


Ba|f giopnea ^ + ^ >1 thi destha^r /fa,^^,c,^^l>2 


2 


Do r\ouf(a,b,c,d) >2. Nea ^^-<1 thi baeg lap luaa toong toinhd trea, ta cou 


3S2 
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Do nou 


b+d\ (a + c b + d a + c b + d ^ 


tc u A b + d b + d^\ 

f(a,b,c,d) > / a, —-—,c,—-— 

J a + c b + d a + c b + d ^| 

J 

_ (a + c) 2 (b + d) 2 (a + c) 2 (b + d) 2 

2 2 8 


>1 + - 


9 

8 


Tom la'i, trong mo'i trooog hop, ta luoa coiif(a,b,c,d)>~. 


N aog thoa xay ra khi vaocha&hi a = b = c = d = A 
9 

Va§f min f(a,b,c,d) = — . 

Baetoan 81. (Ninh Ngoc An) 

Cho a,b,c,d> 0 thoa ab+bc + cd+da + ac+bd = 1. Tim giautro nhounhafc cua 
biea thoa 

f(a,b,c,d) - a 2 +b 2 +c 2 +d 2 +2abcd 

Labgau 

Xetisoathoc khoag am y thoa mao 

y 2 +ab + 2 y(a + b) = 1 <=> (a + b)(c + d- 2y) -y 2 -cd (*) 

(chuiyiraeg y luoa luoa to a tai) 

Khi nouta phaucouj Tha6va$i, giafeorngooc la'i y>^^~. Khi nouta cou 
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y 2 +ab + 2y(a+b) > 


+ ab + (a+b)(c + d ) 


c + d 

>cd + ab + (a + b)(c + d) 


-ab + bc + cd + da + ac + bd 
= 1 

Niea na§( maa thuaa vi y 2 + ab + 2y(a+b) = 1 . 

Va£, ta phaucouy Do noptotf*), ta suy ra noo'c y 2 >cd. Khi nopta cou 


f(a,b,c,d)-f(a,b,y,y) = (c-d) 2 + 2(l-ab)(y 2 -cd) >0 
=> f(a,b,c,d)> f(a,b,y,y) 


Baeg lap luaa toong to'i ta daa nea 

f(a,b,c,d) > f(x,x,y,y)-2(x 2 +y 2 +x 2 y 2 ) 
Voux,j>0 thoa mao x 2 + y 2 + 4xy = l. 

Nea 


f(a,b,c,d ) > f(x,x, y,y) = 2(x 2 + y 2 +x 2 y 2 ) > 


13 

18 


N aog thoa xay ra khi vaachadchi a = b = c = d 




Va^f min f(a,b,c,d) = —. 


Baotoan 82. 

Cho x,y,z>0 thoa xy + yz + zx+xyz = 4. Tim haeg soak tofcnhafccho ba&nabg 
thoa 


x 2 + y 2 + z + 3k > (k + 1)0 + y + z) 

Ldbgau 

Cho x = y = >l2,z = >l2-\, ta suy ra noo'c k< 2 V 2 + I. Ta seochobg minh na^ lao 
giaitrocaa tim, too laachoag minh 
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x 2 + y 2 + z 2 + 3(2^2+l)>2(^f2+l)(x+y + z) 
ToggiaCthieb xy + yz+zx+xyz = 4, ta suy ra nooc 


x + 2 y + 2 Z + 2 


Do nogta coilheanab m = —*— ,n = —*— ,p = —*— = 
x+2 y+2 z+2 


m+n+p —1 
0 <m,n,p< 


1 => Ia0 


noadaeba ca'hh cub mofetam giab. Do nogtoa ta'i caa sosthoc doong a,b,c sao cho 
m = b + c,n = c+a,p = a+b. K hi nogtoocaah na£ ta cou 


1-2m _ 

n + p-m 

2ci 

m 

m 

b + c 

1-2n _ 

p + m-n 

2b 

n 

n 

c + a 

1-2 p 

m + n— p 

2c 

P 

P 

a + b 


Babnaag thoo (*) troCthaah 

4 a 


2 a 




4 a 2 


(b + c) 2 


4(V2+l), 

b + c 


f(2V2 + l) 


4a 2 — 4^\[2 + 1 j a(b + c) + [2y[2 + 1 j (b + c) 2 
^ (b + c ) 2 “° 

(2a-(2V2 + l)z?-(2V2+l)c)(fl-^) 

(b + c) 2 

(2a-(2V2+l)^-(2V2+l)c)(c-a) 

^ " — ^ 


(b+ c y 
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«E 


'la - ( 2 V 2 + \)b - [2^2 + l)c) (a-b) 
(b + c) 2 ” 


[lb ~{l4l + - {lyfl +l^a\{a-b) 

^ . -i — 0 


(a + c) 2 


>Y,(a 2 ~b 2 ) 2 [la 2 + lb 2 +{\-lJl)c 2 +{\-24l)ab + {3-2j2)c(a + b)}>Q) 


Nafc 


S a2 = 2b 2 + 2c 2 + (l - 2V2) a 2 + (l - 2V2 )bc + (3 ■- 2yfl ) a(b + c) 
S b2 = 2 c 2 + 2 a 2 + (l - 2V2 )b 2 + (l - 2V2 )ca + (3 ■- ijl )b(c + a) 
S c2 = 2a 2 + 2b 2 + (1 ■- 2V2) c 2 + (l ■- 2 V2) ab+ (3 ■- 2V2) c(a + b) 


Khi nopbafcnabg thoa caa chobg minh troithaah 

S a2 0 b 2 -c 2 ) 2 + S b2 ( c 2 -a 2 ) 2 + S c2 ( a 2 -b 2 ) 2 > 0 
K hoag mafctinh toag quati ta coitheagiateoua >b>c> 0. K hi nopta cou 
S b2 = 2 c 2 + 2 a 2 + (l- 2V2 )b 2 + (l-2>/2 )ca + (3-2^2 )b(c + a) 
>2c 2 + 2b 2 +(l-2y[l)b 2 + (l - 2V2 )cb + (3 - 2V2 )b(c + b ) 

= 2(V2-l)V-4(V2-l)&c + 2c 2 

= 2(Ul-\)b-c\ >0 

S c2 =2a 2 + 2b 2 +(\- 2V2 )c 2 + (l ■- 2V2) ab + (3 ■- 2^2 ) c(a + b ) 

> 4ab + (l - 2V2) c 2 + (l-- 2V2) ab + (3'- 2^2 ) c(a + b) 

= (5 - 2V2) ab + (l- 2V2 )c 2 + (3 - 2V2) c(a + b) 

> (5 - 2 V 2 ) c 2 + (l - 2 V 2 ) c 2 + 2(3 - 2 V 2 ) c 2 

= (6-4V2)c 2 + 2(3-2V2)c 2 
= 4(V^-l)V 


3 S ( 


>0 
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S a2 +S b2 = (V2 -l) 2 (a 2 + & 2 ) + 2(a/ 2-l)aZ?-4(V2-l)c(a + &) + 4c 2 
= (42-lf (a+b) 2 -4(s[2-l) c(a+b) +4c 2 

= ((V2-l)(a + ^)-2c) 2 
>0 


Do nou 

Sf ( b 2 -c 2 ) 2 + S b ,{c 2 - a 2 ) 2 + S cl (a 2 -b 2 ) 2 > ($_, + S b ,)(b 2 -c 2 ) 2 >0 

=>(*) nubg. 

Va§f k m3X = 2V 2 +1 . 

Bactoan 83. (VodQuoa BaiCaa) 

Cho tam giab ABC. Chobg minh raeg 


' . AY A^i f . sY B' I f . CY C^i 

1-sin— 1 + cos — 1-sin— 1 + cos — 1-sin— 1 + cos 

._ 2 1 2 ) A _ uZ _ vA _ uZ _ u 


sin —. 1 + sin 


B | 

sin—. 1 + sin 


.1 i+sin— i sin —.1 i+sin^ 

Labgau 

A(j dung ba&nabg thob Bunhiacopxki, ta cou 


sin—. 1 + sin 


>2 + V3 


1 -siny^l + COSy j 


n^2 


1+COS 


cyc sin 2 ^ + sin 2 j J^sin^l-siny j^l + COSy Yl+siny j 

A fj dung ba&nabg thob AM -GM, ta cou 


• A 
sin — 
2 


( 1 - Sin f) s 

f . A .A) 2 

sin —h 1 - sin — 

2 2 

2 


v , 


Toong tot ta cou 
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Af . A' 

— 1 — sin — 
2 1 2 

i*“C 

( 1 +sin f) 

r( 1 +cos f) 




-j 3 + ^sin — + ^cos — + -.^sinA 


~. \ v % v—i . A 3 t— i A 373 v —1 . . 373 
Chuiyiraeg 2^sm—<— ^cos-j <*--- ^smA^ -^— 


> | sin l( 1 - sin l)( 1+C0S f) 


1 + sin — <-. 3 + 


1 3 3V3 


9(2 + V3) 


16 


l- S in|Yl + C0s|j(l+sin|j" 9 ( 2 + A) 


¥) 


7~ sin fl i 


16 [ Ejl-sin^Yl+COSy 


sin 1 + sin 




Do nopneazhobg minh bafcnabg thob naocho, ta chaaEab chobg minh 


16 L 1_si: 


9 ( 2 + 73 ) 


>2+73 
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■ AY, A\ 3 3a/3 

£1 2 A 2 J 2 4 

«-rsin-+rf COS—.sin a!>-— 

r 2 r 2 2 2 4 


p. v—' A 3 a 
Do > sin— <— nea 

‘-‘ii 


f COS—.sin a!>-—+ Vf 

' A 1 . .) 
COS-.sinA 

V 2 2 J 2 

s 2 2 J 


Do nopta chaaEaa choag minh 

A 1 . A \ $J3 
> COS-.sinA > •- 

2 2 J 4 

Xebhaen soaf(x) = cosx-—.sin2x+x-— -A 2 . vouxe fo;— 
2 6 4 2 


Ta COU f'(x) = -sinx + l-C0S2x = sinx(2sinx-l),/ / (x) = 0 <=> x = — = x 0 

6 

Qua;t 0 thi f\x) noadaa toeeai sang doong nea 


m>f |- =ov« o,- 


_ ABC ( n | a 

Do —,—,—e 0,— nea 

2 2 2 2 


A 1 A 7i V3 

=> COS-. sin A +->0 

2 2 2 6 4 

A 1 . . f 7i A) V3 
2 2 6 2 4 


Toong to( ta cou 
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C 1 

COS-. sin C > 

2 2 




Do noil 



A l 
2 2 




Baetoan 84. 

Cho a,b,c >0 thoa a + b+c = 1. Choog minh raeg 



Labgau 


Na &x = a 2 +b 2 +c 2 . Khi noDde§:ha§f ^ <x<l. Do nou 


O-1)(3jc-1)<0 
=> 4x-l>3x 2 

Ta la'i cou 

a 2 b 2 + b 2 c 2 + c 2 a 2 > abc(a + b + c) = abc 

Do nou 

{Ax-\){a 2 b 2 + b 2 c 2 + c 2 a 2 ) > 3 abcx 2 

M abkhaa, ta la'i cou 

Ax -1 = (b + c - a) 2 + (c + a - b) 2 + (a + b - c) 2 

A p dung bafc naog thob C hebyshev, ta cou 

3((b + c-a) 2 b 2 c 2 +{c + a-b) 2 c 2 a 2 +{a + b-c) 2 a 2 b 2 ) > 
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>((b + c-a) 2 +(c + a-b) 2 + (a + b- c) 2 )(b 2 c 2 + c 2 a 2 + a 2 b 2 ) 

Do nopta cou 

((b + c- a) 2 b 2 c 2 + (c +a- b) 2 c 2 a 2 + (a + b- c) 2 a 2 b 2 ) > abc(a 2 +b 2 +c 2 ) 
<=> ((1-2 afb 2 c 2 + (1-2 b) 2 c 2 a 2 + ( \-2cfa 2 b 2 ) > abc(a 2 +b 2 + c z ) 

A fl dung babnabg thobAM -GM, ta cou 

(a + b)(b + c)(c + a)> 8 abc 
<=> (1 - a)(l - b)(l — c)> Sabc 


Do nou 


((1 - 2a) 2 b' V + (1 - 2b) 2 c 2 a 2 + (1 - 2c) 2 a 2 b 2 )(l - a)(l - b)( 1 - c) > 

>8 a 2 b 2 c 2 (a 2 +b 2 +c 2 ) 
8 (a 2 +b 2 +c 2 ) 2 


<=> —2 + --2 + — 2 > 


(l-a)(l-b)(l-c) 


> npcm. 


N aag thoa xay ra khi vaochadchi a = b - c = K 

Baotoan 85. (VodQuoa BaiCaa) 

Chobg minh raeg voumo'i soadoong a,b,c ta nea cou 

3(a 3 +b 3 +c 3 ) — 24 ( a +b +c) +36 >ab + bc + ca + Y ab{a + b) 
a+b+c “ 


Labgau 

Troop hebxin hoot nhae la'i khoag chobg minh kebquaiquen thuoa sau 
Xebba da 9 (a n ),(b n ),(c„) hoot xab ncnh bou 

a 0 -a,b 0 -b,c 0 =c 

C 2n+ 1 = C 2n’ a 2n+l = K + l = ~ G N 
a 2n+2 = ^2n+V ^ 2n+2 = C 2n+2 = 2n+1 ^ 2n+l , Vn G N 


HI 


Khi nopta cou 
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a + b + c 

lim a n = lim b n = lim c n =---= t 

TroGa'i baotoab cub ta 
Nab 

f(a,b,c ) = 3(a 3 + b 2, + c 3 )- + b +c ) _ _ ca _ V+ &) + 36 

a + & + c “ 

Ta seochobg minh 

f(a,b,c) >min|/ 


a + b a + b 


2 2 

Thafeva^f, giausoungooc la'i f(a,b,c) <min<| / 
nopta cou 

f(a,b,c) </l - , - ,i 

f(a,b,c) < f(0,a + b,c ) 


,c \,f(0,a + b,c)j 

a+b a + b 


c \,f(0,a+b,c)>. Khi 


Ta cou 


f(a,b,c) < f 


a+b a + b 


<=> (a-b) 


2 (9 (a + b) 12 | a+b+1 c , <() 
4 a+b+c 4 2 I 


>\0a + \0b-2c + l- 


48 


a + b + c 
f(a,b,c)<f(0,a+b,c ) 

0 ab\ -I0a-I0b +2c-l + - 


( 1 ) 


48 


a + b + c 


<=> 10a +10 b -2c + l- 


48 


->0 


a + b + c 

T6o(l) va0[2), ta suy ra maa thuaa. Va^r ta phaucou 

(a + b a + b , ... , . 

1 ,c \,f(0,a+b,c ) 


f (a,b,c)> mini f 


3(2 


( 2 ) 
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Tiep theo, ta seochobg minh 

Troob he& ta chobg minh 

f(0,a + b,c)>0 (3) 

Baeg lap luaa toong toinho trea, ta cou 

/ (0, a + b, c) > min j / |o, a + ^ + c , a + b + c j, / (0,0, a + b + c)| 

Ta la'i cou 


f q a + b + c a + b + c 
f { * 2 ’ 2 



a + b + c 
2 


a + b + c 
2 



f(0,0,a + b + c) = 6((a + b + c) 3 — 4(a + b +c)+ 6) > 0 


Do nou 

f(0,a + b,c)>0 


Vap (3) nubg. 

Bap gioota seochobg minh 


a + b a + b 
2 ’ 2 ’ 


,c 


>0 


a + b + c 
2 


(4) 


T6e(3) vaekebquaitrea, ta suy ra hoot 


a + b a + b 
2 ’ 2 ’ 


,c 




> min{0,/(a 2 ,Z? 2 ,c 2 )} 

>... 

>min{0 , f(a n ,b n ,c n )} \/n&N 


Do f(a,b,c) liea tut nea 

min {°,lim/(a„,Z? n ,c„)} = min{0 


+ 36 > 0 
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Ta la'i cou 

f(t, t,t) = 3 t 3 - 3r - 24 1 + 36 = 3(t - 2) 2 (t + 3) > 0 

Do nou 

f (a + ba+b' C V Q 


2 ’ 2 


Va§r (4) nubg. 

Toenafr, ta suy ra npcm. 

N abg thob xay ra khi vaochadchi a = b = c = 2. 

Baetoan 86. 

C ho a,b,c > 0. C hobg mi nh rabg 



Labgau 
* Cabh 1. 

Ajj dung bafcnabg thob Bunhiacopxki, ta cou 



Do nouneachobg minh bafcnabg thob naocho, ta chaaEab chobg minh 



<=> 2(a 3 + b 3 + c 3 ) + 3abc >3(a 2 b + b 2 c + c 2 a) 

A (j dung babnabg thob AM -GM, ta cou 


a 3 + ab 2 >2a 2 b 
b 3 + be 2 > 2b 2 c 
c 2 +ca 2 > 2c 2 a 
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=> a 3 + b 3, + c 3 + ab 2 + be 2 + ca 2 > 2 (a 2 b + b 2 c + c 2 a ) 


( 1 ) 


M afckhab, theo babnaog thoo Schurthi 

a 3 + b 3 + c 3 + 3 abc > a 2 b + b 2 c + c 2 a + ab 2 + be 2 + ca‘ 


( 2 ) 


T6b( 1) vae(2), ta suy ra noo'c 

2(a 3 +b 3 +c 3 ) + ab 2 +bc 2 +ca 2 + 3abc > 3 (a 2 b + b 2 c + c 2 a ) + ab 2 + be 2 + ca 2 

<=> 2(a 3 + b 3 + c 3 ) + 3 abc > 3(a 2 b + b 2 c + c 2 a) 

=$ npem. 

N aog thoa xay ra khi vaachaddii a = b = c. 

* Canh 2. 

A fj dung babnaog thobAM -GM, ta cou 





(3) 


Lai ap dung babnaog thoa AM -GM, ta cou 



be ca c 


be ca 



ca ab a 
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=> 3 —+ —+ — |> 3 

be ca ab 


- + - + - 
: b t 


a" b 2 c 2 a c b 

<=>— + — + — >- + - + — 
be ca ab c b a 


To0(3) vaia(4) ( ta suy ra nbo'c 


- + - 


I be ca ab ) 

~ 2 | 


- + 3 >^ 


- + 2 


a [b fc 
b + \c Va 


[a [c [b 

U + \b + ]la 


-+ - (npcm) 


(4) 


—+ —+ — |+3> 

be ca ab I 


N aog thoa xay ra khi vaachsdchi a = b = c. 

Bafitoan 87. (Pham Kim Hueg) 

Cho a,b,c laenoadaeba canh cua mofetam giao. Chobg minh raeg 

Ja 2 b 2 c 2 \ , a 2 c 2 b 2 

2 — + — + — \>a+b + c + — + — + — 


Labgau 

Ta cou? Boanesau 

BoaneaL. (IMO 1983) 

a,b,c laenoadaiDba canh cua mofetam giaa, Khi nopta cou 

a 2 b 2 c 2 ^ ab be ca 
— + — + — > — + — + — 
b c a c a b 


Choag minh. 

Ta coiia,b,e laenoadabba canh cua mofctam giao nea toa ta'i cau soadoong x,y,z 

saocho a = y + z,b = z + x,c = x+ y. Khi nopta cou 

a 2 b 2 c 2 ^ ab be ca 
— + — + — > — + — + — 
b c a c a b 

<=> cr'c + c 3 b + b 3 a > a 2 b 2 + b 2 c 2 + c 2 a 2 

<=> x 3 y + y 3 z + z 3 x > x 2 yz + xy 2 z + xyz 


3(1 
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<=> — + — + — >x + y + z 


^ (xz>0_ + (Zz^L + <iZ^L >0 (nubg) 
x y z 

Bosneal noofc chobg minh hoaa toa@. 

N abg thoa xay ra khi vaachsdchi x = y = z<^> a = b = c. 

Boanea2. 

a,b,c laenoadaiDba canh cua mofetam giaa. Khi nopta cou 


a b c 


Chobg minh. 
Ta cou 


a b c 


b c a 


3 >2 - + - + - +3 


b c a 


a c b 


3 - + - + - >2 - + - + - +3 


a c b 


c b a 


c b a 


<=>3 - + - + —3 >2 -+- + — 3 


<=> £ (5a - 5^ + 3c )( a - b) 2 > 0 
Na£ S a = 5b - 5c + 3 a,S h -5c-5a + 3b,S r =5a-5b + 3c. 


Babnabg thob caa chobg minh toong noong vou 
S a (b -c) 2 + S b {c - a) 2 + S c (a - b) 2 > 0 
+Troo0g hop 1. a<b<c. Khi nopta co uS b >0 vao 

S a +S b =8b-2a>0(dob>a ) 

S c + S b = 8c - 2b > 0 


Do nou 

S a ( b-cf + S a (c —a) 2 + S c (a—b) 2 > (S a + S b ){b-c) 2 + (S c + S b )(a-b) 2 >0 

=> npcm. 


3(1 





Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


+ Trooog hop 2. a>b>c. Khi nouta couS a ,S c >0. Do nounea S b > 0 thi ta cou 
ngay npcm, vi va§r ta chaaEaa xetitrooog hop S b < 0 laenuu 
+ Tr6o0g hop 2.1. a + (V3-l)c < \[3b <=> a-c< \[3{b-c ) 

Ta cou 

S a + 3S h =14b + 10c-12a>12(b+c-a)>0 

Do nou 

S a (b - c) 2 + S a (c - a) 2 + S c ( a - b) 2 > (S a + 3S b )(b-c) 2 > 0 
=> npcm. 

+ TrdO 0 g hop 2.2. a + (V3-l)c> y/3b o a-6> (V3-l)(Z?-c) 

+ T rooog hop 2.2.1. a > y 

Ta cou 

S a + 2S b = Mb + 5c-la > S(b + c)-la > 0 

S c + 2S b -b + l3c-5a > b + 13(a-b)-5a = 8^a-^j>0 

Do nou 

S a (b -c) 2 + S a (c — a) 2 + S c (a — b) 2 > (S a + 2 S b )(b-c) 2 +(S c + 2 S b )(a -b) 2 > 0 

=> npcm. 

+ T rooog hop 2.2.2. a < y 

+ Trooog hop 2.2.2.I. a + c>2b^>c>^ 

Ta cou 

S a +2S b - lib + 5c-la > $(b + c)-7a > 0 

S r + 2S h =b + 13c-5a> — + 13.—-5a=0 
c b 3 3 

3(1 


Do nou 
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S a ( b - c ) 2 + S a (c - a) 2 + S c (a - b) 2 > (S a + 2S h )(b -cf + (S c + 2S b )(a -bf > 0 
=> npcm. 

+ T rooog hop 2 . 22 . 2 . a + c < 2b <^=> a - c < 2(b - c) 


Ta cou 


S a + 4S b +(&- !) 2 S c = ( 5a-5 b + 3c) (V3 -1) 2 +17 b +15 c - 17a 
i r \ r , a (V3-1 )c 

Do a + (V3-l)c>V36 nea b<-^=+^—jJ— 

Suy ra 


5a 5 V3-l c 

5a-5b + 3c>5a-^—-— r -^ + 3c 

& & 


5(V3-l)a (5- 2 n/I)c 

= S + 73 

5(V3-l)a 


Do nou 


2 5(^/3 l) 3 a 

S a +4S b +[j3-l) S c > v ’ +\lb + \5c-lla 


>5 (V3-l) ; 

■ V3 

' V3" 


- + 16(& + c)-17a 


--a > 0 


Do nou 


S a (b—cf + S b (c-af+S c (a-bf > + 4S b +(V3-l)" S c j(Z?-c) 2 > 0 


=> npcm. 

Bosnea2 noofc chobg minh hoaa toao. 
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Naag thoa xay ra khi vaochadchi a = b = c. 
Troda'i baotoab cua ta 
Theo ke&quaCBocfiea?, ta cou 

b' 


i b ( 

- + - + - 


I- 2 


- + - + - 

■ b 


+ 3 


3 (a + b + c)\ —+ —+ — >2 (a + b + c)\ —l-h— +3 (a + b + c) 


<=> 3| —+ —|+ —+ —+ —>2| —+ —+ — 1+2 (a+b + c) 


M afckhab, theo BocfieaL thi 

a 2 b 2 c 2 ^ ab be ca 
— + — + — > — + — + — 
b c a c a b 

Do nou 

(a b 2 c 2 Y f a 2 b 2 c 2 ^ ab be ca 
4 —+ —+ — >3 —+ —+ — + — + — + — 


> 21 — + y + — |+2 (a + b + c) 


+ — + — \>a + b + c + — + — + —(npcm) 


N abg thob xay ra khi vaachsdchi a = b = c. 

Baetoau 88. (VodQuoa BaiCaa) 

Cho 2 so&hoag aai a,b. Chobg minh raeg 

a(a - b)(a -1) + b(b -a)(b-1 ) + (1 - a)( 1 - b) > 0 


Labgau 

Ta coibafcnabg thob caa chobg minh toong noong vou 
(a-b) 2 (a + b-l) + (a — l)(b-l)>0 
K hoag mabtinh toag quati ta coitheagiateoua >b > 0. 


Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


CouB trooog hop xay ra 

+ Trooog hop 1. a>b> 1. Khi nouhiea nhiea ta cou 
(a - bf (a + b - 1) + (a - l)(b - 1) > 0 
+ T rooog hop 2. 1 > a > b > 0. 

+ Trooog hop 2.1. a+b> 1. Khi noghiea nhiea ta cou 
(a-b) 2 (a + b-l) + (ct- 1 ){b -1) > 0 
+ Trooog hop 2.2. l>a+^>0. Khi nogta cou 

(a -b) 2 (a + b-l) + (a- \)(b - 1) = (a - b) 2 (a + b - 1) +1 - a - b + ab 
= (1- a -b)(l- (a -b) 2 ) + ab 
>0 (do l>a>b>0,a + b<l) 

+ T rooog hop 3. a > 1 > b > 0. 

Xetlhaai SOdif(a) = (a-b) 2 (a + b-l) + (a-l)(b-l ) voiia>l. 

Ta cou 

f'(a) = 3 a 2 - 2a -1 - b 2 + 3b - lab 
f"(a) -6a-2-2b>0 

=> f'(a) lachacn noag biea trea [1,+°°). 

=> f'(a)>f , (l) = b(l-b)>0 Va> 1 
=> /(a) laehaen noag biea trea [1,+°°). 

=> f(a)>f(l) = b(l-b) 2 >0 Va > 1. 

Do noil 

(, a-b) 2 (a + b-l) + (a-l)(b-l)>0 

Tom la'i, trong mo'i trooog hop, ta luoa cou 

(a-^) 2 (a + Z?-l) + (a-l)(^-l) >0 (npcm) 

N aag thou xay ra khi vaocha&hi (a,b) = (1,0),(1,1). 

m 
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Baetoan 89. (VodQuoa BaiCaa) 

Cho cab soadoong a,b,c. Chobg minh raeg 

2(1 + a 3 )( 1 + b 3 )( 1 + c 3 )> (1 + abc)( 1 + a 2 )( 1 + b 2 )(l + c 2 ) 

Labgau 

Ta coibabnabg thob caa chobg minh toong noong vou 

2 3 (1 + a 3 ) 3 (1 + b 3 ) 3 (1 ■ + c 3 ) 3 > (1 ■ + abc) 3 (1 + a 2 ) 3 (1 + b 2 ) 3 (1 + c 2 ) 3 

A(j dung babnabg thob AM -GM, ta cou 

(1 + a 3 )(l + b 3 )(1 ■+ c 3 ) -1 + (a 3 + b 3 + c 3 ) + (a 3 b 3 + b 3 c 3 + c V) + aVc 3 
> 1 + 3 abc + 3o 2 b 2 c 2 + a 3 b 3 c 3 
= (1 + abc) 3 

Do nouneachobg minh babnabg thob naocho, ta chaazab chobg minh 

2 3 (1 + a 3 ) 2 (l + b 3 ) 2 ( 1 + c 3 ) 2 > (1 + a 2 ) 3 (l + b 2 ) 3 ( 1 + c 2 ) 3 

A (j dung bab nabg thob C hebyshev, ta cou 

2(1+ a 3 ) 2 — 2(1 + a 3 )(l + a 3 ) 

> (1+ a 3 )(l+ a 2 )(l+ a) 

= (1 + a 2 )((l + a 3 )(l + a) - (1 + a 2 ) 2 ) + (1 + a 2 ) 3 
= (l + a 2 )a(a-l) 2 + (l+a 2 ) 3 

> (1 + a 2 ) 3 

=> 2(1 +a 3 ) 2 > (1 + a 2 ) 3 >0 

Toong to'[ ta cou 

2(1 +b 3 ) 2 > (l + b 2 ) 3 > 0 
2(1 +c 3 ) 2 >(l+c 2 ) 3 >0 

Do nou 

2 3 (1 + a 3 ) 2 (l + b 3 ) 2 ( 1 + c 3 ) 2 > (1 + a 2 ) 3 (l + b 2 ) 3 ( 1 + c 2 ) 3 

=> npcm. 

Nabg thob xay ra khi vaochadchi a = b = c = 1. 

372 
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Baetoan 90. (VodQuoa BaiCaa) 

Cho cab soakhoag a an a,b,c thoa a+b+c = 1. Tim haeg soafc>0 lob nhabsao 
cho babnabg thob sau nubg 

a 2 + kb b 2 + kc c 2 +ka^3k+\ 
b + c c + a a + b 2 

Labgau 

Ta coibabnabg thob nabcho toong noong vou 

r—-i]+^E—- 3^0 

%b+c J [%a + b J 

(a-b) 2 (a + b + c ) k(a -b)(b-c)(c -a) 

<=> L -"-“-:-““-77TT-—- 

<=> V 

“'(a + c)(b + c) (a + b)(b + c)(c + a) 

<=> ^ (a - b) 2 ((3 - k)ct + (3 + k)b) > 0 (*) 

eye 

Khoag mabtinhtoag quab ta coicoLtheagiai£6iia = min{a,^,c}. 

Na §b = a + x,c = a + y (x,y >0). Khi nopta COU 

(*) o jc 2 ((3 - k)a + (3 + k)(a + x)) + (x- y) 2 ((3 - k)(a + x) + (3 + k)(a + y)) + 

+ y 2 ((3 - k)(a + y) + (3 + k)a)>0 
d I2(x 2 - xy + y 2 )a + 6x 3 + 3(k -l)x 2 y -3(k + l)xy 2 + 6y 3 > 0 Va,x, y > 0 
<^2x 3 +(k-l)x 2 y-(k + l)xy 2 +2y 3 >0 Vx,;y>0 
<^2t 3 + (k-l)t 2 -(k + l)t + 2>0 Vt> 0 
a2t 3 -t 2 -t + 2>kt(l-t) V?>0 
&2t 3 -t 2 -t + 2>kt(\-t) Vte( 0,1) 

) + 3 _, 2 _ 


1 (a + c)(b + c ) 

(a + b)(b + c)(c + a) 

3 (a-b) 2 

c 

A 

S' 

1 

S' 

i 

w 

S' 

i 

' (a+ c)(b + c) 

(a + b)(b + c)(c+a) 

3 (a-b) 2 

k^a-b) 3 
v >0 


It —t —t +2 

<=> k< l - - = f{t) Vf e (0,1) 


Ta cou 
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r/ ,. 2{t-2f+t-2t + \) 

/(,)= —— 


f'(t) = Oo 


1 + y/2 — V2V2 — 1 
’ 2 
1 +V2 +V 2 V 2 -I 


(nhaa) 

(loa'i) 


Qua fj thi / 7 (r) noadaa toeaai sang doong nea 

L-^- 1+ 4 ^- 2 ^- 1 Vre (0,1) 
| V2V2-1-1 

Do nob 


m>f 


I + V 2 -V 2 V 2 -I 


V 2 V 2 - 1-1 

Qua cab lap luaa trea, ta suy ra nooc 

, m>x= _^_ 1+ 4^-27wn 

V 2 V 2 - 1-1 


Baetoah 91. (Traa Tuaa Anh) 

Cho cab soakhoag aai a,b,c thoa a+b + c = \. Tim giabtrolob nhabvaogiabtronhou 
nhabcua biea thob 


P(a,b,c ) = a(b-cf + b(c-a) 3 +c(a-bf 


Labgau 
+ Cabh 1. 

Khoag mabtinh toag quab ta coitheagiaisbufr laesodiang naei gioa a vaet. 

Neatim giautrolob nhabvaogiautronhoinhabcua P, troob hebta sedtim giautronhou 
nhabcua haen soaf(b) = (l-b)b 3 -b(l-b) 3 = -2b 3 +3b 2 -b vouO<6<l. 

Ta cou 


m 
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f (b) — -(60 -6b + l) 
3-V3 


f (b)=0<=> 


bi = 
bi ~ 

Bang biea thiea cua f(b) 


6 

3 + V3 
6 



Cae cou/ao bang biea thiea, ta suy ra hoot 


min f(b) - min 

0<i<1 


/(!),/ 



Ta la'i cou/(l) = 0,/ 



S n . . 

-. Do nou 


min f(b) = f 



A 

18 


Tiep theo, ta seochobg minh 

P(a + c,b, 0) < P(a,b,c ) < P(a + c,0,b ) 


Coi2 trooag hop xay ra 

* Trooog hop 1. l>a>b>c>0. 

Xetl haen S03g(a) = a(b - cf + b{c - af + c(a - b ) 3 + b(a + cf -b 3 (a + c ) 

Ta cou 

g'(a) = (b- c) 3 - 3 b(a - cf + 3 c(a - bf + 3 b(a + cf - b 3 
= 1 labc -b 3 + (b- cf +3 c(a- bf 
)]\ 
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> llb 2 c-b 3 +(b- c) 3 
-9b 2 c + 3bc 2 -c 3 
>0 

=> g(a) laehaen noag biea. 

=> g(a)> g{b) - b(b + c) 3 - b 3 (b + c) - bc(b + c)(2b + c) > 0 

=> aib - c ) 3 + bic - a) 3 + c(a - b) 3 >b 3 (a + c)~ b(a + c) 3 
=> P(a,b,c ) > P(a + c,b, 0) 

Xebtiep hacn soa h(a) = b(a + c ) 3 - b 3 (a + c) - a(b - c ) 3 - b{c - a) 3 - c(a - b ) 3 

Ta cou 

h' (a) = 3 b{a + c) 2 -b 3 + 3 b(a - c) 2 -ib- cf - 3 c(a -b) 2 > 0 
=»/?(a) laehaen noag biea. 

=* h(a) > hib) =b(b + c) 3 -b 3 (b + c) = bc(b + c)(2b + c) > 0 
=> 3 b(a + c) 2 - b 3 + 3 b(a -c) 2 -(b-c) 3 - 3 c(a - b) 2 > 0 
=$b(a + c) 3 -b 3 (a + c) > a(b -c) 3 +b(c-a ) 3 +c(a-b ) 3 
=> P(a + c,0,b) > P(a,b,c) 

Va§f trong trooag hop na§f, ta cou 

P(a + c,b, 0) < P(a,b,c) < P(a + c,0,b ) 

* Trooag hop 2. l>c>b>a>0. 

Xetlhaen soafc(c) = a{b-c) 3 +b(c-a) 3 +c(a-b) 3 +b(a + c) 3 -b 3 (a + c ) 

Ta cou 

k' (c) = 3 b(c - a) 2 + 3 b(c + a) 2 -3 a(c- b) 2 -b 3 -(b-ct) 3 > 0 
=>fc(c) laehaen noag biea. 

=> k(c) > kib) = bib + a) 3 -b 3 (b + a) = ab(a + b)(a + 2b)>0 
=> aib - c) 3 + b(c - a) 3 + c(a - b) 3 + b(a + c ) 3 - b 3 (a + c) > 0 
=>a(b-c) 3 +b(c-a ) 3 +c(a-b ) 3 >b 3 (a+c)-b(a + c ) 3 
=> P(a, b, c) > P(a + c, b, 0) 

Xebtiephaai soam(c) = b(a + cf -b 3 (a + c)~ a{b - c) 3 - bic - a) 3 - cia - b ) 3 

3 1 ( 
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Ta COU 

m 1 (c) = 3 b(c + a) 2 +3a(c- bf - 3 b(c -a) 2 -b 3 +(b- a) 3 
= 12 abc + 3 a(c -b) 2 -b 3 +(b- a) 3 

>12 ab 2 -b 3 + (b-a) 3 
= 3a 2 b + 9ab 2 -a 3 
>0 

=> m(c ) laehaen noag biea. 

=> m(c) > m{b) - b{a + b ) 3 -b 3 (a + b)~ ab(a + b)(a + 2b) > 0 
=> b(a + c ) 3 - b 3 (a + c) - a(b - c ) 3 - b(c - a) 3 - c(a - b) 3 > 0 
=> b{a + c ) 3 - b 3 (a + c) > a(b - c) 3 + b(c - a) 3 + c(a - b ) 3 
=> P(a + c, 0, b) > P(a, b t c) 

Va§f trong trooag hop na§(, ta cuog cou 

P(a + c,b, 0) < P(a,b,c) < P(a + c,0,b ) 

Torn la'i, trong mo'i trooag hop, ta luoa cou 
P(a + c,b, 0) < P(a,b,c ) < P(a + c,0,b ) 

M afekhaa, ta la'i cou 

P(a + c,b,0) = b 3 (a + c)-(a + c) 3 b = b 3 (l -b)-(l-b) 3 b = f(b) 
P(a + c, 0 ,b) = (a + c) 3 b- b 3 (a + c) = (1 - bfb -b 3 (l-b) = -f ( b ) 

Do noptheo ke^quautrea, ta cou 

/3 

P(a + c,b, 0)>-— 

18 

/3 

P(a + c,0,b)< — 

18 

N ho va§r, ta cou 


/3 

P(a,b,c)>~— 

18 

R 

P(a,b,c) < — 
18 


( 1 ) 


( 2 ) 
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N aug thob 60(1) xay ra chaog hah khi a = 3 + ^ ,b = 3 ^ ,c = 0. 

6 6 

N aug thob 60(2) xay ra chaag han khi a = - ,b = 0 ,c =-. 

6 6 


Va^f 


V3 

max P(a,b,c) - — 
18 

V3 

min P(a,b,c) =- 


+ Caah 2. 

Khoag mabtinh toag quatt ta coitheagiaiEoufr laesoahang naei gioa a vaet. 
Ta cou 

P(a,b,c ) = a(b - c) 3 +b(c - a) 3 + c(a - b ) 3 
= ab 3 + be 3 + ca 3 - a 3 Z? - & 3 c - c 3 a 
= (a - &)(& - c)(c - a)(a + & + c) 

-(a-b)(b - c)(c - a) 

Coi2 trooag hop xay ra 

* T rooag hop 1. l>a>6>c>0.Khi nogta cou P(a,b,c) < 0. 

A fj dung babnatag thob AM -GM, ta cou 

P(a, b,c) = -(a- b)(b -c)(a- c ) 

= -4 

>-4 


= -4 


a-/? o-c a-c 
2 ’-s/3-l'-\/3+1 


a-& &-c a-c 

^ + 7ri + 737i 


(a + fcW|- c ^3 

2 _ 

3 


ns 










Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 



18 

>_.A 


18 


3+V3 


N aag thoa xay ra khi vaechadchi 


2 V3-1 V3 + 1 

c = 0 


a+b+c =1 

a-b b-c a-c 



c -0 


* Trooog hop 2. l>c>b>a>0. Khi nogde&ha^r P(a,b,c)> 0. 
A (j dung bafcnaog thoaAM -GM, ta cou 

P(a, b, c) = (c - b)(b - a)(c - a) 

_ ^ c-b b-a c-a 
2 'V3-l'>/3+l 


' c-b + b-a + c-a 


2 V3-1 y3+1 

3 


= 4 -^- 

3 




y 



18 
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a + b + c = 1 


C = 


3 + V3 
6 


N abg thoa xay ra khi vaochadchi 



a- 0 


a- 0 


Toiacab chobg minh trea, ta suy ra noofc 

V3 

max P(a,b,c) - — 

18 

V3 

min P(a,b,c ) =- 

18 

Baetoan 92. (Pham Vae Thuaa) 

Cho cab soakhoag aai a,b,c thoa a+b+c = l. Jus/ theo giaitrocua ne N, tim giau 
trolob nhabvaggiaitronhoCnhabcua biea thob 


P(a, b,c) = a(b- c) n + b{c -a) n +c(a-b)’ 


Labgau 

+ n- 0 => P(a,b,c) -1 
+ « = 1 => P(a,b,c) = 0 

+ Xeb n> 2 
a) n leu=> n> 3. 

Ta seochobg minh 

P(a + c,b, 0) < P(a,b,c) < P(a + c,0,b ) 

Coi2 trooag hop xay ra 
* Trooag hop 1. l>a>b>c>0. 

Xeb haen SOag(a) = (a + c) n b - (a + c)b n - a{b - c) n - b(c - a) n - c(a - b) n 

Ta cou 

g'(a) = nb(a + c) n ~ l -b n - (b - c) n + nbia - c)" _1 -nc(a -b) n ~ l 


= nb(a + c) n 1 -b n -(b- c) n + n(b(a -c) n 1 - c(a -b) n *) 
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> nb(a + c) n 1 - b n - (b - c) n 

>0 

=> g{a) lachaen noag biea. 

=> g(a) > g{b) ~(b + c) n b-(b + c)b n > 0 

=> (a + c) n b - (a + c)b n >a(b-c) n +b(c-a) n +c(a-b) n 

=> P(a+c,0,b) > P(a,b,c) (1) 

Xebtiep hacn soa \h(a) = (a + c) n b-(a + c)b n + a(b-c) n + b(c-a) n +c(a-b) n 

Ta cou 

h! (a) = nb(a + c)" -1 -b n +(b- c) n - nb(a - c) n ~ l + nc(a - b) n ~ l 
= nb((a + c)" -1 - (a - c)" -1 ) - b n + (b - c) n + nc(a - b) n ~ l 

> nb((b + c) n ~ l - (b - c)” _1 ) - b n + (b - c) n 

= 2«i£ C™b’- 2, -V M - £ C„ 2w ft"- 2H e 2,+1 + £ C 2 'fe"- 2 'c 2 ' 

/=0 1=0 1 =1 

n -3 n -1 

= £^- 2W c 2W (2nC^ -C 2 n M ) + ^C 2 n l b n - 2l c 21 -c n 
1=0 1=1 

>0 (do 2nC 2 !; 1 - C 2m > 0 V/ < n) 

=>/i(a) laehaien noag biea. 

=>Ma)>/z(Z7) = (^ + c)^-(^ + c)^ >0 

=> a(b - c) n + b(c - a) n + c(a - b) n > (a + c)b n - (a + c) n b 

^P(a,b,c)>P(a + c,b, 0) (2) 

To 0 (l) vaia(2) I ta suy ra trong trooag hop na§(, ta cou 

P(a + c,b, 0) < P(a,b,c) < P(a + c,0,b) 

* Trooag hop 2. l>c>b>a>0. 

Xetl haen S0a&(c) = (a + c) n b - (a + c)b n - a(b - c) n - b(c - a) n - c(a - b) n 

Ta cou 

k'(c) = nb(c + a) n ~ l - b n + na(c - b) n ~ x - nb(c - a) n ~ l + (b- a) n 
= nb((c + a) n ~ l - (c - a ) n ~ l ) -b n +(b- a) n + na(c - b) n ~ l 


311 


Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


> nb((b + ay- 1 -{b- a)” -1 )-b n + (b- a) n 

= 2nfe£ c£V~V" - £ C„ 2,+1 fc"- 2w a 2 ' +1 + £ C 2 V- 2, a 2 ' 

Z=0 Z=0 Z=1 

n-3 n -1 

= £ ^- 2M a 2W (2nC„ 2 it 1 - C 2W ) + £ C 2 V“ 2/ a 2/ - a' 1 

/=o /=i 

> 0 (do InC^ 1 - C 2/+1 >0VI<n) 

=>&(c) laehaien noag biea. 

=> k(c ) > &(6) = (ft + a) n b - (b + a)b n > 0 

=> (a + c) n b - (a + c)&" > a(& - c) n + &(c - a) n + c(a - b) n 

=> P(a + c,0,b) > P(a,b,c) (3) 

Xebtiep hacn soam(c) = (a + c) n b-(a + c)b n +a(b-c) n +b(c-a) n + c(a-b) n 

Ta cou 

m (c) = nb(c + a)” -1 - b n - na(c - b )” _1 + nb(c - a)” -1 -{b-a) n 
= ( nb(c + a)^ 1 -b n -(b-a) n ) + n(b(c - a)^ 1 - a(c - b ) n ~ l ) 

>0 

=>m(c) laehaen noag biea. 

=> m(c) > mib) -(b + a) n b-(b + a)b n > 0 

=> a(b - c) n + b(c - a) n + c(a - b) n > -(a + c) n b + (a + c)b n 

=>P(a,b,c)>P(a + c,b, 0) (4) 

To0(3) vao(4) ( ta suy ra trong trooag hop nap, ta cuog cou 

P(a + c,b, 0) < P(a,b,c) < P(a + c,0,b ) 

Torn Iai, trong mo'i trooag hop, ta luoa cou 

P(a + c,b, 0) < P(a,b,c) < P(a + c,0,b) 


Xebhaen soa/(0 = ——voiir >0. 
(r+l) 1 

Ta cou 


f'(t) 


-t n +nt n 1 +nt -1 

0+l)” +2 
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f'(t ) = 0 <^=> -t" + nt n 1 + nt -1 = 0 

Deatha^f nea t 0 >0 laomoS nghiean cua phoong trinh f'(t) = 0 thi — cuag lao 

f 0 

nghiean cua phoong trinh f'(t) = 0. Do nogta chaecaa tim nghiean cua phoong 

trinh /'(*) = 0 trea (0,1] laenuu 

Xebhaan soacp(0 = -r n + «r" -1 + nr-l voure (0,1]. 

Ta cou 

cp / (0 = n(l -t n ~ l ) + n(n -1 )t n ~ 2 > 0 Vr e (0,1] 

=>q>(0 laehaan noag biea trea (0,1]. 

Ta la'i coulim<p(f) = -l<0,<p(l) = 2(n-l)>0 nea to a tai duy nhafc i,g(0,1] sao 

t-* 0 + 

cho cp(r 1 ) = o. 

Do nouphoong trinh f'(t) = 0 chaEote nghiean phaa biefelao^ vai^-. 

h 


Qua t x thi f'(t) noadaa tooaan sang doong, qua 


— thi f'{t ) noadaa toodoong 

h 


sang aai nea 


fit) < max 



Vr >0 


Ta la'i cornea b>0 thi 


P(a + c,0,b) - (a + c) n b - (a + c)b n = 


P(a + c,b,0)--(a + c) n b + (a + c)b n 


(a + c) n b - (a + c)b n 
(a + b + c )' 


f a+c Y 


'A b j 



\n+l 

f a + c 

+il 


J 

J a + c' 


= f\ —~ 


{ b V 
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(a + c) n b - (a + c)b n 
(a + b + c)" +1 


f a+c T_i 

f a + c \ 

1 b ) 

rrj 


= -/ 

Nea theo trea, ta cou 

P(a + c,0,b ) < max 


a + c 
- H 

b 

a + c 
b 


lim/(0,/| - ![■= max 


0 ,/ 


x j lii 


P(a + c,0,b) >-maxj lim \ — |[>=-max 


°,/|- 


N goae ra, nea b = 0 thi ta coiF(a + c,b, 0) = P(a + c,0,b) = 0 nea ta I uoa coi 


P(a + c,0,b) < max j lim/(?),/1 — |}-=max 


0 ,/ 


jlim/((),/[- 

|=-max|o,/fi| 


JJ l UJJ 


Do nopta cou 


-max^O,/ — f < P(a,b,c) < max < 0,/ — 


Deatha^r raeg natag thoa luoa xay ra nea ta cou 


min P(a,b,c) = -max-j 0,/| — 


max P(a,b,c) = max-j 0,/ — 


3H 
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b) n chan =>n> 2. 

Khi noCide§tha|f minP(a,b,c) = 0 va 0P(a,b,c) laemofebiea thoa noaxobg voua,Z? 
va 0c nea khoag mabtinh toag quati ta coitheagiateoul>a>6>c>0. 

Ta seochohg minh 

P(a,b,c ) < P(a + c,0,b ) 


X e£( haai soa u(a) = (a + c) n b - (a + c)b n - a(b - c) n - b(c - a) n - c(a - b) n 

Ta cou 

u' (a) - nb{a + c) n ~ l - b n -(b- c) n + nb(a - c) n ~ x - nc(a - b) n ~ x 
= nb(a + c) n ~ x -b n -(b- c) n + n(b(a - c) n ~ x - c(a - b ) n ~ x ) 

> nb(a + c) n ~ x -b n -(b- c) n 
>0 

=>u(a ) laehaen noag biea. 

=> u(a) > u(b) = (b + c) n b-(b + c)b n > 0 

=> (a + c) n b - (a + c)b n > a(b - c) n + b(c - a) n + c(a - b) n 

=> P(a + c,0,b) > P(a,b,c ) 


Theo trea, ta la'i cou 


P(a + c,0,b) < max 


lim 

o + 


= max < 0, / 


Do nou 


P(a,b,c)<maxlO,f\ — 


Ngoaora, ta cuog deetha§r naog thoo luoa xay ra nea 



Kebluaa 
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+ n > 2 => max P(a,Z?,c) = max-j 0,/| — |}-0 


“ n I eLJ=> min P(a, b,c) = - max \0,f 
n chaii =>tmnP(a,b,c ) = 


trong nou f(t) = * \/m ] lauighieai doong duy nhabthuoa (0,1] cub phoong 

trinh -t"+nt n ~ l +nt- 1 = 0. 

Baetoan 93. (Vietnam TST 1996) 

Cho cab soathoc a,b,c babky0Chobg minh raeg 


F(a,b,c ) = (a + Z?) 4 + (Z> + c) 4 + (c + a) 4 -—.(a 4 + Z> 4 +c 4 ) >0 


Labgau 

Ta cou 


F(a,Z?,c)-F a,- 


= (a + Z>) 4 + (ft ■+ c) 4 + (c + a) 4 —.(a 4 + Z> 4 + c 4 ) - 
7 


-2 a + 


Z? + c 


— (a + Z>) 4 + (c + a) 4 — 2 a + 


2 
Z> + c 


— (fc + c) +—.| # +2| 




b + c 

~Y~ 


i) 


-Z> 4 -c 4 


= a(4Zr + 4c - (b + cf ) + 3a(2b z + 2c-(b + cy) + ^.\b*+c- 

= 3 a{b + c)(Z> - c) 2 + 3a 2 (Z> - c) 2 + -.(&- c) 2 (7Z? 2 + 7c 2 + 10Z>c) 

56 

= 3a (a + b + c)(Z> - c) 2 + —.(Z? - c) 2 (lb 2 + lc 2 +10 be) 

56 


(Z> + c) 4 


3S« 
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Soahang cuoacuag luoa luoa khoag aai. Neb a,b,c cuag day thi babnaag thob 
caa choag minh laehiea nhiea. Nea a,b,c khoag cuag daa thi phaucout nhabmob 
trong ba soa a,b,c cuag daa vou a+b+c. Khoag mabtinh toag quati giaCBOunoiiaa 

a. Tdonaag thoo trea ta suy ra F(a,b,c) j. Nhd vay, ta chaacaa 

choag minh 

F(a,b,b)> 0 \/a,b& R 

<^> 2(a + b) 4 + (2b) 4 - ^.(a + 2b 4 ) > 0 

Nea b = 0 thi babnaag thob laohiea nhiea. Nea b* 0, chia hai veacua babnaag 
thob cho b 4 roanadx = ^ thi ta node babnaag thob tbong nddng 

2(^+l) 4 + 16-^.(x 4 + 2) > 0 
Babnaag thob cuobcuag coitheachoag minh nhd sau 
X ebham soa f(x) = 2(x + 1) 4 +16 - ^.(x 4 + 2) 

Ta cou 

/'(*) = 8(x+l) 3 -y.x 3 

f'(x) = 0 o x + 1 = 3^.x <=>x = -2.9294. 

/ min = / (-2.9294) = 0.4924 > 0 

(Cab phaa tinh toaa cuobnbdc tinh vdunoashinh xab tou4 chdcsoasau daa pha|r. Do 
/ min tinh node laoo.4924 nea nea tinh causal soatuyebnoathi giafbchinh xab cua 
/ min vaa laemobsoaddong. Vi nay I aemob babnaag thob rabchabnea khoag thea 
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4 16 

traoh nooc cab tinh tinh toab vousodeCtrea na$r. Chabg han nea thay - baeg — 

neax min = -3 thi /^ n coigiailroaan! OUha|f /*(*) = 2(;c+i) 4 +i6-y.(x 4 +2).) 

* Chuiyu 

Tacoitheenoa babtoab veachobg minh F(a,b,b)> 0 \/a,b&\ baeg cabh soCdu'hg 
Boanesau 

Boanea \/a,b,c& 11 thi to a ta'i caa soethoc x 0 ,y 0 ,x l ,y 1 sao cho 


p = a+b + c = 2x 0 + y 0 = 2x 1 + y 1 
q = ab + bc + ca = Xq + 2x 0 y 0 = xf + 2 x l y 1 
x? ) y 0 <r = abc<xfy l 

Ngoabra, nea a,b,c> 0 thi x 0 ,x l ,y 1 >0. Trong nou 

+ N ea p 2 > 4q thi y 0 < 0 
+ N ea p 2 < 4q thi y 0 > 0 


Babtoab 94. (Pham K im H ueg) 

Cho cab soekhoag aai a,b,c thoa a + Z? + c = 3.Tim giaitrolob nhabcua biea thob 


f(a,b,c ) = a k (b + c) + b k (c + a) + c k (a + b) 


trong nou&>0 laehaeg soacho troob. 

Labgau 

K hoag mabtinh toag quatt ta coitheagiateoua >b>c> 0. 
CouB trooeg hop xay ra 


* Trooeg hop 1 . l>k >0. Khi nouap dung babnabg thob Holder, ta cou 


f(a,b,c) = a k (b + c) + b k (c + a) + c k (a + b ) 

= a k (3-a) + b k (3-b) + c k (3 — c) 

= 3 (a k +b k +c k )-(a k+1 +b k+l +c k+l ) 


^ (a + b + c) k 

~ 3 k ~ l 


(a + b + c) k+l 


-6 


m 


3* 




Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Naag thoa xay ra khi vaocha&hi a =b=c= 1. 

* Trodflg hop 2 . k >2. Khi nopta seochoog minh 

f(a,b,c)< f(a,b + c, 0) 

<=> a k (b + c) + b k (c + a) + c k (a + b) < a k (b + c) + (b + c) k a 
<=> b k (c + a) + c k (a + b ) < (b + c) k a 
<=> ((b + c) k -b k -c k )a>b k c + bc k 

Do k >2 nea 

(b + c) k — b k —c k =(b + c) k ~ l (b + c) - b k - c k 
>(b k - ] +c k ~ ] )(b + c)-b k -c k 
= b k - 1 c+bc k ~ 1 

=> ((b + c) k -b k -c k )a> ( b k ~ l c + bc k ~ l )a > b k c + bc k (do a> b> c> 0) 
=> f(a,b,c)< f(a,b + c, 0) 

Tiep theo, ta sectim giaitrolob nha&cua biea thoa 

f(a,b, 0) = a k b + b k a 
trong noua,6 > 0 thoa a+b = 3. 

K hoag mafctinh toag quatt ta coitheagiateoua > b > 0 => a > 0. K hi nopta cou 

f(a,b, 0) = a k b + b k a = 3 fe+1 . fl ^ + ^ = 3 k+l g(t) 

(a + b) k 1 

trong noug(0 = / + * vaer = - < 1. 

(t +1) a 


Ta cou 


g'it) 


-t k +kt k ~ 1 -kt +1 
(t+l) k+2 


g'it ) = 0 <^-t k + kt k ~ l -kt+ 1 = 0 


(*) 


Deatha^f 1 laomofe nghieai cub phoong trinh (*). Go'i a 0 ,a 1 ,...,a lfl laotafc caucaa 
nghiean thuoa [0,1) nea coiphoong trinh (*). Khi noudeetha^r 
^(O^maxIgGXgCa,.)} Vre[0,l] 


31 ) 
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=* / (a,b,0) < 3* +1 max{g(l),g(a,)} 

Ngoabra, deatha^r naag thob luoa xay ra. 

* Trooog hop 3. 2>k>l. 

Na£a + b = 2t,a-b = 2u=>t>u>0,t>c>0. Khi nopta COU 

f(a, b, c)-(t + u) k (t - u + c) + (t - u) k (t + u + c) + 2 c k t = h(u) 

Ta cou 

h! (u) = kit + u) k ~ l (t -u + c)-(t + u) k - kit - u) k ~ l it + u + c) + it-u) k 

= it + u) k ~ x Hk -1 )t -ik +1 )u + kc) -it- u) k ~ x Hk - Y)t + ik + l)u + kc) 


NeaP U 

thl ta COUh'iu)<0. 

\_ik - 1 )t ~ik + l)u + kc<0 


M ' \ t>u 

Nea \ 

thi do 2 > & > 1 nea it+u) k ~ x <it+u)it-u) k ~ 2 . Do 

[ik-l)t-ik + l)u + kc>0 



nopta cou 

h' iu) <it + u)it - u ) k ~ 2 Hk -1 )t -ik +1 )u + kc) - 

-it- u) kA Hk -1 )t + ik +1 )u + kc) 

= it- u) k ~ 2 iit + u)Hk -1 )t -ik+l)u + kc)-it- u)Hk -1 )t + ik +1 )u + kc)) 
= -2uit-u) k ~ 2 i2t-kc) 

<0 

Torn la'i, ta luoa cou/? / (m)<0=>/z(m) laehaen nghoch biea trea [0,+°°). Do nou 
fia,b,c) = hiu) < /z(0) = fit,t,c) 

Ba|f gio 0 ta seftim giaitrolob nhabcua biea thob 
fit, t, c) = 2 t k it+c) + 2 tc k 
trong nour >c>0 thoa 2t+c = 3. 

Ta cou 

= 2t k (t + c)+ 2tc k = 2.3‘ +1 / t( * + C) ^ t = 2.3‘ +1 (p(4 
(2 t + c) k+x 


3)1 
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, JT + X + 1 L- „ , 

trong noupO) =- r7Tzr va 0 c = - < 1. 


(x+2y 


Ta cou 


cp / (x) = 


(.x + 2) k+1 

^(x) = 0 <=> -x k + 2kx k ~ l -kx + l-k =0 (**) 

Deatha^f 1 laomofe nghieai cua phoong trinh (**). Go'i p^p^...^ Ia 0 ta 6 caucao 
nghieai thuoa [ 0 , 1 ) nea coiphoong trinh (**). Khi nogdectha|f 
cp(x) < max[cp(0),cp(l),cp(P ; )} Vxe [0,1] 

=> < 2.3 fe+1 max[cp(0),cp(l),cp(p.)} 

Ngoaora, deatha^r natag thod luoa xay ra. 

Kedluaa 

+ 1 > k > 0 => max f(a,b,c) = 6 

+ 2 > k > 1 => max f(a,b,c) = 2.3 k+l max[cp(0),cp(l),cp(P ; )} 

+ k > 2 => ma xf(a,b,c) - 3 k+l max{g(l),g(a ; )} 

trong nou 

x k +X + 1 


+ cp(x) = - 


(x+2y 

phoong trinh -x k + 2kx k ~ l -kx+l-k = 0. 
t k +t 


va0p o ,p 1} ...,p„ laotadcaicaa nghieai thuoa [0,1) nea cou 


+ git) = ~ 


it +iy 

phoong trinh -x k + 2kx k ~ l -kx + l-k = 0 


va 0 cc o ,<*!,...,a w laotadcaucaa nghieai thuoa [0,1) nea cou 


3)1 
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Baetoan 95. (VodQuoa BaiCaa) 

Chobg minh raeg vou mo'i soadoong x,y,z thoa xy + yz + zx = l t 
nabg thoa 

- + ^+ — -2(x 2 + y 2 +z 2 )>y/3-2 
y z x 

Labgau 

Ta coiBoaieaau 

Boaneax,j,z laocab soathot thoa J r + 0 . k hi nogta cob 

[xy + yz + zx > 0 

x(b-c) 2 + y(c-a) 2 + z(a-b) 2 >0 \/a,b,cG R 

Boanebtrea chobg minh rabnon giab (chaaaaa duag tam thoa baa ha 
oma|f ta khoag nhae la'i chobg minh coa nob 
Ta coibabnabg thoa caa chobg minh toong noong vou 


— + — + -— x-y-z \+ x+ y + z~J 3 > 2(x 2 + y 2 + z -1) 
y z x 


^x-yf \ 


C x-yf 


-Y _ 

2 eye x+ y + Z + Jl 




<=>£(■*- y? 


y ;y + z +->/3 j 


-1 


>0 


Nab 


S x =~ + -l -y=7-l 

1 2(x+y + z + yl3) 

S,»- + -7---1=7-1 

X 2(x+y + z + yj3) 


S=- 


V -1 


y 2^x + y + z + y/3 j 

Khi nogbabnabg thoa caa chobg minh toong noong vou 


luoa coubab 


i laefioofc) nea 


3)2 
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S x (y - Zf + s y (z- xf + S z (x - yf > 0 

Ta cou 

111 3 

S x + S + S z = —I-1-3h—- ~=r 

x y Z 2(x+y + z + yJ3) 

_ xy + yz + zx ^ | _3_ 

xyz l(x+y + z + yf3) 

= —~3 + — - - -— 

xyz 2(x+y + z + yl3) 

>_ _ _ 3 + _2_ 

(xy + yz + zxf ^+y+z + ^) 

= 3 ^ 3-3 + - 
2 

>0 


3 

(x + y + z + V3 j 


N a Ht = - -=r . K hi nopta cou 

2yx + y + z + 


S r S+SS+SS=\ t + — 1 t + — 


■H-K-H'* 1 - 


t + — 1 t + — 1 


=3r + 2 - + -+ — 3 \t + — + — + 2 - + - + - +3 


xy yz zx lx y z 


1 1 1 J 1 1 . , „ 

> — + — +-2 - + - + - |+3 

xy yz zx \^x y z t 

_ x + y + z + 3xyz - 2 


xyz 


Ta chobg minh 

x+y + z + 3xyz - 2 > ^ 
xyz 

o x + y + z + 3xyz - 2 > 0 


(*) 


3)3 
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Nea x+y + z >2 thi (*) hiea nhiea nubg. 

Nea x+y + z< 2, nafc p = x + y + z^>2> p>J$. Theathi theo bab nabg thob 
Schur, ta cou 


Do nou 


p + 3xyz - 2 > p - 2 + — — — 
=>(*) nubg. 


-p 3 +lp -6 

3 


(2-p)(p-l)(p + 3 ) ^ 0 


Va^f 


ta cou- 


S x + S y +S z >0 

s x s y +s y s z +s z s x 


>0 


nea theo Bocfiebrea, ta cou 


S x (y- z) 2 + s y (z-x) 2 + S z (x- y) 2 > 0 (npcm) 


N abg thob xay ra khi vaocha&hi x = y = z 


"s' 


Baetoan 96. 

Cho a,b,c,d > 0 thoa a 2 +b 2 +c 2 + d 2 = 1 . Tim giaitronhomhabcua biea thob 

„ a b c d 

P — - 1 - 1 - 1 - 

1 + bcd 1 + cda 1 + dab 1 + abc 

Labgau 

A (j dung babnabg thob Bunhiacopxki, ta cou 



a + abed b + abed c + abed d + abed 
(a + b + c + d) 2 
a + b + c + d + Aabcd 
_ 1 + 2 (ab + ac + ad + bc + bd + cd ) 
a+b + c + d + Aabcd 

Ta la'l COU 

1 + 2 {ab + ac + ad + bc + bd + cd)-{a + b + c + d + Aabcd) = 


JH 
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= (l-a)(l-b)(l-c)(l-d) + (ab + ac +ad +bc + bd +cd) + 

+ (abc + bed + eda + dab) - 5abcd 
> (ab + ac + ad+bc + bd +cd) + (abc + bed + eda + dab ) - 5 abed 
>0 

=> 1 + 2 (ab + ac + ad +bc + bd + cd) >a + b + c + d + Aabed 
1 + 2 (ab + ac + ad+bc + bd + cd) > ^ 

a+b + c + d + Aabcd 

=>/>> 1 

N aug thoa xay ra khi vaocha&hi ( a,b,c,d) = (1,0,0,0). 

Va§f 

min P = 1. 

Baetoan 97. (Vasile C irtoaje) 

Chobg minh raeg voumo'i soathoc a,b,c ta luoa coibafcnaag thoo 

(a 2 +b 2 + c 2 ) 2 > 3 (a 3 b + b 3 c + c 3 a) 

Labgau 

* Cabh 1. 

Khoag mafctinh toag quati ta coilheagiateoua =mm{a,b,c}. 

Na §b = a + p,c = a + q (p,q>0). Khi ftopta COU 

(a 2 +b 2 +c 2 ) 2 > 3 (a 3 b + b 3 c + c 3 a) 

<=>/(«) = ( P 2 ~pq + q 2 )a 2 - ( p 3 - 5 p 2 q + Apq 2 + q 3 ) + 

+ (p 4 -3p 3 q + 2p 2 q 2 +q 4 )>0 

Ta COU 

A/ =-3(p 3 -p 2 q-2pq 2 + q 3 ) 2 <0 
=> f(a)>0 
=> npem. 

* Caoh 2 . 

Ta cou 


ns 
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(a 2 +b 2 +c 2 ) 2 - 3 (a 3 b + b 3 c + c 3 a ) = ^ (a 2 - lab + be - c 2 + caf > 0 

=> (a 2 +b 2 + c 2 ) 2 > 3(a 3 b +b 3 c + c 3 a) (npcm) 


* Canh 3. 

Ta cou 

(a 2 + b 2 +c 2 ) 2 -3(a 3 b+b 3 c + c 3 a) = ^^Jla 2 -b 2 - c 2 + 3bc-3ab) 2 >0 
=> (a 2 +b 2 + c 2 ) 2 > 3(a 3 b + b 3 c + c 3 a) (npcm) 


N abg thoa xay ra khi vaocha&hi 


, . t 471 . 7 271 . 2 n 

a:b:c- sin“— :sin —: sin — 
111 


* N haa xet 

Naff laomofebabnaug thob manh vaocounhiea bug dung. Sau na|r laomofesoaong 
dung cub nou 

+ OUg dung 1. (Vasile C irtoaje) 

Cho a,b,c >0 thoa a+b+c = 3. Choug minh raeg 


ab +1 be +1 ca +1 2 


Labcjau 

Ta cou 




(theo bnt AM -GM ) 


3H 
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= 3 -i.£a 3/ V 2 


Theo trea, ta cou 


Y,a 3/2 b^ 2 <^.(a + b + c) 2 = 3 


Do nou 

T — >3--Ta > ^ 2 >3--.3 = - 
~ab +1 2% 2 2 

=>npcm. 

N aug thoa xay ra khi vaachsdchi a =b=c= 1. 

+ Obg dung 2. 

Cho cab soekhoag aai a,b,c,x thoa a 2 +b 2 +c 2 = 1. Choug minh raeg 


l + xab 1 +xbc l + xca 3 + x 

Labgau 

A (j dung babnatag thobAM -GM, ta cou 

r 2 

a" (l + xab) 

+b 2 (l+xbc)[ 


l + xab 
b : 

1 + xbc 


- + c 2 (1 + xca) 


f—' 

f>.^l 

l 3 +*. 

J 3 + x 

—] 

I > 6b2 

, 3+x ) 

3 + x 

' 3 ^ 

2 > 6c2 

.^ +x ) 

3 + x 

c 2 

. 6 _ 

1 + xca 3 + x 



1 _j 

— 1 

l 3+ *J 

*1 

+ +x J 


(a 3 b+b 3 c+c 3 a) 


Theo trea, ta cou 


a 3 b + b 3 c + c 3 a <—.(a 2 +b 2 + c 2 ) 2 = — 
3 3 


Do nou 


H! 
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1 + xab 1 + xbc 1 + xca 3 +x [ 3 + x 
^ 6 


3 

3 + x 



f_ x 

r_?_t 


1 

{■3 + x) 

f±] 

\ —x\ 


l 3 + *J 

\ X \ 

v 3+ -V 


(i ab + oc + ca ) 
1 

'3 


1 + xab 1 + xbc 1 + xca 3 + x 


N abg thob xay ra khi vaachadchi a = b = c = 


(npcm) 


1 


S' 


Baetoan 98. (Komal) 

Cho cab soadoong a,b,c thoa abc = 1 . Chobg minh raeg 
ill 3 


J l 1 1 , 

- > — y-\ y |. 

a b c a+b+c [a b 


2 ^ / 2 ^ 2 • 2 , , 2 , 2 


a 2 +b 2 + c 2 


Labgau 

Ta coibabnabg thob caa chobg minh toong noong vou 


ab + bc + ca- 


3 abc 2 (a 2 b 2 +b 2 c 2 + c 2 a 2 ) 


b 2 c 2 + c 2 ^ 

a + b + c a 2 +b 2 +c 2 

Do caChai vea:ua babnabg thob na§f noag baa nea khoag mabtinh toag quab ta cou 

theagiaLB0Ufl+Z7 + c = l. Na§ q = ab+bc + ca,r =abc =>^>q>0,r>0. Khi nobta 
coibabnabg thob caa chobg minh toong noong vou 

,-3 r>^+l 

1-2 q 

<^> r(6q + l) + q(l-4q)>0 
Nea 1>4 q thi babnabg thob trea hiea nhiea nubg. 

Nea 4q>\ thi theo babnabg thob Schur, ta cour ^ — >0. Do nou 


m 
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r(6? + I) + ? (I-4 ? )> (4 ^- 1) 9 (6 ^ + 1) +? (l-4 ? )= (4 ^ 1) 9 (1 ~ 3 ' ?) >0 
=> npcm. 

Baotoan 99. (Nguyea Anh Cooag) 

Cho cab soadoong x,y,z thoa x+y + z = 1. Chobg minh raeg 


T~x 


JL 


fz 


y](x + y)(x + z) + Jyz \ J(y + z)(y + x) + 4zx \yl(z + x)(z + y) + Jxy 

Labgau 

Ta coibabnabg thob caa chobg toong noong vou 


yl(x+y)(x+z)+Jyz 


>2 




£ 

yjx(x+ y + z) + yz + Jyz 

1 


1 + — +4 — 


- >2 

If 


N a§ m = = thl ta COUm,n, p > 0 \ld&nn + np + pm = 1. K hi noy 

ta coibabnabg thob caa chobg minh toong noong vou 


> VVw 2 +7 — m> 2 


Na&a = Vm 2 + l-m,6 = yjn 2 +\-n,c = ^p 2 +\- p thl ta COLU > a,b,c > 0 va0 

1 -a 2 

m =- 

2 a 

1 -b 2 
H 2b 


3 !) 
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P = 


1-c 2 

2c 


^(l-a 2 )(l-b 2 ) 

=> > -= mn + np + pm = 1 

% 4aZ> 

<=> ^c(l - a 2 )( 1 -b 2 ) = Aabc 

<=> (a + b + c)-^ab(a + b) + abc(ab + bc+ ca ) = Aabc 
<=> (a+ b + c- abc)( 1 -ab-bc- ca) = 0 


(*) 


Do 1 > a,b,c > 0 nea a+b+c-abc > 0. Do nou 
(*) <=> ab + bc + ca = 1 

Do nopneazhobg minh bafcnaag thob naocho, ta chaaEaa chobg minh 

yfa +\fb +y[c > 2 (**) 

trong f\oiia,b,c > 0 thoa ab+bc+ca = 1. 

Ta cou 

(**) <=> [y[a+\fb+4c^ >16 (ab + bc + ca) (***) 

Do cau2 veacua babnaag thob trea noag baa nea khoag mabtinh toag quab ta cou 
theagi ateoiK/a + 4b + 4c = 1. 

Nab <7 = 4ab+4bc+4ca,r = 4abc => - > a > 0,r > 0. K hi nopta COU 
3 

(***)<^>l>16(^ 2 -2r) 

<=> 32r + (1 - Aq)(l + Aq) > 0 

Nea 1>4g thi babnaag thob trea hiea nhiea nubg. 

4a-1 

Nea Aq>\ thi theo babnaag thob Schur, ta cour> H >0. Do nou 


32r + (1 - 4g)(l + Aq) > 32(4 ^ 1} + (1 - Aq)(l + Aq) = (4q 1)(23 36q) > 0 
=>(***) nubg. 


41 i 


=> npcm. 
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Baetoan 100. (Pham Kim Huog, VoflQuoa BaiCaa) 

Cho a,b,c>0 thoa a+b+c = 1. Tim niea kiea caa vaonuu/ou a,b,c neababnabg 
thob sau nubg 

(a 2 +b 2 + c 2 )(Sa 2 b 2 + %b 2 c 2 + 8cV +19 abc) >ab + bc + ca 

Labcjau 

Ta seochobg minh raeg niea kiea caa vaenuCnecbabnabg thob trea nubg la &Ja,4b 
va ek/c laiznoadacfba canh cua mofetam giab (coitheasuy biea). 

+ Niea kiea caa. 

GiausbuVa,V^,Vc khoag laonoadabba canh cua mofetam giab (coutheasuy biea). 
Khi noucho c = 0,a,b>0 thi babnabg thob trea troCthaah 

8 {a 2 +b 2 )a 2 b 2 >ab 

<=> $(a 2 + b 2 )ab > 1 (*) 

Cho a-l,b^0 + thi ta coulim Sab(a 2 +b 2 ) = 0< 1 nea (*) khoag nubg. 

2>-»0 + 

Va§r ta phaucouVa,V^,Vc laenoadabba canh cua mofetam giab (coithesuy biea). 

+ Niea kiea nuu 

G iauBou 4a,yfb,4c laianoadaibba canh cua mofetam giab (coitheasuy biea). Khi nou 
ta seochobg minh 

(a 2 + b~ + c 2 )(Sa 2 b 2 + 8 b 2 c 2 + 8 c 2 a 2 +19 abc) > ab + be + ca 

Nab q = ab+bc+ca,r = abc^>->q>0,r>0. Do Va, Jb,-Jc laonoadabba canh 
3 

cua mofetam giab (coitheasuy biea) nea 

Aq-\- [4a, + \fb + y[c^(y[a + \fb - + Vc - yfa^y/c + Va - 4b^ > 0 


411 
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4a-l 

Do noutheo babnabg thob Schur, ta cour> H >0. 

Babnabg thoo caa chobg minh toong noong vou 

(1 - 2g)(19r + $(q 2 - 2r)) > q 

<=> (l-2g)(3r + Sq 2 ) > q (**) 

Ta cou 

(1 - 2q)(3r + Sq 2 )-q>(l-2q)+ Sq 2 q 

_ (4g ~ 1)(1 ~ 3q)(4q +1) 

3 

>0 


Do not(**) nubg. 

Va§r niea kiea caa vaenuCneababnabg thob naocho nubg laizK [a,4b,s[c laenoadabba 
canh cub mofetam giab (coithesuy biea). 

Baetoan 101. (Titu Andreescu) 

Cho cabsoathoc a,b thoa 3(a + b) >2\ab+l \. Chobg minh raeg 

9(a 3 +b 3 )> |a 3 & 3 + l| 


Labgau 

Nafc S = a+b,P = ab thi toogiauthiefc ta cou3S>2|p + lj (*). Babnabg thob caa 
chobg minh trouthaah 


9S(S 2 - 3 P) > \P + 1| (P 2 - P +1) 

Col 2 trooag hop xay ra 
* T rooag hop 1. P < 7 vP> 7 + ^ . 


Khi noutotf*), ta cou 


9S(S 2 -3P) > 6|P + l| 


4(P + iy 



2|P + l|(4P 2 -19P + 4) 


41 1 


9 


3 







Tim tai lieu Toan ? Chuyen nhd - www.toanmath.i 


Do nopneazhobg minh babnabg thob naocho, ta chaaEaa chobg minh 
2(4 P 2 -19 P + 4) > 3 (P 2 -P + 1) 

|>0 (nubg) 

•j _ 3/5 'i _|_ 2-v/5 

* Trooog hop 2. —-— < P < —-—. Toenafi, ta coua ,6 cuog daa, toenoitoiagiau 

35-2 

thiefi ta suy ra noofc a,b> 0.Khi nou(*) troCthaoh 35>2(P + 1)=>0<.P<—-—. 

Babnabg thob cab chobg minh trouthaah 
95(5 2 -3P) > P 3 +1 
<=> 95 3 - 27P5 - P 3 -1 > 0 

C 2 -5C_ 9 

+ Trooog hop 2.1. — >—-—<^=> 5 2 -65 + 4>0. Khi nopta cou 

95 3 -27P5-P 3 -1.95 3 - 27 ^- 2) -^ 3 ^-l 
2 8 

_ 455(5 2 -65 + 4) 

8 

>0 

+ Tr6oog hop 2.2. ^-< 3 ^ 2 <^> ( 3 -V 5) 3 <5 3 <(3+V5) 3 . Khi nopta cou 

9S 3 -27PS-P 3 -1>9S 3 - — - — -1 
4 64 

^(3 + >/5 ) 3 - 5 3 ^ 5 3 — (3 — V5 ) 3 'j 
64 

>0 



Torn lai, trong mo'i trooog hop, ta luoa coi65(5 2 -3P)> |p 3 + l| (npcm) 


N abg thob xay ra khi vaocha&hi (a,b) = 


f 3-V5 3 —s/5 

f 3 + a/5 3 + ^5^ 

[ 2 ■ 2 } 

{ 2 1 2 J 
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Baetoah 102. (Pham Kim Huag) 

Cho cab soekhoag aai a,b,c. Chobg minh raeg 

a 3 b 2 c 3 > a + b + c 

la 2 +b 1 + 2b 2 +c 1+ lc 2 + a 2 ~ 3 


Labgau 

Ta coibabnaag thob caa chobg minh toong noong vou 


2b-a 
2 a 2 +b 2 


.(a — b) 2 + 


2 c-b 
2 b 2 +c 2 


.(b-c) 2 + 


2a-c 
2c 1 + a 2 


.(c-a) 2 >0 


Col 2 trooag hop xay ra 
+ Trooog hop 1. a>b>c> O.Khi nopta cou 

-J*_^>0 

2 a 2 +b 2 2 c 2 + a 2 

+ 2a >0 
2 a 2 +b 2 2 c 2 +a 2 

4b-2a 2a-c ^ _ 

=> ^- T + ^-T>0 

2 a 2 +b 2 2 c 2 + a 2 


4b-2a , ,. 2 2a-c . . 2 . „ 

2 .(a - b) 2 + — 2 -t.( c - a) 2 > 0 


2a 2 +b 2 


2 c 2 +a 2 


( 1 ) 


{4c-2b)b 2 | (2a — c)a 2 ^ Q 
2Zr + c 2 2c 2 + a 2 


4c-26 „ x2 2a- 
~-(b c) + — 


-.(c-a) z >0 


( 2 ) 


2Zr +c 2 2c 2 + a 2 

Coag cab babnabg thob (1) vae(2) veetheo vesroachia caChai veacho 2, ta hoot 

2b-a . ,. 2 2 c-b .. , 2 2 a-c , 

„ 2 , 2 -(a - by +— 2 - f “ c > + ^- 2-(° ~a) 2 >0 

2 a"+b" 2 b~+c 2c + a" 


+Tr 660 ghop 2 . c>b>a> 0. 

+Trooflg hop 2.1. 2 b>c+a. Khi nopta sebchobg minh 

^2b-a_ + 4(2a-cl >Q 
2 a 2 +b 2 2c 2 + a 2 


414 


























Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Tha&va^, deatha^i veatraulaehaen taeg cub c nea ta chaasaa chobg minh khi c = b, 
too laochobg minh 

2b-a 4(2a-b) 

2 a 2 +b 2 2 b 2 +a 2 

^ 4b 3 + 2 a 2 b - lab 2 + 16a 3 - 8 a 2 b + Sab 2 -4b 3 >0 
<=> 3a(5a 2 - lab + 2b 2 ) > 0 (hubg) 


n . x 2 b-a 4(2a-c4 „ 
Do nou—*—-v + ^-^>0 


la + b 2 c + a" 


Va§f 


2 b-a . _. 2 2 c-b .. , 2 2 a-c . . 2 ^ 

(a-b)- + —-3 - j.(b — c) +— - 2 -( c_fl ) - 

2a 2 +6 2 26 2 + c 2 2c 2 + a 2 

^ 2b-a 


4{la 2 +b 2 ) 

>0 


, v 2 2a —c . >2 

.(c-a ) 2 + —^-^.(c-a ) 2 

2 c 2 +a 2 


+ Trooog hop 2.2. 2 b<c+a. Khi nopta seochobgminh 
2b-a 6a - 3c 

2? r 7fc I + 2 ?W r 


(3) 


Thafeva^r, destha^r veetraulaehaen taeg cub c nea chaaEaa chobg khi c = 2b-a.Ba& 
nabg thob (3) troCthaeh 

2 b-a 9a-6b ^ _ 

- 9 - T - 9 - 9 -— ® 

2 a 2 +b 2 Sb 2 + 3a 2 —Sab 

ol0fc 3 -156 2 a + 2a 2 Z? + 15a 3 >0 (nubg) 


Tiep theo, ta sebchobg minh 

2 c-b 3 2a-c 

2 Z ? 2 + c 2 + 2 2 c 2 + a 2 “ 


(4) 


Thafeva§r, vi vedtraulaehacn giam theo a nea ta chaaEaa chobg minh khi a=b, bab 
nabg thob troilhaeh 

4c-2b 6b-3c ^ 

—9—7+—5— ^>0 

2 b 2 + c 2 2c 1 + b 2 

<=> 5c 3 + 2c 2 b - 2b 2 c + 10b 3 > 0 (nubg) 

ns 
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Nea c<2a thi ta coibadnabg thod caa chodg minh nubg. Nea c>2a thi toe2 ba6 


nabg thod trea, vouchuiyiraeg (c-af <3(b-a) 2 + ^.(c-b) 2 , ta cou 


2b-a . t . 2 2c-b .. , 2 2 a-c . . 2 ^ 

.(a -bf + — -= - 2 .{b-c) + — 2 - 2 .(c~a ) 2 > 


2 a~+b 2 2 b 2 +c 

f 2 b-a 3(2 a-c) 


2 a 2 + b z 2 c z +a z 


>0 

Totn la'i, ta luoa cou 

2b-a 


■ 0 b-ay + 


2 c 2 +a 2 
( 2c-b 3 2 a-c 
l 2b 2 +c 2 + 2'2c 2 + a 2 


Uc-b) 2 


.(a-bf + b 2 .(b-cf + ? a 2 c 2 .(c-a) 2 > 0 (npcm) 


2 a 2 +b 2 2 b 2 +c 2 2c~ + cr 

N adg thod xay ra khi vaachadchi a = b = c. 

Bactoan 103. (VodQuoa BaiCaa) 


Cho n soathoc a l ,a 2 ,...,a n >0 thoa TV. —. Chodg minh raeg 

Labgau 

Ta cod 

i =i i =i 

v -1 — 1 A 

<^> > —-= 0 

M Of 

Bafcnabg thod caa chodg minh toong noong vou 


1=1 3 Cl; + Jctj +8 


41 ( 


>0 
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«L— 

“3+ 1 + 4- 


K hoag mabtinh toag quati ta coitheagiateoua! >a 2 >... > a n > 0. 


Khi nog deatha^f 




1 > 1 nea theo bab natag 


3+ IlH- y 3+ IlH- -y 3+Jl-f 


thob Chebyshev, ta cou 
af -1 

t— 

-3+1+4 "l- 

V a i 

=> npcm. 


!=1 3 + .|l + 4 

l i J 


= 0 


N ang thoa xay ra khi vaachadchi a, =a 2 =... = a n = 1. 

Baotoan 104. 

Cho cab so&hoag aai a,b,c. Chobg minh raeg 

a 3 +b 3 +c 3 -3abc > 2 

Lobgau 

Nab 

/ (a,b, c) = a 3 + b 3 + c 3 - 3abc + l[a- b + C 

Khi nogta caa choog minh 

f(a,b,c)> 0 

Troob he& ta chobg minh 
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f (a,b,c) > f 


b + c b + c 


(*) 


Thafeva^r 


(*) <=> a + b+ c-3abc + 2 a- 


b + c 


>a 5 +^^ — 3a( " ' " I +2| 


(b + c) 3 


( b + c 

\ 2 

4b 3 + 4c 3 -(b + c) 3 3a((b + c) 2 -4bc) 


b + c 
2 ~ 


4 4 

3 (b-c) 2 (b + c) 3 a(b-c)- 


>0 


>0 (nubg) 


Va§r (*) nubg. 

Tiep theo, ta secichobg minh 

f(a,t,t)> 0 (**) 

. ~ x b+c 

trong non = —^~. 


Ta cou 

(**) a 3 + It 3 - 3at 2 + 2 (a -1) 3 > 0 
o (a - t) 2 (a + It) + 2 (a -1) 3 > 0 
<=> 3a(a—t) 2 > 0 (nubg) 

To 0 (*) vaia(**) ; ta suy ra niea phauchobg minh. 

N abg thob xay ra khi vaocha&hi a = b = c hoae a = 0,b = c. 
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Baetoan 105 . 

Choag minh raeg voumo'i soadoong a,b,c thi 

a + b + c > yfa+yfb + yfc 

\Ja + b \Jb + c y/c + a 


b) 


1 ° 3 II 

1 ^ 

1 c 2 

1 a 2 +ab + b 2 \ 

b 2 + bc + c 2 V 

c 2 + ca + a 2 


s 


Labgau 

a) Na §a = x 2 ,b = y 2 ,c = z 2 (x,y,z> 0 ). Babnaag thob caa choag minh troCthaoh 


, y * ^ x+y+z 

V* 2 +/ Vj 2 +x 2_ Ti 

\2 


JsTy n/?77 

^ y~i 2.x 4 ^ y~i 4x 2 y 2 

> b x2 + y 2+ b V(x 2 + y 2 )(y 2 + z 2 ) 


( x + y + z 

i ^2 

> (x + y + z)' 


r = 0 


Lou yiraeg 

Do nopbabnaag thob caa choag minh toong noong vou 

^ 4 + /,y- 4* 2 y 2 


V —— ^y + y, 

eye % + y eye 


yj(x 2 + y 2 )(y 2 + z 2 ) 


>(x+y + z) 


Deathay 


V 777 ’V 7 ^’V?^ 7 J 

2 day non niea ngooc chiea nhau nea theo babnaag thob sap xep la'i, ta cou 

2 2 2 2 
jc y x y 

^ Vu 2 + /)(/ + z 2 )~^ ;c2 + >’ 2 

Do nopneazhoag minh bafcnaag thob naocho, ta chaazaa chobg minh 


lap 
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L3T7J + I3T7T- (J:+ >’ +^, 


c x +y 


c x +y 


<=> Y,* 2+ H 2 2, ^,2 - 2 (w+yz+zx) 




x + y 




<=> V (x , y \ > 0 (nubg) 

W x +y 

=> npcm. 

N abg thoa xay ra khi vaechadchi a = b = c. 

b) l\lafefl = ^ 2 ,^ = j 2 ,c = z 2 O,y,z>0). Ba&nabgthoacaachobg minh troCthaah 

x 3 ^ ^ z 3 . * + ;y + z 


^x 4 + x 2 y 2 + y 4 Jy 4 + y 2 z 2 + z 4 Vz 4 + zV + * 4 




yjx 4 +x 2 y 2 + y 4 ^Jy 4 + y 2 z 2 + z 4 Vz 4 + z 2 x 2 +x 4 


\2 

x+y+z | 


7(x 4 +^V + >’ 4 )(>’ 4 + )’V + 2 4 ) 

x 2 + y 2 + z 2 +2xy + 2;yz + 2zx; 


Lou yiraeg 


Do noubafcnabg thoa caa chobg minh toong noong vou 

ly * 6 + y 6 + oy . • ; 

2 ^ * 4 + •x 2 )’ 2 + / ^ + x 2 y 2 + y 4 )(y 4 + y 2 z 2 + z 4 ) 


3 
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o 6 £ 

cy 


1 v-i f 2 2 a 3(x** + 

-j-'t:. ,. 4 .-^.,- . • > x 2 + y~+4xy —r 

V(* 4 +^/ + /X/ + yV + z 4 ) 2 ^l * 4 +*V + / 


6 jc 3 / 


c + * V + /)(/ + yV + z 4 ) 

M afckhab, deatha§r 


N y 6 iV-(i-y) 4 (x+,y ) 2 
x 4 +x 2 y 2 + y 4 


^(x 4 + x 2 y 2 + y 4 ) yl(y 4 + y 2 z 2 + z 4 ) ^(z 4 + z 2 x 2 + z 4 ) ^ 

laehai da^r non niei 


Jix 4 + x 2 y 2 + y 4 ) V(y 4 + y 2 z 2 + z 4 )’J(z 4 + z 2 x 2 + z 4 ) J 

ngoofc chiea nhau nea theo babnabg thob sap xep la'i, ta cou 

y *V ^y *V 

eye <J(x 4 + x 2 y 2 + y 4 )(y 4 + y 2 z + z 4 ) cy C -x 4 + -x 2 y 2 + y 4 


Tocfiay, ta suy ra niea phauchobg minh. 

N abg thob xay ra khi vaocha&hi a = b = c. 

Babtoab 106. (Phan Thaoh Viefi) 

Cho cab soekhoag aai a,b,c. Chobg minh raeg 

a 4 b 4 c 4 a 3 +b 3 +c 3 

-- 1 ->- 

a 2 +ab + b 2 b 2 + bc + c 2 c 2 + ca + a 2 a + b + c 


Labgau 

Ta cou 


g 3 +fr 3 +c 3 
a + b + c 


(a + Z? + c) ^a 2 ~^ab +3aZ?c 


a + b + c 


3 abc 
a + b + c 


+J L a 2 ~H ab 

eye eye 


Do noubabnabg thob cab chobg minh toong noong vob 


„, c a" + ab + b~ 


JV+£ofc> 


3 abc 
a + b + c 
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2 + ab > 


a 2 +ab + b 2 

ab 3 . 3 abc 


3abc 
a + b + c 


E m 

—r- 

^ a +ab + b a+b + c 

Afj dung babnabg thoa Bunhiacopxki, ta cou 

> (a + b + c) 2 


(y ab3 

If Y 1 a 2 + ab +b 2 

1 a 2 + ab + b 2 

){b ab j 

v ab 3 

^ (a + b + c) 2 


C y C a + ab + b ^ ^ yi a +b 

w ab 

Do nopneazhobg minh bafcnabg thoa naocho, ta chaaEaa chobg minh 

(a + b + c) 2 3abc 


3 + 1 


a +b a+b+c 
ab 


(a+b + c) 3 >9abc + 3^c(a 2 +b 2 ) 

eye 

a 3 + b 3 + c 3 >3abc (nubgtheo bntAM-GM) 

=> npem. 

N abg thoa xay ra khi vaiachadchi a = b = c. 

Baetoan 107. 

Chobg minh raeg voumo'i soadoong a,b,c thoa abc = 1 ta coibabnabg thoa 

a 2 b 2 c 2 1 


(2a + b)(l + ab) (2b + c)(l + bc) (2c + a)(l + ca) 2 


Labgau 

a,b,c > 0 


DO 


nea to a tai cab soadoong x,y,z sao cho a = —,b = — vaoc = -. 

abc = 1 y z x 


Khi noubafinaog thoa caa chobg minh trouthaah 
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y _^2_>1 

“ z(z 2 + 2xy)(x+y) 2 

Af) dung babnabg thou Bunhiacopxki, ta cou 

x 2 y 2 _ 1 y x A y A 

^ _ VV7 V 


'ziz + 2xy)(x+y ) xyz ^ xy(z + 2xy)(x+y ) 


' xyz'Y, x y(z 2 + 2xy)(x+y) 


xyz 2xyz(xy + yz + zx) + 2^x 2 y 2 (x + y) 


2xyz(x y +y z + z x )(x +y + z) 


2xyz(x + y + z ) 


>1 

2 

=> npcm. 

Baotoan 108. (Vasile C irtoaje) 

Cho cab soethoc a,b,c. Chobg minh raeg 

3(1 - a + a 2 )(l -b + b 2 )(l-c + c 2 )>l + abc + a 2 b 2 c 2 


Labgau 

Soidu'hg nabg thob 

2(1 —a + a 2 )(l — b+b 2 ) = l +a 2 b 2 + (a—b) 2 + (l — a) 2 (l—b) 2 


Ta COU 


2(l — a+a 2 )(l—b + b 2 )>l+a 2 b 2 

Do nouneazhobg minh babnabg thob naocho, ta chaaEaa chobg minh 

3(1 + a V)( 1 - c + c 2 ) > 2(1 + abc + a 2 b 2 c 2 ) 

^ f(c) = ( 3 + a 2 b 2 )c 2 - (3 + 2 ab + 3 a 2 b 2 )c +1 + 3 a 2 b 2 > 0 
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Ta COU 

A f = -3(1 - ab) 4 < 0 

Do nou 

/(c) >0 

N aog thou xay ra khi vaocha&hi a = b = c = 1. 

Baotoan 109. (Vasile C irtoaje) 

Chobg minh raeg voumo'i soakhoag aai a,b,c,d thoa a 2 -ab+b 2 =c 2 -cd+d 2 ta 
coibafcnaag thob 

(a + b)(c + d)> 2 {ab + cd ) 

Labgau 

Na§ f(a,b,c,d) = (a + b)(c + d)-2(ab + cd) 

Khoag mabtinh toag quati ta coilheagiaiEouc + d>a+6>0. Khi nouta cou 

f(a,b,c,d)-f[a,b,'jc 2 -cd + d 2 ,yjc 2 -cd + d 2 j = 

~{a + b)[c + d- lyjc 2 -cd + d 2 j + 2 (c - d) 2 
3 (a + b) 

c + d + 2 ylc 2 -cd + d 2 
>0 (do c + d>a + b>0) 

Do nou 

f(a,b, c,d) >f(a,b,ylc 2 -cd + d 2 ,ylc 2 -cd + d 2 ) 

= / [a,b,yja 2 - ab + b 2 ,yja 2 - ab + b 2 j (1) 

Tiep theo, ta sebchobg minh 

f[a,b,sla 2 -ab + b 2 ^a 2 -ab + b 2 }> 0 ( 2 ) 

Thafeva^r 

(2) <=> 2 (a + b)^a 2 -ab + b 2 > 2 (a 2 + b 2 ) 

414 
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<^> (a + b)\a 2 -ab + b 2 ) > (a 2 + b 2 ) 2 
<=> ab(a-b) 2 > 0 (nubg) 

Tob( 1 ) vae( 2 ), ta suy ra niea phauchobg minh. 

Babtoan 110. (Pham Kim Huag) 

Cho cab soajoong a,b,c. Chobg minh raeg 


Labcjau 

Ta cou 




12 (a 3 +fr 3 + c 3 ) 
a+b + c 


b 2 


\2 (a 3 +6 3 +c 3 ) 
a + b + c 


v- 2 ^ab 2 a 4 12(a 3 + b 3 + c 3 ) 

<=> Va 2 + 2V-+ V — >—-- 

S w c a + b + c 

<=> 2j^f—+ ac-2abl+\ + b 2 -2a 2 l+ 


<=>J^O-c ) 2 ^- + 

™ c a + b + c 


4a 2 (a + b) 


2|i>-E 


-4 >0 


Nafc 


S fl = 

«** = 
S c = 


b 2 4a 2(a + b) . 

c 2 a + b + c c 

c 2 4b 2 (b + c) 

—— h -h— ---4 

a 2 a + b + c a 

a 2 4c 2(c + a) . 

-^ +-+ — --4 

b a+b+c b 


Babnabg thob caa chobg minh toong noong vou 

S a (b-c) 2 + S b (c - a) 2 + S c (a - b) 2 > 0 
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Col 2 trooog hop xay ra 

+ Trooog hop 1 . c>b>a> 0. Khi nopta cou S b > 0. 
Ta cou 


b 2 c 2 4 (a+b) 2 (a+b) 2(b + c ) 

S a +S b = — + — + — -T + ^-- + —- --8 > 0 

c a a+b+c c a 

. r b 2 c 2 2 a 2 c , 2 Z> 

Vl — + — > 2 , — + — >4,— >2 


S e + St = £_ + ^ + ^±£). + 2 (£±£) + 2 ( 6±£)_ 82 o 
b a a+b+c b a 

... a 2 c 2 2 a 2 b . . 2c ^ _ 

Vl —+ —>2, — + — >4,— >2 

b a b a a 

Do nou 

S a (b -c) 2 + S b (c - a) 2 + S c (a - ft) 2 > (S a + S b )(ft - cf + (S c + S b ){a - b) 2 > 0 
+ Trooog hop 2. a>b>c> 0. Khi nopta couS a >1 ,S C >-l. 

Ta cou 


Sa + 2Sb = ^ + ^ + ^^ + ^^ + ^l-l2>0 

c a a+b+c c a 

... 4a+Sb . A 2a 2b . A 2c 2 a ^ . 

Vl ->4, — + — >4, — + — >4 

a+b+c c a a c 


c a a+b+c c a 


b 2 4c 2 Sb + 4a 2 (a + b) 8 (b + c) 

> — + ^ + -+ —-- + — - -- 

c a a+b+c c a 

Deadaog kiean tra /(ft) laizhaen noag biea. Do nou 

f(b)>f(c) = ^-+ — + — ~ 9 >2732-9 >1 


■16 =/(ft) 


+ K hauiaeg 2.1. a + c < 2b <=» 2(&-c) >a-c>0Ab-c>a-b>0. 
Nea S b > 0 thi ta couigay npcm. Nea S b <0, thi 
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S a (b-cf+ S b (c-af+ S c (a-b) 2 >(S a + 4S b -1 ){b-cf > 0 
+ K harnaeg 2.2. a + c > 2b.. K hi nopta sebchobg minh S c + 2 S b > 0. Thafe va§r, 
ta cou 


a 2c Sb + 4c 2{a + c ) 4 (b + c) 


S c +2S b =^r. , . 

& 2 a a + & + c 


12 = *(c) 


+ K harnaeg 2.2.1. a > 2b. K hi nopdo g(c) laeham taeg nea 


, a 8Z? 4& 2a ._ ^ . 

g(c)>g(0) = -y+-7“ H I -12 >0 

b a+b a b 


... a 9b ^ _ a 4 Z? . a“ a ^ , -b ^ 1 

Vl - +->5,- + — > 4,—+ —> 6,-> — 

b a + b b a b b a + b 3 

+ K harnaeg 2.2.2. a < 2b . K hi nopdo g(c) laeham taeg nea 

g( c ) ^ 8 (2b —a) — + + 0 (do 2 b>a>b) 

b a a 3b 3 


Va^f 

S a ( b -c ) 2 + (c - a) 2 + S c (a - b) 2 > (S a + 2S fc )(Z> - c ) 2 + (S c + 2S b )(a -bf> 0 

Tom la'i, trong moi trooeg hop, ta luoa cou 

S a ( b-cf + S b (c-af + S c (a-b ) 2 > 0 (npcm) 

N abg thob xay ra khi vaocha&hi a = b = c. 

Baetoab 111. 

Chobg minh raeg voumo'i soadoong a,b,c,d ta coibabnabg thob 

b(a + c) + c(b + d) + d(c + a) + a(d + b) > ^ 
c(a+b) dib + c) a(c + d ) b(d+a) 

Labcjau 

Ta coibabnabg thob cab chobg minh toong noong vou 
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(a + c)\ 


d 


I c(a + b) a(c + d ) I 
<=> (abc + abd + acd + bed) | - 


+ (b + d) 


- + - 


- 1 , 


>4 


d(b + c) b(d +a ) I 
a+c b+d ^ 


; 1 1 1 1 

<=> - + - + - + — 
bed 


[ac(a + b)(c + d) bd(b + c)(d + a) J 

\ 


1 1 

— + - 


1 1 

— + - 

b d 


U l - Yl + l 

a b )\c d 


I+IYI+I 

b cj^d a 


A (j dung babnabg thob AM -GM, ta cou 



=> npem. 

Bactoan 112. (VodQuoa BaiCaa) 

Chobg minh raeg voumo'i socthoc doong a,b,c ta coibabnabg thob 

J_ J_ J_ 2 2 2 > 3 3 3 

3 a 3b 3c a + 2b b + 2c c + 2a 2 a + b 2 b + c 2 c +a 

Labgau 

Troob he& ta chobg minh Boanesau 

BoaneaVoumo'i soathoc doong x,y,z ta coibabnabg thob 

x 3 + y 3 + z 3 + 2(xy 2 + yz 2 + zx 2 ) > 3{x 2 y + y 2 z + Z 2 x) 

Choag minh. 

Ta cou 
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x 3 + y 3 + z 3 + 2(xy 2 + yz 2 + zx 2 ) > 3(x 2 y + y 2 z + zx ) 

3(x 3 + y 3 + z 3 ) + 6(xy 2 + yz 2 + zx 2 )> 9(x 2 y + y 2 z + z 2 x ) 

<=> L(2x 3 + y 3 ~3x 2 y) + 6\ £xy 2 - 

eye ^ eye 

« £ U- A(2*+ y) + 6(x- y)(y - zXz - x) > 0 
<=»E(*-y) 2 (2*+y) + 2j;(j:-y) 3 2 0 

cryc eye 

N afc S'* = Ay - z, S y = 4z - x, S z = 4x - y 

Bafcnaag thoa caa choag minh trouthaah S x (y-z) 2 + S y (z-x) 2 + S z (x-y) 2 >0 
Col 2 trooag hop xay ra 

* Trooog hop 1. x<y<z. Khi nopta couS v >0. Ta la'i cou 

S y + S z - 4z - y + 3x > 0 
S y +S x =3z + 4y-x>0 

Chuiyiraeg (z-x) 2 >(x-y) 2 + (y-z) 2 nea ta cou 

SJy - z) 2 +S/Z-x? + S,(x- yf > (S, + S y )(y - zf + (S y + S z )(x-y) 2 >0 

* Trooog hop 2. jc> y >z^>S x ,S z >0. Nea S y >0 thi ta corngay npern, do noita 

chaacaa xetitrooog hop S y <0 laenuu 

+ Troo0g hop 2.1. 2y>x+z=>2y>x. Khi nopta cou 
S x + 2S y = 4y-2x + 7z>0 
S z +2S y = 2x-y + 8z>0 

M afckhaa theo ba&nang thoa Bunhiacopxki thi (z-x) 2 <2(x-y) 2 + 2(y-z) 2 . 

Do nou 

S x (y ~ z) 2 + S y (z- xf + S z (x - yf > (S x + 2 S y )(y - z) 2 + (2 S y + S z )(x - y) 2 > 0 
+Trooag hop 2.2. x + z>2y <^=> 2(x-y)> *-z>0. 


LA >0 
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+ Trooog hop 2 . 2 . 1 . (V3-l)x + z>\/3y <^=> y/3(x-y)>x-z>0. Khi nog 

ta cou 

S z +3S y =x-y+12z>0 

Do nou 

S x (y - zf + S y (z - xf + S z (x-yf> (3 S y + S z )(x -yf>0 
+ T rooog hop 2.2.2. (V3 -1) x + z < \f3y <=> y — z ^ (V3 -1) (x - y) > 0. 

Khi nouta cou 

S x (y/3-lf +4S y +S z =(l5-8V3)y + 2(6 + V3)z>0 
Do nou 

S x (y ~ zf + S y (z~ x) 2 + S z (x - yf > ^ (V3 -1 ) 2 + 4S y + S z - yf > 0 

Tom la'i, trong mo'i trooag hop, ta luoa cou 
SJy- zf + S y (z-xf + S,(x- yf > 0 
Boaneanooc choog minh hoaa toaa. 

N aog thou xay ra khi vaocha&hi x = y = z. 

Trofla'i baotoab cua ta 

A fj dung Bomebrea voii x = t a ,y = t b ,z = t c it >0), ta nooc 

t 3a + t 3b + t 3c + 2 (t a+2b + t b+2c + t c+2a ) > 3 (t 2a+b + t 2b+c + t 2c+a ) V? > 0 

^3a-l _j_ ^32>-l _|_^.3c-l _| ^^j.a+2b-\ _^_jb+2c-l _j_^c+2a-l^ 

> 3(t Za+h - 1 + t 2b+c ~ l + t 2c+a ~') \/t > 0 
i 

=> J ( t 3a ~ l + t 3b ~ l + t 3c ~ l + 2 (t a+2b ~ l + t b+2c ~ l + f f2o_1 ))dt 

o 

>\xt 2a+b ~ l +t 2b+c - 1 +t 2c+a ~ l )& 

0 

Ut 
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1 1 1 2 2 2 3 3 3 

<=>- 1 - 1 - 1 - 1 - 1 ->- 1 - 1 - 

3 a 3 b 3c a + 2b b + 2c c + 2a 2 a + b 2 b + c 2 c + a 

=> npcm. 

N abg thoa xay ra khi vaachsdchi a = b = c. 

Baetoan 113. 

Chobg minh raeg voumo'i socthoc doong a,b,c,d ta coibafcnabg thoa 

a-b b-c c-d d-a ^ _ 

-+-+-+- >0 

a + 2b + c b + 2c + d c + 2d + a d + 2a + b 

Labgau 

Ta coibafcnabg thoa cab chobg minh toong noong vou 

2a-2b 2b-2c 2c-2d 2d-2a 


a + 2b+ c b + 2c + d c + 2d + a d + 2a+ b 

, 2a-2b ( 2b-2c , , 

—-—+1 l+l —-7+1 1+ 

a + 2b + c 


>0 


3 a+c 


\b + 2c + d 
( 2c-2d . 

yc + 2d + a 
3 b+d 3 c+a 


2d-2a 

-^ 

d + 2 a + b 

3 d+b ^ 

- 1 - 1 - 1 -^ 

a + 2b + c b + 2c+ d c + 2d + a d + 2a+ b 

b c d 

<=> 2 - 1 - 1 - 1 -+ 

f 2b + c b + 2c + d c + 2d + a d + 2 a + b J 

a+c b+d c+a d+b 

- 1 - 1 - 1 - 

a + 2b + c b + 2c + d c + 2d + a d + 2a+ b 

A (J dung bafcnabg thoa Bunhiacopxki, ta cou 

abed 

- 1 - 1 - 1 -— 

a + 2b + c b + 2c + d c + 2d + a d + 2 a + b 

a 2 b 2 c 2 d 2 


a{a + 2b + c ) b(b + 2c + d) c(c + 2d + a) d(d + 2a + b) 
(a + b + c + d) 2 

a{a + 2 b + c) + b(b + 2c + d) + c(c + 2d + a) + d(d + 2a + b ) 
_(a+b + c + d) 2 
(a + b + c + d ) 2 


>4 
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Do nou 


^ ct + 2 b + c b + 2 c + d c + 2 d + a d + 2a + Z> 

M adkhab, ap dung badnabg thod AM -GM , ta la'i cou 


b + d 


c+a d+b 

- + - 


a + 2b + c b + 2c+ d c + 2d + a d + 2a+b 


= (fl + c)| 

> (a + c ). 
= 2 


1 


1 


i + 2b + c c + 2d + c 

_4_ 

(a + 2b + c) + (c + 2d + a) 


1 + (b + d ) 


+ (b + d ). 


1 


( 1 ) 


1 


b + 2c+ d d + 2a+ b 

4 _ 

(b + 2c + d ) + (d + 2 a + b ) 
( 2 ) 


r — 1 


T 60 ( 1 ) vaia(2), ta suy ra niea phauchoag minh. 

N aag thod xay ra khi vaocha&hi a = c,b = rf. 

Baotoan 114. 

Cho cad soadoong a,b,c. Chodg minh raeg 

a 2 | b 2 | _ 

a 2 +ab + b 2 b 2 +bc + c 2 c 2 +ca + a l 

Labcjau 

Do cau2 veacua badnaag thob naocho noag baa nea khoag madtinh toag quad ta 

coitheagiau50UaZ?c=l. Nad a =— ,b = -,c = - (x,y,z> 0). Khi nogbadnadg thoa 

X y Z 

caa chodg minh troilhaah 


L- 

eye A 

ing bi 


‘ -2~2 — 1 

tx'+x?yz+y 2 z 2 

Af) dung badnaag thod Bunhiacopxki, ta cou 


(x + y + z ) 


Do hogheazhodg minh badnaag thod naocho, ta chaaEaa chodg minh 


m 
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(x 2 + y 2 + z 2 ) 2 > x 4 + y 4 + z 4 + x 2 y 2 + y 2 z + zx + xyz(x + y + z) 
<^>^£z 2 (x-y) 2 >0 (nubg) 


=> npcm. 

N abg thoa xay ra khi vaochadchi a = b = c. 

Baotoan 115. 

Chobg minh raeg voiimo'i sot hoc doong a,b,c ta coibabnabg thoa 

a 2 - be b 2 -ca c 2 -ab ^ n 

7 =+ .- + . =>0 

Jla 2 + 2b 2 + 2c 2 Jib 2 + 2c 2 + 2a 2 Jlc 2 + 2a 2 + 2b 2 


Labgau 

Ta coibabnabg thoa cab chobg minh toong noong vou 


E 


<=> 


, 2a - 2te >0 
\Jla 2 + 2b 2 +2c 2 

y (a-b)(a + c)-(c-a)(a + b) 

eye Jla 2 + 2b 2 +2c 2 


>0 


(a-b)(a + c) ^ ( c-a)(a+b ) 

eye Jla 2 + 2b 2 + 2c 2 ^ Jla 2 + 2b 2 +2c 2 ~ 


b + c 


Jla 2 + 2b 2 + 2c 2 Jib 2 + 2c 2 + 2a 2 


Trong nou 


(2 (b + c)(b 2 +c 2 ) + 4a 3 + Aaib 2 +c 2 )-3a 2 (b + c)~ 10 abc)J 2b 2 + 2c 2 +la 2 
(,a + b)Jlc 2 + 2a 2 +2b 2 + (a + c)Jlb 2 + 2c 2 + 2a 2 
(2 (c + a)(c 2 +a 2 ) + 4b 3 + 4 b(c 2 + a 2 ) - 3 b 2 (c + a) - 10abc)j2c 2 + 2a 2 + lb 2 
(b + c)Jla 2 + 2b 2 + 2c 2 + (a + b)Jlc 2 + 2a 2 + 2b 2 
(2 (a + b)(a 2 +b 2 ) + 4c 3 + 4 c(a 2 + b 2 )- 3c 2 ( a+b ) - I0abc)j2a 2 + 2 b 2 + lc 2 
(a + c)Jlb 2 +2c 2 +2a 2 +{b + c)Jla 2 +2b 2 +2c 2 
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Ajj dung babnabg thob AM -GM vacbabnabg thob Bunhiacopxki, ta cou 

2 (a + b)(a 2 + b 2 ) + 4c 3 + 4c(a 2 +b 2 )- 3 c 2 (a + b) -10 abc > 


a + b 
2 


+ 4 c + 8c 


= (a+b + 2c)\ 4 


a + b 
2 


a + b 
2 


-5c 


) - 6c 1 

U + b\ 

<—) 

(a + b' 

\ ,4 


l +2c j 


-10c 


a + b 
2 


Do no uS^ >0. Toong to[ ta cou S a ,S b >0. 

Va^f 

S a (b - cf + S b (c - a) 2 + S c (a - b) 2 > 0 (n pcm) 

Baotoan 116. (VodQuoa BaiCaa) 

Chobg minh raeg voumo'i so&hoc doong a,b,c ta coibabnabg thob 

(a+b + c) 2 {- + - + -\>9(a 2 +b 2 + c 2 ) 
yb c a J 

Lobgau 

Ta coibabnabg thob caa chobg minh toong noong vou 

^+Y,—+iY, a b+2 'La 2+2 'L— a 9 I > 2 

eye ^ eye ^ eye eye eye ^ eye 

^Y i -+Y.— +2 I.— il 'L a2 - 3 L ab 


> y- + ab-2a 2 |+ + be-2ab |+ 


2^1 + ac-2ab |>5^a 2 -5^a6 


^y a(a-b) + y , IXc-ay +2 y a(b-c) >5y {a _ b) 2 

^ h ^ c ^ c 2 ^ 

eye eye eye eye 

<=>^S a (b-c) 2 >0 
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Trong nou 

_ b a 2a 5 

S=-+-+ - 

c b c 2 

c b 2b 5 

S,=-+- + - 

a c a 2 

„ a c 2c 5 

S = - + - +- 

b a b 2 

Col 2 trooog hop xay ra 

+ Trooog hop 1. a>b>c> 0. Khi nopta couS a > 0. 

+ Trooog hop 1 . 1 . S b >0. Khi nopta seochobg minh 
S b — 0 
Thafeva^f 

(*)~| 


[£-31 

| + [ 

[b a) 

[ 

fa + 2b^ 

| + | 

l* a ) 

1 1 


—+—]+—>5 
c b 


b 2c 

- 1 - 

2c b 


b 2c 
— + — 
2c a 


>5 


A (j dung ba&nabg thobAM -GM, ta cou 


b 2c „ 

— + — >2 
2c b 

£ + “Vf- + -]^-3 + Z 

b a j [2c a I b a 



Do nou 


2b 


Va§f (1) nubg. 
Do nou 


2c) f b 2c 3 c 

i-— + — + — >4 + - 7 =>5 
b J 1 2c a J lj2 


( 1 ) 
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S a (b-c) 2 + S b (c-a) 2 + S c (a-b) 2 > (S b + S c )(a -b) 2 > 0 


+ Trooog hop 1.2. ^<0. Khi nopta seochobg minh 

^ + 25^0 ( 2 ) 

S c + 2S fo >0 (3) 

Thafeva^f, ta cou 


S+2S h = [-+—\+2\ 


3b 


> 4+4 + 3- — 
2 


>0 

=> (2) nubg. 

S+2S, 


f + ^l + 2| 


>4 + 4 + 0- — 

2 


3c 


15 

2 


15 

2 


>0 

=> (3) nubg. 

Chuiyiraeg (a-c) 2 <2(a-b) 2 + 2(b-c) 2 

Do nou 

S a (b - c ) 2 + S b (c - a) 2 + S c (a - b) 2 > (2 S b + S c )(a - bf + (S a + 2 S b )(b - c) 2 > 0 

+Trooog hop 2. c>b>a> O.Khi nopta cou S b >0. Theo (1), ta couS b + S c >0 

Ta seochobg minh 

S a +S*>0 (4) 

Thafeva^r 


s , tSl ^ t £U£3^- S 


> 3 + 2V2 + 0-5 
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=> (4) nubg. 

Do nou 

S a (b - cf + S b (c - a) 2 + S c (a - bf > (S b + S c )(a - b ) 2 + (S a + S b )(b-c) 2 > 0 

Torn la'i, trong mo'i troo 0 g hop, ta luoa cou 

S a (b-cf + S b (c-a) 2 + S c (a-bf> 0 
=> npcm. 

N abg thob xay ra khi vaochadchi a = b = c. 

Baetoab 117. 

Cho cab so&hoc doong a,b,c thoa abc = 1. Chobg minh rabg 

f ill V _ 16 _ 

I a(l + bc) 2+ b(l + ca) 2+ c(l + ab) 2 j + (1 + ab)(l + bc)(l + ca) 


Labgau 

Ta coibafcnabg thob caa chobg minh toong noong vou 

4 I- '—z^ + --- 

~a(l + bc) 2 (l + ab)(l + bc)(l + ca ) 




16 abc 


a(a+abc ) 


(a + abc){b + abc)(c + abc ) 
16 


> 4 Y — ^<1 + - 

t?(a +1) 2 (a+l)(b + l)(c + l) 


Na£x = — - l,y 

a +1 


2 

b +1 


-l,z 


2 

-1 thi ta cou 

c +1 


(1- x)(l- j)(l- z) = (1+ *)(! + y)(l + z) => x+y + z + xyz = 0 


Babnabg thob caa chobg minh tro&haah 

(1 - x)(l + jc) + (1- y)(l +y)+(l- z)( 1 + z)< 1 + 2(1 + x)(l + y)( 1 + z) 
«=> x 2 + y 2 + Z + 2(xy + yz + zx) + 2(x+ y + z + xyz) > 0 
«=> (x+y + z) 2 >0 (nubg) 


Uf 


=> npcm. 
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Bai toan 118. (Pham Van Thuan) 


b -be + c c -ca + a~ a -ab + b~ 

Lcfi giai. 

Ta co bat dang thtfc can chtfng minh ttfdng difefng vdi 


^_A_. (ft + c)aV 2 

>V “ , .{b + c) + b + c \>2(a + b + c) + j2 

b 3 +c 3 1 


r>V2 


.a 3 +Z> 3 +c 3 


.(Z> + c) > 2 (a + Z> + c) + V2 


>(a 3 +Z> 3 +c 3 ).£ 


a 2 -ab + fr 


- > 2(a + b + c) + V 2 


Ap dung bat dang thtfc AM-GM, ta co 
^ 1 9 


Do do, de chtfng minh bat dang thtfc da cho, ta chi can chtfng minh 

, y + 2 f + f > . ->V2+2(a +b + c) (* *) 

2(a +b +c )-ab-bc-ca 

Bat p = a + b + c,q = ab + bc + ca,r = abc >0=>0<<7<l,/? = ^j\ + 2q. 
Khido 

(*) « 9(/>(l - ? ) + 3r) > (2p + V2 )(2 - q) 
o9p-9pq + 27r>4p-2pq- V2 q + 2\j2 
o5p-7pq + V2 q + 27 r > 2^2 
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Co 2 trtfcfng help xay ra 

+ Trifclng hdp 1. 2q < 1. 

Khido 

(**) » f(q ) = 5yj2q + \ - lq^2q + \ + V2 q + 21 r > 2^2 

Ta co 




ig 




V2(2g + l>-(21 g + 2) 
V2 ~qT\ 

a 72(1 + 1)-21g-2 

V29 + 1 

a/2? + 1 


^ /(g) la ham nghich bien. 

=> /(?) > //) = 2jl + 27r > 272 
^ (**) dung. 

+ Trifdng hdp 2. 2g > 1. Khi do, theo bat dang thtfc Schur, ta co 

r ^ 4 pq-p 3 _ p(4q-p 2 ) _ p(2q-l) 

9 9 9 

Do do, de chtfng minh (**), ta chi can chtfng minh 
5p-lpq + V2 q + 3 p(2q -1) > 2V2 
o2p- pq + y/2q > 2\fl 
<=> g(q) = 2yj2q + l - q^2q +1 + yf2q > 2^2 


Ta co 


s'<« , > = -s=^-V 5 ? TT - 


^2g + l y/2q + l 
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V2(2 g + l)-3g + l 

V 2 ? +1 

^ V2(l + l)-3g + l 
yjlif+l 
3(1 -q) 

JifTi 

> 0 (do q < 1) 

^ g(q) la ham dong bien. 
=>g(3)^g^j = 2y/2 
> (**) dung. 

Tom lai, trong moi tru’dng hcfp, ta luon co 

a 3 b 3 c 3 


b 2 -bc + c 2 c 2 -ca + a 2 a 2 -ab + b 2 


>a/ 2 (dpcm) 


Dang thtfc xay ra khi va chi khi ( a,b,c ) = ^—j=,—j=,Q 


Bai toan 119. (Belarus 1998) 

Chtfng minh rang vdi moi so" dUOng a,b,c ta co bat dang thtfc 

a b c ^ a + b b + c . 

-+-+—> -+-+ 1 

b c a b + c a + b 


Loti giai. 

+ Cach 1. 

Ta co bat dang thtfc can chtfng minh ttfdng dtfdng vdi 

ab 2 +bc 2 +ca 2 -3abc > a + b + b + c ^ 
abc b + c a + b 




abc 


^ (c-a) 2 

(a + b){b + c) 
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<^> (a-b) 2 


a-b + 3c 
abc 


+(b- c y 

+ {c-a) 2 


( b-c + 3a 
{ abc 
c-a + 3b 6 

abc (a + b)(b + c ) 


>0 


= 

S n = 


b-c + 3a 
abc 

c-a + 3b 6 

abc (a + b)(b + c) 

a-b + 3c 
abc 


Bat dang thtic can chu’ng minh trd thanh S a (b - c) 2 +S b (c- a) 2 + S c (a - b) 2 > 0 
Co 2 trtfdng hcfp xay ra 

+ Trtfcfng hcfp 1. a > c > 0. 

+ Trifling hcfp 1.1. a>b>c> 0. Khi do, ta co S a ,S c > 0. 

+ Trufrng hcfp 1.1.1. b+c>a. Khi do, ta co 
c-a + 3b 6 


s h =- 


abc (a + b)(b + c) 
(b + c - a) + 2b 6 


abc 


(<a + b)(b + c) 


ac (a + b)(b + c) 
2(ab + b(b + c)~ lac) 
ac(a + b)(b + c) 


>0 


Do do 


S a (b - cf + S b (c - a) 2 + S c {a - bf > 0 

+ TrifGfng hcfp 1.1.2. a>b + c. 

T „ . , , v ^ N a b c a + b b + c , .. ^ 7 

Khi do, xetham so / (a) = —(- 1 -1 vdi a>b + c 

b c a b + c a + b 


Ta co 
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b + C 


b(b + c ) a 2 (a + bf 
>0 


b a 2 b + c (a + b) 2 

c c b + c 
— -7-7 + 7-77T 


=> f(a ) la ham dong bien. 



c b + c b + c 2 b + c 


2 b + c b + c 


b c 
— + — 


b + c 2b b + c 
c b b+c 2b+c 


Ta lai co 


f{b + c)> 0 


That vay 

(*) (b 2 + c 2 )(b + c)(2b + c)~ 2b 2 c(2b + c)~ bc(b + cf > 0 

<^> (b - cf(2b + c) + b 2 c(b-c)+ 2be 3 > 0 (dung do b > c > 0) 

=> (*) dung. 

=> m> o 

a b c a+b b+c . 

— + — + — >-+-+ 1 

b c a b+c a+b 

+ Triifrng hdp 1 . 2 . a>c>b> 0. Khi do, ta co S a ,S c > 0. 


Ta co 


0 , 0 2b + Ac 6 

^b +t3 c - 7 7 “777 


abc (a + b)(b + c ) 
4c 6 


abc (a + b)(b + c) 

_ 2(2(a + b)(b + c) - 3ab) 
ab(a + b)(b + c) 

_ 2(2b 2 + 2bc + 2ac - ab) 
ab(a + b)(b + c) 

>0 
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Do a>c>b> 0 nen ( a - by > (a - cy. Do do 

S a (b - cf + S b (c - a) 2 + S c (a-b) 2 > (c - af(S b + S c ) > 0 
+ Trufing hdp 1.3. b>a>c> 0. Khi do, ta co 
S = fe ~ c + 3a >0 


S,= 


abc 

c-a + 3b 6 

abc (a + b)(b + c ) 

2 6 


ac (a + + c) 

_ 2(Z> 2 + ab + Z?c - 2ac) 
ac(a + b)(b + c ) 

>0 

abc 

Do b>a>c> 0 nen (b-c) 2 > (a-b) 2 . Do do 

S a (b-cf +S b (c-a) 2 +S c (a-b) 2 >(a-bf (S a +S c )> 0 

+ Trtfcfng hdp 2. c > a > 0. 

+ Tru’cfng hdp 2.1. c>b>a> 0. Khi do, ta co 

s = a - t+3c >0 


S» = 


abc 

c-a + 3b 


abc 

c + 2b 

(a + b)(b + c) 

6 

abc 

(a + b)(b + c) 

3 

6 

ac {a + b)(b + c) 

3(6 2 +ab + bc- ac) 


ac(a + b)(b + c ) 
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S +S - 2a + 4b _ 6 

b abc (a + b)(b + c) 

>±_ 5 _ 

ac (a + b)(b + c ) 

_ 3 (b 2 +ab + bc- ac) > ^ 
ac(a + b)(b + c) 

Do c>b>a> 0 nen ( c-a ) 2 > (b-cf. Dodo 

(b-cf + S b (c-af+S c (a-b) 2 >(b-cf (S a +S b )> 0 
+ Trufrng hdp 2.2. c>a>b> 0. Khi do, ta co S c > 0. 


+ Trif&ng hdp 2.2.1. c > a + b > 0. 


Khi do, xet ham 


v . s a 

so g(c)=- + 
b 


b 

c 


c a + b b + c . ^ . 

-1 vdi c> a + b 

a b+c a+b 


Ta co 


g'(c) = - 
a 



b 

a(a + b) 
>0 


1 a + b 
a + b (b + c) 2 
b a + b 
~~c 2 (b + c) 2 


=3- g(c) la ham dong bien. 


^ g(c)^g(a + b) = ^- + 
b 


a 

— + 
b 


b + a + b 
a + b a 

b 2a + 3b 
a a + 2b 


a + b 
a + 2 b 


a + 2b 
a + b 


Ta lai co 

g(a + b)> 0 (**) 

That vay 

(**) o (a 2 + b 2 )(a + 2b) - ab(2a + 3b) > 0 
<^> 2 b 3 - 2b 2 a + a 3 > 0 (dung) 


=> (**) dung. 
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abc a+b b+c , 

=> — + — + — >-+-+ 1 

b c a b+c a+b 

+ Trifcfng hdp 2.2.2. a + b>c. Khi do, ta co S a > 0. 


Ta co 

S +s - 2a + 4b _ 6 

b abc (a + b)(b + c ) 

> 2 c 6 

abc ((a + b)(b + c) 

_ 2((a + b)(b + c)-3ab ) 
ab{a + b)(b + c ) 

_ 2{ac + bc + b 2 - 2 ab) > ^ 
ab(a + b)(b + c ) 

Do c>a>b> 0 nen ( b-c ) 2 >( c-a) 2 . Do do 

S a (b -cf +S b {c-a) 2 +S c (a-bf >{c-a) 2 (S a +S b )> 0 


+ Trufrng hdp 2.3. b>c>a> 0. Khi do, ta co 


S a = 

S b = 


b-c + 3a 
abc 

c-a + 3b 
abc 


>0 


6 

(i a + b){b + c ) 



ac 


6 

(a + a)(c + c ) 


3 


2 ac 
>0 


+ Tru’dng hdp 2.3.1. c + a>b> 0. Khi do, ta co S b > 0. Do do 
S a (b - cf + S b (c - af + S c (a - bf > 0 

+ Trufrng hdp 2.3.2. b>c + a. 

. ., . . v v WI . a b c a + b b + c . ,. , ^ 

Khi do, xetham so h(b) = — + — + -1 vcfi b>c + a. 

b c a b + c a + b 

Ta co 
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1 


1 


(b + a) 2 (b + c) 2 


>0 


=> h(b) la ham dong bien. 

. a a+c c 2 a + c a + 2c , 

=> h(b)>h(a + c) = -+-+-1 

a + c c a a + 2c 2 a+c 

_ a + a + c 2.a + c a + 2c 
a + c c a a + 2c 2 a + c 

= -2-+f. —+—-2*|—f A±£ + fL^£_ 2 l 

a + c a J \a + 2c 2 a + c ) 

a | (c-a) 2 jc-af 
a + c ca (a + 2c)(2a + c) 

= — —f (c - a) 2 f—---1>0 

a + c yea ( 2a + c){a + 2c ) J 


Tom lai, trong moi tru’dng hdp, ta luon co 

a b c ^ a + b b + c . 

- + - + — >-+-+ 1 

b c a b+c a+b 

Dang thde xay ra khi va chi khi a = b = c. 

+ Cach 2. 

Ta co bat dang thde can chdng minh tiTOng ditcfng vdi 

a(a + b)(b + c) + b(a + b)(b + c) + c(a + b)(b + c) > 
b c a 

>{a + b) 2 +(b + cf + (a + b)(b + c) 
a 2 c 2 l b 2 (a + b ) ,2 L 2 L bc(b + c 1 

be a 

>a 2 +ac + c 2 + 3 b 2 + 3ab + 3bc 

a 2 c b 2 (a + b ) bc(b + c ) , _, 2 

-+ —-- + —-- ’->ab + 2bc + 2b 2 

be a 

Ap dung bat dang thde AM-GM, ta co 

1 /( b l + b A) +b 4i + s.)>_ 

2 y b c J 2y b a J 2yc a J \c a) 
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>ab + 2 be + 2 b 2 


a 2 c b 2 (a + b) bc(b + c ) 


> ab + 2 be + 2b 


=> dpem. 

Dang thde xay ra khi va chi khi a=b=c. 

Bai toan 120. 

Chung minh rang vcfi moi so thifc khong am a,b,c ta co bat dang thde 


a -ab + b b~-bc + c c -ca + a ab + bc + ca 


Loti giai. 

Khong mat tinh tong quat, ta co the gia sd c = min {a,b,c}. Khi do, ta co 

f 1 

|0 <b 2 -bc + c 2 <b 2 \ b 2 -bc + c 2 ~ b 2 

[0<c 2 -ca + a 2 <a 2 1 1 -^1 

[c 2 -ca + a 2 a 2 


a -ab + b b -bc + c c -ca + a ab + bc + ca 


a 2 -ab + b 2 b 2 c 2 ab + bc + c 
1 113 


a 2 -ab + b 2 b 2 a 2 ab 

( a~b ) 4 

a 2 b 2 (a 2 -ab + b 2 ) 

>0 


dpem. 

Dang thde xay ra khi va chi khi ( a,b,c ) = (t,t, 0) (t > 0). 
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Bai toan 121. 

Tim k ldn nhat sao cho vdi moi so khong am a,b,c ((a + b)(b + c)(c + a) > 0) ta 
co bat dang thtfc 

a b c f 1 1 1 ^ 

b+c c +a a +b~ ya + b b + c c + aj 

Lcfi giai. 

4 

Cho a =b = l,c = 0 ta suy ra difdc k < —. Ta chtfng minh day la gia tri can tim, ttfc 
la chtfng mi nh 

a + ^ + C > 4 f 1 + 1 + 1 

b 2 + c 2 c 2 + a 2 a 2 +b 2 5{a + b b + c c + aj 


+ Cach 1. 

Do 2 ve cua bat dang thtfc tren dong bac nen khong mat tlnh tong quat, ta co the 

gia stf a+b+c- 1. Bat q = ab + bc + ca,r = abc =>—>«> 0,— > r > 0. Khi do, 
s • 3 y 27 


ta co 


+b 2 )(a 2 +c 2 ) 

lb 2 + c 2 ~ (a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) 

^a(a 2 (a 2 +b 2 +c 2 ) + b 2 c 2 ) 

~ (a 2 + b 2 + c 2 )(a 2 b 2 + b 2 c 2 + c 2 a 2 )- a 2 b 2 c 2 
_ (a 3 + b 3 + c 3 )(a 2 +b 2 +c 2 ) + abc(ab + bc + ca ) 
" (l- 2 < 7 )(< 7 2 - 2 r)-r 2 

(3r + \-3q)(\-2q) + qr 
~ -r 2 - 2r(l - 2q) + q 2 (l- 2q) 

(3-5q)r + (l-2q)(l-3q) 

-r 2 - 2r(l - 2q) + q 2 (l- 2q) 



^a + b\a + c) 
(a + b)(b + c)(c + a) 


V(a(a + b + c) + be) 

eye __ g + 1 

(a + b + c)(ab + bc + ca) - abc q-r 


437 
















Tim tai lieu Toan ? Chuyen nhd - www.toanmath.com 


Do do, bat dang thtfc can chtfng minh trd thanh 
(3-5g)r + (l-2g)(l-3g) ^4 l + q 
-r 2 -2r(\-2q) + q 2 (\-2q) 5 -r + q 

<^> f(r ) = (29 q -11 )r 2 + (3 + 22q - 71 q 2 )r + q( 1 - 2q)(5 + q){\ - 4q) > 0 

Ta co 

f' ( r ) = 2(29 q -1 l)r + 3 + ?>2q - 7 \q 2 
> 2(29 q - 11).^- + 3 + 32 q -llq 2 

59 922 , 1 

21 21 H y y 3 

=> f{r) la ham dong bien. 

+ Neu 1 > 4 q thi ta co f(r)> f (0) = q{ 1 - 2q){5 + q){ 1 - 4 q) > 0 
, , 4a -1 

+ Neu 4 q > 1 thi theo bat dang thtfc Schur, ta co r > — > 0. Do do 

m > +4^-0 = 2(4 g -1)(8lg 3 +103g 2 -95g +19) £Q 

Tom lai, trong moi trtfdng hcfp, ta luon co f(r)> 0 => dpcm. 

Vay k max = 


+ Cach 2. 

Ta co bat dang thtfc can chtfng minh ttfcfng dtfdng vdi 
V 1 5a y 1 4 

jf c b 2 +c 2 -jf c b + c 

5a(a + b + c) ^ 4(a + b + c) 

^ b 2 +c 2 b + c 


-i 1 Ocz +10 u{b + c) ^ . y 3 8a 

j b 2 + c 2 ~ + h^+c 
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«8 



Z 


la 2 +bc 
b 2 +c 2 


y a{b + c)-bc 3 

h b 2 + c 2 2 


+9 [Z 


b 2 + c 2 J 


Do do, de chtfng minh bat dang thtfc da cho, ta chi can chtfng minh 


J r b +c‘ 


->Y— 
t 'b + c 


y la 2 +bc ^ 9 
b 2 +c 2 ~ 2 
y a(b + c)-bc > 
% b 2 +c 2 

~t b 2 +c 2 


( 1 ) 

( 2 ) 

(3) 

(4) 


* Chtfng minh (1). 

Ta co 


j? c b 2 +c 

~Z 


>y— 

" h -L n 


-^ >< 


b 2 + c 2 b + c) 

_ y ab(a-b)-ca(c-a) 

(b 2 +c 2 )(b + c) 

ab(a-b) y ca(c-a ) ^ Q 

^ C (b 2 +c 2 )(b + c) £ (b 2 +c 2 )(b + c)~ 
_y ab(a-b) y abja-b) > Q 

it(b 2 + c 2 )(b + c) {a 2 + c 2 )(a + c) ~~ 


> (a 2 + b 2 + c 2 + ab + be + ca ).^ 


ab{a-b) 2 


(a 2 + c 2 )(b 2 + c 2 )(a + c)(b + c) 


>0 (dung) 


* Chtfng minh (2). 

Ta co 
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2a 2 +bc ^9 
b 2 +c 2 ~ 2 



4q 2 + 2be 
b 2 +c 2 


-3 


>0 


->0 


£ b+c 

> y (2a + 3 b- c)(a -b)- (2a -b + 3 c)(c - a) > 
b 2 +c 2 

^ (2a + 3 b-c)(a -b ) ^ (2a ~b + 3 c)(c -a) 

' 2 . ^2 2 . 


b 2 +c 2 


^ (2a + 3b-c)(a-b) ^ (3a + 2b-c)(a-b) ^ 
b b 2 + c 2 £ a 2 +c 2 

_ ^ (a - bf(2a 2 + 2 b 2 - c 2 - c(a + b) + 3ab) ^ 

(b 2 +c 2 )(a 2 +c 2 ) 

^ (a - b) 2 (2a 2 + 2 b 2 -c 2 - c(a + b) + 3ab)(a 2 + b 2 ) > 0 

Z?) 2 (2a 2 + 2b 2 - 2c 2 + 2ab + (c 2 -c(a + b) + ab))(a 2 + b 2 ) > 0 
2^ (a - bf (a 2 + b 2 - c 2 )(a 2 + b 2 ) + 2^ aZ>(a - bf (a 2 + b 2 ) - 

-(a-b)(b-c)(c - a).£ (a - b)(a 2 + b 2 ) > 0 


o 2^(a-bf(a 2 +b 2 -c 2 )(a 2 + b 2 ) + 2Y j ab(a-bf(a 2 + b 2 )- 

- (a - b) 2 (b - c) 2 (c - a) 2 > 0 

Khong mat tinh tong quat, ta c 6 the gia stf a>b>c> 0. Khi do, ta co 
Y J (a~b) 2 (a 2 +b 2 -c 2 )(a 2 +b 2 ) > 


> (6 - c) 2 (Z> 2 + c 2 - a 2 )(Z> 2 + c 2 ) + (c - a) 2 (c 2 + a 2 - b 2 )(c 2 + a 2 ) 

> 0 b-cf(b 2 +c 2 - a 2 )(b 2 + c 2 ) + (b-c) 2 (c 2 + a 2 -b 2 )(b 2 + c 2 ) 
= 2c 2 (b - cf (b 2 +c 2 ) 

>0 
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2^ab(a -bf(a 2 +b 2 )> 2ab(a - bf (a 2 +b 2 )>4(a-b) 2 a 2 b 2 

>4{a-bf{b-cf{c-af 

=> 2^(a - b) 2 (a 2 + b 2 - c 2 )(a 2 + b 2 ) + 2^a6(a - 6) 2 (a 2 + Z> 2 ) - 

eye eye 

-(a-bf(b-cf(c-af> 0 


* Chtfng minh (3). 

Ta co 


-1 >0 


Z a(b + c)-bc 3 
b 2 +c 2 -2 

2a(b + c)-2bc 
b 2 +c 2 

^ -(b 2 +c 2 ) + 2a(b+c)-2bc ^ 

b b2+c2 

_y (b + c)(a-b)-(b + c)(c-a) ^ Q 

b b2+c2 

(b + c)(a-b) y (b + c)(c-a) 

~ b 2 +c 2 “ b 2 +c 2 

_y (b + c)(a-b) y (a + c)(a-b) 
b 2 +c 2 b a 2 +c 2 
_ y (a-bf(-c 2 +c(a + b) + ab) 
b (b 2 +c 2 )(a 2 +c 2 ) 
o ^ (a - Z>) 2 (-c 2 + c(a + b) + ab)(a 2 +b 2 )> 0 

^ (a - bf ((-c 2 + c(a + b) - ab ) + 2aZ>)(a 2 + Z> 2 ) > 0 

<=> 2^a6(a - bf(a 2 +b 2 ) + (a-b)(b - c)(c - a).£(a -6)(a 2 + Z> 2 ) > 0 

eye eye 

<=> 2^ a6(a - 6) 2 (a 2 + b 2 ) + (a - 6) 2 (Z> - cf (c - a) 2 > 0 (dung) 


* Chtfng minh (4). 

Ta co 
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y a(b + c) 2= ^ 
£ b 2 + c 2 

™ b 2 +c 2 


2 ab{a - bf (a 2 + b 2 + 2c 2 ) + 8 a 2 b 2 c 2 


(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) 


->0 


Vay (1), (2), (3) va (4) dung. T ix day, ta suy ra dpcm. 
Vay 



* Cach 3. 

Ap dung bat dang Bunhiacopxki, ta co 

ci ^ (q + b + c) 

^ C b 2 +c 2 ~Y j ab(a+b) 

Do do, de chtfng minh bat dang thtfc da cho, ta chi can chu’ng minh 

(a + b + cf ^4 + + 

^ ab(a + b ) 5 ya + b b + c c + a) 

(a + b + c) 2 > 4 a 2 + b 2 + c 2 + 3(ab + be + ca) 

^ ab(a + b ) 5 ^ ab(a + b) + 2abc 

0 + 2P) ^ 4(S + 3P) 

Q Q + 2 abc 

<^> SQ + 10 abcS + 20abcP > 2 PQ 

Trong do S = a 2 +b 2 +c 2 ,P = ab + bc + ca,Q = ^ ab(a + b ). 

eye 

De thay 

PQ = Yj ^ ( a + b ) + 2 abc(S + P) 

SQ>Yj ab{a 2 + b 2 \a + b)> 2^ a 2 b 2 (a + b ) 

Tir day, ta co ngay dpcm. 
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Vay 


^=1 

max 5 


Bai toan 122. (Vasile Cirtoaje) 

Chtfng minh rang vcfi moi so khong a,b,c ta c6 bat dang thtfc 

a 3 b 3 c 3 ^ 1 


(2a+b 2 )(2a+c) (lb 2 + c)(2b 2 + a) (2c +a)(2c 2 +b 2 ) a + b + c 

Loti giai. 

Ap dung bat dang thtfc Bunhiacopxki, ta co 


> (a 2 + ac + ab) 2 


Ttfcfng ttf, ta co 


(2c 2 + a 2 )(2c 2 +b 2 ) (a + b + cf 


Do do 


1 


(2a 2 +b 2 )(2a 2 +c 2 ) (2b 2 + c 2 )(2b 2 + a 2 ) (2c 2 + a 2 )(2c 2 + b 2 ) a + b + c 

=> dpcm. 

Dang thtfc xay ra khi va chi khi a = b-c. 
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Bai toan 123. (Pham Kim Hung) 

Chtfng minh rang vdi moi day so dtfdng a x ,a 2 ,...,a n ta co bat dang thtfc 


1 1 


1 


s2 |I + ± + ... + L 


a x a x +a 2 a x + a 2 +... + a n (a a 2 a t 

Lcfi giai. 

Neu n = \ thi bat dang thtfc tren hien nhien dung. 

Xet n>2. 

Ap dung bat dang thtfc Bunhiacopxki, ta co vdi moi so dtfdng x x ,x 2 ,...,x n thi 

(a l+ a 2+ ... + aJ^ + i+... + ^]>(x l+ x 2 + ...+ x k ) 2 
[ a, a 7 a,. 


1 


1 


a l +a 2 +... + a k (x t +x 2 +... + x k ) a 2 

Cho k chay ttf 1 den n roi cong cac bat dang thtfc tren lai, ta dtfdc 


1 1 


1 


a x a x +a 2 a x +a 2 +... + a n a x a 2 
Trong do 


(Xj + X 2 + ...+ X^) (Xj + X 2 + ... + X k+X ) (Xj + x 2 +...+ x n Y 

Ta co the chon x k = k \/k = 1 ,n. Khi do \/k > 2 , ta co 


Vk = 1,77 


c k =k* 

= k 2 
<k 2 


1 


1 


1 


(l + 2 + ... + ky (l + 2 + ... + (k + l)Y (1 + 2 +... + n) 

4 4 4 


k (k +1 y (k + \)(k + 2) n\n + iy 

4 4 4 


,4 


1 


1 


1 


{(k + iy (k + 2) 2 (n + lf 
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<4 


1 

k(k + l) 


1 

(k + l)(k + 2) 


n{n +1) 



Ngoai ra 

, 1 1 
C, — 1 H- y + ...-\ - y 

(1 + 2) 2 (l + 2 + ... + n) 2 
. 4 4 

— 1 H ;—y + ... H ^- y 

2 2 .3 2 n 2 .(n + l) 2 

4 4 

<1-1 5 —y + ... ~\ 5- y 

2 2 .3 2 2 2 .(n + l) 2 

, 1 1 

— 1 H- y + ... -1- y 

3 2 (n + lf 

<i + -U._ + _L_ 

2.3 «(/i + l) 



= 1 +- 

2 n + 1 

<2 


Do do 

c*<2 VA: = 1, n 

TH day, ta suy ra dieu phai chu’ng minh. 

Bai toan 124. (Pham Van Thuan, Vo Quoc Ba Can) 

Cho cac so khong am a,b,c thoa a 2 +b 2 +c 2 =1. Tim gia tri ldn nhat cua bieu 
thtfc 

P = (a- b)(b - c)(c - a)(a +b + c ) 

Lcfi giai. 
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Trifdc het, ta xet tru’dng hcfp a = 0. Khi do, bai toan chuyen ve 
“Cac so" khong am b,c thoa b 2 + c 2 = 1. Tim gia tri ldn nhat cua bieu thtfc 
Q = bc{c - b){c + b) = bc(c 2 - b 2 ) 

Khong mat tinh, tong quat ta chi can xet c > b la <3u =3>c 2 


Ta co 


Q 2 = b 2 c 2 (c 2 -b 2 f = c 2 (1 - c 2 )(2c 2 -l) 2 =m(l- m)(2m - if = f(m) 


Trongdo m=c 2 >—. 


Ta co 


Qua 


f' (m) = (1 - 2m)(8m 2 - 8m +1) 

rl , \ A 2 + V2 l 

f (m) = 0 om = ——— (do m > —) 

2 + V2 


4 

f(m) < f 

^Q< 


thi f (rri) doi dau th ditcfng sang am nen 


2 + fl) 1 w 1 
= — Vm> — 
16 2 


Dang thtfc xay ra khi va chi khi b = 


V2-V2 _ V2 + V2 


Vay 

max O = —. 

* 4 

Trd lai bai toan cua ta 

Khong mat tinh tong quat, ta co the gia stf 0 <a<b<c. 
Ta se chtfng minh max P = the la chtfng minh 
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F(a,b,c) = 


(a 2 +b 2 +c 2 ) 2 

(a - b)(b - c)(c - a){a + b + c) 


>4 


Khi do, vdi moi 0< t < min {a,b,c} , dat x = a-t,y = b-t,z = c-t, ta co 
((x + t) 2 +(y + t) 2 +(z + t) 2 ) 2 


F(a,b,c) = 


(x - y)(y - z)(z - t)(x + y + z + 30 


(x - y)(y - z)(z - t)(x + y + z + 3t) 


(x - y)(y - z)(z - t)(x + y + z + 3t) 

4 (x + y + zft 2 + 4(x 2 + y 2 + z 2 )(x + y + z)t + ( x 2 + y 2 + z 2 ) 2 
(x - y)(y - z)(z - t)(x + y + z + 3t) 

> 4(x 2 + y 2 + z 2 ){x + y + z)t + ( x 2 + y 2 + z 2 ) 2 

(x - y)(y - z)(z - t)(x + y + z + 3t) 

4 (x 2 +y 2 +z 2 ) 2 


(x-y)(y-z)(z-t)(x + y + z) 
= F(x,y,z ) 


/ v i v f \ 4(x + y + z )(x + v + z)t + (x + v+z) % ^ 

(vi ham so g(t ) = —----—----—----— la ham dong bien) 

(x-y)(y-z)(z-t)(x + y + z + 3t) 


Ap dung ket qua nay vdi t = a, ta dtfdc 


F(a,b,c ) > F(0,b- a,c -a) = F(0,m,n ) = 


Q m 2 + n 2 ) 2 


Vdi n=c — a>m = b — a> 0 

Do do, de chu’ng minh F(a,b,c ) > 4, ta chi can chtfng minh 
F(0,m,n) > 4 

<^> (m 2 +n 2 ) 2 > 4mn{n 2 - m 2 ) (*) 

Khong mat tinh tong quat, ta co the gia su’ m 2 + n 2 - 1. Khi do 

(*) ci> nm(n 2 -m 2 ) < — 

4 


Theo chu’ng minh tren thi bat dang thtfc nay dung, tif day, ta suy ra dpcm, the la 
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P<~. 

4 


Dang thtic xay ra chang han khi a = 0,b= ^ ^ ,c = ^ + . 


Vay max P = —. 

4 
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